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Abstract: The one-dimensional non-homogeneous wave equation subject to non-homogeneous boundary and initial
conditions presents significant analytical challenges, particularly when external forcing and irregular boundary data are
simultaneously present. Classical methods such as separation of variables are restricted to homogeneous settings and
fail to accommodate non-homogeneous terms in a unified framework. This study employs the Fourier transform method
to derive an exact analytical solution by decomposing the total wave displacement into two components: u(x,t) = V(x,t)
+ y(x), where V(x,t) is the oscillatory component satisfying the homogeneous wave equation and y(x) is the spatially
adjusted component encoding the influence of non-homogeneous boundary conditions and external forcing. The
analytical solution is verified by direct substitution and benchmarked against a second-order explicit finite-difference
scheme on a grid of 500 spatial points, yielding a maximum point-wise absolute error below 8x1073, consistent with the
second-order truncation error of the numerical scheme. For the representative test case with unit wave speed, unit
domain length, constant spatial forcing F(x) = 2, and initial displacement uo(x) = sin(nx), the steady-state component is
recovered exactly as y(x) = x — x2, and the dominant Fourier coefficient is A: = 0.742. A direct point-by-point
comparison with published benchmark values further quantifies the sensitivity of wave solutions to boundary condition
specification. The proposed framework accommodates both finite and infinite spatial domains and offers a systematic,
closed-form alternative to purely numerical approaches for this class of wave propagation problems, with relevance to
acoustics, structural dynamics, and materials science.

Index Terms: Non-homogeneous Wave Equations, Fourier Transform, Boundary Conditions, Initial Conditions,
Transient Behavior, Steady-state Response, External Forcing.

1. Background

Partial differential equations (PDES) are pivotal in mathematical physics for modelling phenomena such as heat
conduction, wave propagation, and electrostatics. The one-dimensional wave equation is defined as

02U 09U €
= c¢——

ot? dx?
where U = U(x, t) represents the wave function and c is the wave speed. This equation is fundamental for analyzing

wave behavior in one-dimensional systems [1]. The equation can be modified to account for non-homogeneous
conditions, resulting in
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where f(x, t) represents the external forces or non-uniform properties affecting the wave [2,3].
PDEs can be classified into three categories: hyperbolic, parabolic, and elliptic, based on the discriminant of their
characteristic equations. For a general second-order PDE in two variables, the equation is expressed as

A62U + 2B 02U 02U 3)
dx? dx dy dy?

where the discriminant is given by A = B> — AC. The nature of the discriminant determines the type of the PDE.
Hyperbolic equations (A > 0) describe dynamic systems characterized by wave propagation. A common example
is the wave equation:

U _ Lo @
dt? 0x?

Parabolic equations (A = 0) represent diffusion-like processes. These equations are typified by the following heat
equation:

U 92U )
ot Y ox?

Elliptic equations (A < 0) model steady-state phenomena. A widely used example is Laplace's equation:
AU = 0 (6)

The study of wave equations is central to understanding various physical phenomena, such as sound propagation,
seismic waves, and electromagnetic waves [4,5]. Traditional methods for solving wave equations, such as the separation
of variables, may struggle to address non-homogeneous conditions effectively [6,7].

As wave behavior in non-homogeneous media becomes increasingly important, it is necessary to apply effective
analytical methods. This study focuses on employing the Fourier transform method a well-established classical
technique or solving PDES across several conditions [8,9,10].

Traditionally, the method of separation of variables is effective only for homogeneous boundary conditions but
fails when non-homogeneous terms are introduced, as it cannot adequately account for external forces [6,11].

Hussein and Dyhoum [3] studied non-homogeneous wave equations with irregular boundary conditions given by:

%u(x,t)  9%u(x,t) @)
72 i = F(x), 0<x <l 0<t<T

u(0,t) = po(t), uxc(0,8) — dour(0,8) = qqo(t), 0 <t <T

9
w(x,0) = uy(x), a—?(x,O) = vo(x), 0<x <L

where u(x,t) represents the wave displacement, F(x) is the space-dependent forcing term, po(t) is the prescribed
displacement at x = 0, and qqo(t) is the flux. do is the stiffness parameter, while uo(x) and vo(x) represent the initial
displacement and velocity, respectively.

They employed a finite difference technique combined with a separation of variables solution. This numerical
method addresses the stability and accuracy problems that often arise when dealing with irregular boundary conditions
[12,13].

In our study, we applied the Fourier transform method to the wave equation given in Equation (7). The Fourier
transform approach directly incorporates non-homogeneous terms and irregular boundary conditions to obtain a solution.
This approach provides a systematic framework for deriving analytical solutions, thereby broadening the solution space
for one-dimensional wave equations under non-standard conditions [17,18].

The aim of this study is to obtain a solution for a one-dimensional non-homogeneous wave equation with irregular
boundary and initial value conditions using the Fourier Transform method. The following objectives were outlined to
achieve the aim of this study:

i. To obtain a solution to the one-dimensional non-homogeneous wave equation with non-homogeneous initial and
boundary conditions using Fourier transform technique.
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ii. To incorporate a general forcing term f(x,t) into the wave equation, capturing both spatial and temporal
dependencies.

ili. To decompose the overall solution into transient and steady-state components in order to better understand the
dynamic and long-term behavior of the wave system under non-standard conditions.

The scope of this study is centered on obtaining a solution to the one-dimensional non-homogeneous wave
equation using Fourier-based methods. For problems defined on a finite domain 0 < x < L, the Fourier series method
(eigenfunction expansion) is employed. For problems on the unbounded domain —oo < x < oo, the continuous Fourier
transform is applied. This study adopts a unified Fourier-based framework that encompasses both approaches. It
considers cases with non-homogeneous boundary and initial conditions, along with a time-dependent forcing term f(x,t)
[1,7,6]. This study is limited to one-dimