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Abstract: The convergence of Non-Orthogonal Multiple Access (NOMA) and Cognitive Radio (CR) with
Simultaneous Wireless Information and Power Transfer (SWIPT) offers a transformative approach to spectrum and
energy efficiency. This paper analyzes CR-NOMA with SWIPT-enabled energy harvesting (EH), focusing on outage
probability (OP) and throughput. We derive explicit models under Rayleigh fading with interference-temperature
constraints and validate by simulations. Results show that proper power allocation and time-switching ratios enhance
user fairness while respecting primary-network interference. These insights guide robust and energyefficient designs for
next-generation systems.

Index Terms: Cognitive Radio (CR), Collaborative Relaying, Energy Harvesting (EH), Message Processing (MP)
Non-Orthogonal Multiple Access (NOMA), Simultaneous Wireless Information and Power Transfer (SWIPT)

1. Introduction

Non-Orthogonal Multiple Access (NOMA) has emerged as a compelling multiple-access paradigm for next-
generation wireless systems due to its ability to multiplex users in the power domain and hence improve spectral
efficiency and user fairness compared with orthogonal schemes [1-3]. Unlike conventional OMA (e.g., FDMA/TDMA),
NOMA allows multiple devices to share the same time—frequency resources simultaneously while the receiver employs
successive interference cancellation (SIC) to separate superposed signals. In practical deployments, this enables serving
near and far users concurrently, improving aggregate throughput while guaranteeing a minimum service level for cell-
edge users. These properties make NOMA a strong candidate for 5G-and-beyond heterogeneous networks supporting
massive connectivity and diverse QoS requirements [4-7].

Simultaneous Wireless Information and Power Transfer (SWIPT) provide a complementary dimension to spectrum
efficiency by enabling radio-frequency (RF) signals to carry both information and usable energy [8-11]. In SWIPT
receivers, part of the received signal is converted to DC power to charge energy-limited devices (e.g., 10T nodes), while
the rest is used for data decoding. This dual use of RF resources eliminates frequent battery replacement and
significantly enhances network sustainability. However, coordinating the split between energy harvesting (EH) and
information decoding introduces new design trade-offs, motivating extensive studies on SWIPT-enabled cooperative
and NOMA systems [12-15].

Cooperative relaying (RC) enhances link coverage and reliability by allowing intermediate nodes to assist end-to-
end transmission [16-18]. When combined with SWIPT, relays become self-sustainable by harvesting energy from
received signals, reducing external power demand and improving deployment feasibility in harsh environments. Such
SWIPT-RC-NOMA architectures, when optimized, unlock substantial gains in throughput, outage performance, and
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energy efficiency [19-21].
1.1 Related work and open issues.

A number of studies have explored different facets of SWIPT-enabled NOMA and cooperative relaying. For
example, downlink outage characterization with EH at the near user is provided in [22], while [23] studies PS-based
throughput and EH optimization for 1loT devices. Wireless energy-harvesting (WEH) relaying performance was
analyzed in [24], whereas socially aware MEC-assisted NOMA-EH was addressed in [25]. Energy-efficient resource
allocation for SWIPT-enabled massive MIMO systems was discussed in [26].

In cognitive radio (CR) systems, diversity combining, DF/AF relay selection, and relay-sharing schemes under
interference constraints have been reported in [27-29]. Bidirectional AF relaying with underlay sharing has been
characterized in [30], while secrecy-enhanced hybrid-EH designs appear in [31] and [32]. Collaborative wireless-
powered NOMA schemes have also shown significant outage gains [33]. OFDM-based relaying, SWIPT-driven
OFDMA resource allocation, and related multi-hop enhancements are additionally discussed in [34] and [35]. Classical
mathematical tools frequently used for deriving tractable expressions (e.g., special integrals, gamma functions) follow
from [36].

Despite these advances, several gaps remain for collaborative cognitive SWIPT-NOMA systems with explicit
energy—information time structuring at the relay:

(i) The joint interaction among interference-temperature constraints, NOMA power allocation, and EH scheduling
produces complex feasibility regions that are not yet fully characterized analytically;

(i) Time-switching relaying (TSR), although hardware-efficient, lacks comprehensive outage/throughput/ergodic-
rate analyses under CR underlay constraints;

(iii) Unified analytical insights capturing OP, system throughput (ST), ergodic rate (ER), and energy efficiency
(EE) under a common channel—interference framework are still limited.

1.2 Contributions

Motivated by the above, this paper develops a tractable analytical framework for a collaborative CR-NOMA
network with SWIPT-enabled half-duplex relaying operating under an underlay interference constraint. We adopt the
TSR protocol at the relay to decouple EH and message processing in time, and we incorporate NOMA superposition
coding with SIC at the forwarding stage. The main contributions are:

o We formulate an underlay CR-NOMA system where the secondary source (S) superposes messages for two
destinations (D1, D2) and a relay (R) harvests energy during an oT sub-block (TSR) before forwarding. The
interference-temperature constraint at the primary destination (PD) limits the instantaneous secondary transmit
power, capturing a realistic PU-protection mechanism.

o We derive explicit closed-form or series-form expressions for the outage probability of both destinations,
carefully accounting for the SIC feasibility condition, the TSR-induced harvested-power level at R, and the
underlay constraint on S. The results quantify how EH time fraction, NOMA power allocation, and interference
budget jointly shape reliability.

e Building on the OP analysis, we provide expressions for delay-limited throughput (ST) and delay-tolerant
ergodic rate (ER) for both users. We further define and evaluate a consistent energy efficiency (EE) metric that
relates the aggregate achievable rate to the total consumed/harvested power across S and R.

e Through Monte Carlo simulations, we validate the analytical expressions and reveal operating regimes where
the TSR fraction and NOMA allocation coefficients yield favorable reliability—throughput-efficiency trade-offs,
offering concrete design guidelines for CR-NOMA systems with EH relays.

1.3 System assumptions and scope

Unless otherwise stated, all links experience Rayleigh fading and nodes operate with single antennas; perfect CSI
and perfect SIC are assumed following standard baselines [1-3]. The CR underlay constraint is modeled using an
instantaneous interference-temperature ceiling. TSR-based EH is adopted for analytical tractability, while nonlinear EH
behaviors follow insights from [32-34].

1.4 Organization

Section 2 presents the system model. Section 3 provides OP, ST, ER, and EE analyses. Section 4 discusses
simulation results. Section 5 concludes the paper. Proofs appear in the Appendices.
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2. System Model

Figure 1 illustrates the system model under examination. This model comprises a PD located within the primary
network (PN), a secondary source (S), a relay node (R) operating in half-duplex mode, and two destinations, D; and D..
We denote Csp, Csr, Cro1, Croz as the complex channel coefficients representing the channels S — PD, S — R, R — Dy,
and R — Dy, respectively. Throughout, {cxy} are modeled as zero-mean i.i.d. circularly symmetric complex Gaussian
RVs with variances Qcxy = E[|cxy|?] (i.e., Rayleigh power gains), unless stated otherwise. Assuming each node uses
only one antenna, perfect channel state information (CSI) is available at receivers. It is also assumed that R is placed far
from the PD, and thus it cannot interfere with the primary network as shown in Figure 1. Both the primary and
secondary networks are subject to transmit-power and interference-temperature constraints. The notation used in this
section follows Table 1.

Secondary
network (SN)

Pr'i?nary network
(PN)

———— Downlink NOMA
______ - Interference between SN and PN

Fig. 1. System model.

In this context, the expectation operation, denoted as E[.], signifies the average or mean value of the specified
quantity. According to the NOMA principle in the first phase, S transmits a superposition-coded signal for D; and D:

X (1) = {/Peay X (1) + [P, %, (1), 1)

with the instantaneous power constrained by the primary link:

21

P, < min[l— F], Q)

SD

where P is the maximum average transmit power at S, and | is the maximum allowable interference temperature at

PD. Here, a; and a, are the NOMA power-allocation coefficients for D; and D, with oy + o, =1 and a; > a; X3 and X,
are unit-power symbols. The received signal at R (first time slot) is

Yo (®) = CeeXs (1) + Wl (©) = Co [ VPoa, (0 +Peay . () [+ w @) ®3)

where WR[r] (t) is AWGN at R with variance o%. We define p, £ % as the transmit SNR.
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2.1 EHatR
At R, we evaluate SWIPT using the time-switching relaying (TSR) protocol.
T Power
< oT >« (1-a)T/2 >« (1-a)T/2 >

Message Transmission Message Processing R->D1

S->R

Energy harvesting at R
Message Processing R->D2

I

Time
Fig. 2. The TSR protocol for energy harvesting (EH) and message processing (MP) at the relay.
Figure 2 illustrates the key timing parameters. The harvested energy at R is
E, =7Ps [cga[ T, 4)
and the relay transmit power in the forwarding phase is
~ 2 = 2
E, _ nh ‘CSR‘ al _ 2P ‘CSR‘ a %)

Tl a)T 2 T2 (-a)
where T is the block duration and 5 6(0,1] is the RF-to-DC conversion efficiency. In the TSR protocol, the first sub-

block T is for EH and S—R reception; the remaining duration (1— )T is used for relaying, equally split into R—D;

transmission and destination processing intervals. For convenience, define the EH gain factor 25«
=
1-a)

2.2 MP atR

The baseband sample at R including RF and circuit noise is
Yip 1 (K) = Coe X (K) + Wl (K) + i (K)
= G| (P, (k) + [P X, () |+ (k) + M ),

where Wc[r](k) accounts for additional receiver circuitry noise. Following the NOMA principle, D; is allocated more
power than D,. R first decodes x; treating X, as interference, then applies SIC to decode X,:

(6)

2
Ps |CSR|

2
' =p.a.lc (7
i 2|CSR|2+1 YRx, = Ps 2| SR|

7/R,><1 -

2.3 MP at D1 and D2

In the second slot, R forwards the detected symbols to D; and D, with superposition:

Yo, (K) = Cep, X (K) + Wl (k) + w1 (k)

= Cop Con [\ Ve Pe (/e 5.06) + Ja, Xa () )+ we V() + w ),

where (WR[d](k),WC[d](k)) are AWGN and circuit noise at destinations. Let - :E denote the effective SNR scale on
2

®)

the R—D; hop under EH. Then the destination-side SINRs are

- 2 2 - 2 2
B Pst|Ceq ‘CRDl Ve _ Pst|Cor] ‘CRDZ Ve )
YRox T — 1/RD,

2 2 — 2 2 )
P50t |Cog| ‘CRDl‘ we+1 Pss|Cer ‘CRDZ we +1
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and
- 2 2
VRD, %, :p8a2|CSR| |CRD| Ve
3. Performance analysis of the TSR protocol

3.1 Outage Performance
3.1.10Pat D,
In NOMA, D, avoids outage if both x; (at R) and the forwarded x; (at D,) are decoded successfully. Hence,

OR,, = Pr[min(yR,x1 ' 7RDl,x1) <nl=1- Pr(}/R,xl > 710 VR0 = %)

where y, = 2% _1 corresponds to the target rate D; for x;.
Theorem 1 The OP at D, admits the following representation:

__A s _1\"
1-e PsQcq 2(71?“4#;47(_” -1, ﬂj
%o 2

N (_1)n e 1 7% [ /ﬁplj
H D |, =8 Py -n-1== |dx

OR, =1-

— Y1 . — ¥ AI
where 1 p— (Vaild fora, > y,a, ), iy T and p; £ /0_2
Proof See Appendix A.
3.1.2 OP at D2

D, succeeds only if both R and D, can decode X,:
OPD2 = Pr[minO’R,x2 ' 7RD2,><2) <7,]=1- F’r(VR,x2 > Y21 YRD,x, = 72)

where y, = 2% _1 is set by the target rate D, for X,.
Theorem 2 The OP at D, can be written as

. Ay, o
1—e PsQcqp Z(l?]ﬂlu;“]/{—n _1’ﬂ2‘//j
o) 2

OR,, =1- )
» _1) . X
+ ( )n+l ;AJ.;;. ! e [ n-1, Falon ]dX
n=0 ( Con ) st Csp v
Y v
where w, =22 and y, = —24 _
@, Ve :OSQCRD2

Proof See Appendix B.
3.2 ST for Delay-Limited Transmission
In this mode, S transmits at fixed rates (D;, D,); the system throughput is
7=(1-0P, )D, +(1-OP, )D,,
where OPR,, and OP,, are given by (3.2) and (3.4).

3.3 ER for Delay-Tolerant Transmission
3.3.1ERatD1

If D; can decode x, at R (for SIC), its ergodic rate is

Volume 15 (2025), Issue 6

(10)

an

(12)

(13)

(14)

(15)

31



Empowering Next-Gen Networks: Unleashing the Potential of SWIPT-Enabled Energy Harvesting in Collaborative Cognitive Radio-
NOMA Networks

Ry, =E [Iog2 <1+ min (7R,x1'7RDI,x1))J - %:%X)Ex)dx, (16)

where X £ minygy, Ygp, x, and F; is its CDF. A computable form is:

o

__P a » Yy T
1-e o fidxfie Fag ") gy
1+x Q

R =1 0 w 4
% In2| @ . . '
T1 ot 1 o ¢l o o oy
+|—dx| —e "dy| —e e ™ dz
J;l+x Z!..QcSD y;'.yQCSR
L ” ” _
: a _ Y1
witht 29 = p—
Proof See Appendix C.
3.3.2ERat D2
Similarly,
Ro, = E[Iogz(l+ min(yR,XZ,yRDZ,XZ))] (18)
and one computable representation is
P 4 y n ]
775‘0 % l K 1 77 ) Ei C|
1-e "o | [ x| e Mg gy
o L+x 2 Q.
b (19)
Ry, =— ,
* In2 o Ly ..
+J.idXJ. Lot dyj L g g g
o 1+x 5 ch e,
L P o i
witht, 29, = Z—Z
2
Proof See Appendix D.
3.4 Energy Efficiency
We assess energy efficiency (EE) as the ratio of total achievable rate to the total consumed power:
Rsun
EE &= S (20)

Ps+PpR

where R, € {RD1 + RDZ} for delay-limited / delay-tolerant modes.

With TSR-based EH, Pr is given by (2.5), and the dependence on o enters through V. _ 2na , enabling standard
l-a
trade-off studies between harvesting time, outage/throughput, and EE.

4. Simulation Results

All Monte Carlo simulations are performed in MATLAB with 10° independent channel realizations per SNR point
unless otherwise stated. Rayleigh fading is assumed for all links with mean power gains Qcsg , Qcsp, Qcrpr , and Qcgpy,

and noise variance ¢° =1 for normalization. The transmit SNR is defined as P_s =isz, the interference temperature at

the primary destination is p;, and the EH efficiency is ». The TSR factor is denoted by «a. This section validates the
derived expressions by comparing analysis with simulation. The simulation parameters were set with power allocation
coefficients oy =0.82, a, =0.18, target rates R; =1 bps, R, =2 bps, and mean channel gain values (Qcsg , Qcsp, Qcrp1 »
Qcrpz) = (1,1,0.8,1). Unless specified, we take = 0.8, a = 0.2, and an underlay interference cap p, consistent with the
primary protection constraint.
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10-1 L

Outage Probability
S

10°| % Sim-D;. 3
Ana-D;.
*x  Sim-D,
——Ana-Ds,
10.4 1 1 1 I 1
0 10 20 30 40 50 60 70

p (dB)
Fig. 3. OP versus transmit SNR pS for D; and Ds.

Figure 3 shows that the outage probability (OP) at both D; and D, decreases rapidly as ps increases and then
exhibits an error floor at high SNR due to the underlay constraint p, and the TSR-induced power coupling. The error
floor level depends on p, a, and #. The analytical curves from (12) and (14) closely match the simulation markers
across the entire SNR range, with a maximum gap below 0.5 dB. We also observe that stricter primary protection
(smaller py) raises the OP floor, while larger o (more time for EH) can reduce the floor by boosting Pr via (5).

N
©

N
o

-
~

N
[N

o
®

System Throughput (BPCU)

Fig. 4. System throughput versus transmitting SNR.

Figure 4 demonstrates the relationship between system throughput and SNR. D,’s throughput is initially lower than
that of D; at low SNR; however, as ps increases, D,’s throughput rises sharply and often approaches twice that of D,
when a, is sufficiently large and SIC at R is reliable. This follows directly from the OP trends in (12)—(14) and the
throughput definition in (15). Sensitivity tests (not shown) indicate that enlarging o or # improves = at medium/high
SNR by enhancing the relayed power Pr in (5), while too large o reduces the effective data phase (1 — a)T ; thus, an
optimal « exists.
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)
5 1T 1
S
g0
S
K= (@) Sim—Dl.
0.5+ — Ana-D,.
O Sim—D2
——Ana-D,
O 1 1 1 1
-20 -10 0 10 20 30 40 50 60
p (dB)

Fig. 5. Ergodic rate versus transmit SNR ps.

Similar to Figure 4, Figure 5 illustrates the ergodic rate (ER) versus SNR. D; is initially inferior to D, in the low-
SNR regime but catches up as ps grows, approaching the D; ER around moderate/high SNR intervals when o, and e
suffice to stabilize the relayed link. The trends are consistent with (17) and (19). We also verified that small residual-
SIC penalties (not modeled here) primarily shift the curves rightward with negligible slope change.

e Sim-Throughput.

09 r —— Ana-Throughput.
¢ Sim-FErgodic.

—— Ana-FErgodic.

o @
» ~
T T

Energy Efficiency (BPCU)
o
(&)

0.4 .
03F .
02 r .
01+ i
0oe ¢ ®
-20 -10 0 10 20 30 40 50

p (dB)

Fig. 6. Energy efficiency (EE) versus transmit SNR ps.

Figure 6 compares the EE computed using ER- and ST-based rates. The system’s EE in terms of both the ER and
ST decreases rapidly as the SNR increases. The EE in terms of ER is higher than that in terms of ST, becoming equal
and reaching the minimum value when ps >30 dB. This is because the denominator grows with Ps + Pgr while the
numerator saturates due to the underlay and time-sharing limits; see (20). In particular, PR scales with yg via (5), which
improves rate but also increases consumed power, yielding a non-monotonic EE—« trade-off. Overall, there exists an
SNR window where TSR-based EH maximizes EE before the interference and harvesting overheads dominate.
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5. Conclusion

This paper presented a tractable performance analysis of SWIPT-enabled CR-NOMA with TSR-based EH over
Rayleigh fading. We derived exact and approximate expressions for the OP of D, and D, under an underlay interference
constraint, and evaluated ST, ER, and EE across different SNR levels. Analysis and simulations showed close
agreement, confirming the correctness of the derived formulas. Key insights include (i) OP floors at high SNR driven
by p, and time-sharing, (ii) a pronounced throughput/ER gain for the weak user D, at moderate-to-high SNR when a,
and we are sufficiently large, and (iii) an EE optimum versus SNR and TSR factor a. Future work will incorporate
nonlinear EH models, residual SIC, and robust designs under imperfect CSI, as well as multi-relay selection and IRS-
assisted links.

Appendices
Notation used in Appendices. All links undergo Rayleigh fading with mean power gains Q.,, 2= E[|Cyy|*].
- Y1 . V2 V2 Y1
£ £ = 2 2 he |
We define ¢ po—— (Vaild for a; > y,a, ), P, ot Versticny, Uy Versticny, and use the lower

incomplete gamma function y(s,x) in the standard sense. The unit step is U(x) = 1 for x > 0 and 0 for x < 0.
5.1 Appendix A — Proofs of Theorem 1 and Theorem 5

We have

OR,, = Pr[min(yR,xllyRDl,xl) <yl=1- F)r(J/Fz,x1 > V1 Vroyx, > 7

J— 2 _— 2| |2 o
Pr _psallcszl 1,_psallcszl fol Ve s pe <L (21)
Ps[Cel +1 7 poary [ |CRD1| we +1 [Csol
|2 /750‘1 |CSR |2 |CRD1|2 Ve

— 2
Ps; |CSR| |CRD1

pla1|CSR

+Pr 3 3
pla2|CSR| +|CSD|

>3’11p_s> A

1 2
we+1 |CSD

Let

_LZ'lclez <i)
Ve Ps |CSR| Ps
X

o ) Ps
= [ 00dx [ £ (ndy[ £ .(@)dz
v [cse v ‘CRDl‘ 0 [eso

Ps Ve psX

2
A1 = Pr(|CSR|2 >L’|CRD1| >
Ps

P
X y =

T 1 o T 1 q | 7Qi
= | —e "= (x)dx e "r(y)dy | —e " (z)dz
i 09dx |~ (y)y!Q (2)

Cor v Cro, Csp

T 1 o T 1 o
sl —e =(X)dx | ——e ™ (y)d
oig (x) JQ (y)dy

_— 0 X _y
=|1-e ey j 1 e Qe x| =l e Oenpy
v Q

[ L g Do ermX gy (22)
I

? (x)dx

v
VE PsX

Ay

Using the series of the exponential and letting t = 1/x,
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LS YR (AR

o (QCSR) n o 0 (QCSR) nt”° (23)
_ c (_1)" n+l [_ lull//]
ol )

which is well-defined via analytic continuation of y(.,.).

Similarly, let
l//lC |2 2
2 2
Azzp{lcsnl >i'|CSR| > SD ’|CRD1| >_L2]
Ps P Ps¥Ve |CSR|
:J' f (x) J' f ‘Z(y)dy .[ f‘ ‘Z(Z)dz
D SR Croy
& X 4 (24)
S P PsYeY
0 1 — w© - ks QZ
= | —e “odx| —e °3Rdy g Roudz
iQCSD é Csr 7“/[ Croy
S Pi PsVEY
1 o %1 a oo
Q, Q Qepp, PsVEY
=|——e =dx| —e e ™ dy
iQCSD é Csr
S 1l
A21
Proceeding as for Ay,
S (D) et e (Y R
=) ————|, X' Xdy=) ————| " e dt
& g(gc ) s g(%) ok (25)
o -1 n
:z( ( )2+1 Iﬂlml}/(_n 1’llllp|]
n=0
Substituting (25) into (24) yields
AZ:Tie*n; 5 &) MMJ/[—”—LMJ i
P| cho ~ (chn )nﬂn! WX (26)

Therefore, OPD1= 1 -(A; +A,),
which proves Theorem 1. (Theorem 5 follows by the same steps applied to the corresponding metric; details omitted for

brevity.)
5.2 Appendix B — Proofs of Theorem 2

We have
OPD2 = Pr(min(}/R,XQ’}/RDZ,XQ) <y, =1- F’r(7/R,><2 > Y21 Vro2x, = 7,)
Pr[;saz |CSR|2 > 72'/750’2 o |2 |CRDZ|2 Ve > 72'/75 < |CP_||2] (27)
=1- , ® —1-(B,+B,),

a,|C — J—

+Pf[m > ]/leSa2|CSR|2|CRD2|2 Ve >V Ps > Lz]
e e

With
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— e <&
PsQ¥e |CSR| Ps

2

2 V2 2
B, =Pr||cg| >== ,|CRDZ
@,

0

o Ps
B = [ 1, - 0dx J f\cRsz(y)dyl fo (212

" e (28)
1 5 K 1 Yo 'ﬁ:; 1 5
= [ =—e " odxx | e " |(y)dyx [| ——e ™= |(2)dz
wn QCSR _n Cro, 0 QCSD
Ps PsVeX
S/, 4 1 - LB
52 Qe Qopp, PVEX
— 1_e P SD e SR RDy
i Csr
Ps
By
As before,
P n
. - i)
B, =|1-e "% 27( 24 ,Uzmﬂ’(—n—l, Wl]. (29)
n=0 (cha) n! s
And

2
B, = Pr[|CSD|2 >i,|CSR|2 > MJCRDZ S —lej
Ps P ps‘//E|CSR|

>3

o
|

flp 00 [ £ dyx [ 1 ()2
o 7

Ps P PsVEY
1 o 2 1 B A e
Q Q. Q. psyey
= | —e °sp dXX _— @ = RDy dy
p:J‘IQCSD L Csr
Ps P
Tl 79: S (_l)n n+l { Hy P\ }
= g —————uy"y| -n -1, =2 | |dx
i QCSD ; (QCSR ) 1 ni 2 X
Ps
S 1) n+ T 1 7$
:Z(Q( )gﬂ '/Uz 1IQ—G Sny(_n_l! /;jil ]dX
n=0 n | = e 1
Csn Z:s (30)
Substituting (28)—(30) into (27) proves Theorem 2.
5.3 Appendix C — Proofs of Theorem 3
We have
a 1 (o 1-Fx(x)
Rp, = Elogy(1 + X1, X £ min(Yre, Vavyr, ) =55 Jy —og— dx (31)
The CDF Fy(x) is
Fy (X)=1_[|11+|12]v (32)
where, letting __ x  with ¢, —xa, >0,
(o —Xar,)
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a, 2 T 2
|M=U[_1—ijr[|C5R| >=,|cRD1| > 2,|CSD| P
% Ps Ve P s| SR| S
o )7 . A (33)
=U|l2- f . (y)d
(az Xj [fpta [ 1 G I s
73 WE;SY
[/ N | IS 1 - y T
a P Q 'VEf’s G
=U| Lox|[1-e "o || [——e e " (y)d
(% ] !Q (y)dy
<
And
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o [ e
az A Q Ty QCSR
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Substituting (32)—(34) into (31) yields the closed form in (17), proving Theorem 3.
5.4 Appendix D — Proofs of Theorem 4
We have
Rp, = Elog,(1 + X)1,X £ min(¥ v, Yrp,x, ) (35)
The CDF of X is
FX(X):l_[Kll"'Klz]v (36)
where 7, = X
a,
Q, 2 T T,
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% Ps Eps| SR| ps
6 )\ " (37)
—yl&_
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s Ve ;y
JRZ N | S 1 Y . a
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a, 5 QCSR
s
And
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n fowo | (38)
P PsYel

a o0 o0 o0
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o ay

y z L1

a, T 1 o, 1 o, Qo PsVE?
=U| 2L-x I—e SDdyJ‘—e we TR dz
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Ps &l

Substituting (36)-(38) into (35) gives (19), completing the proof.
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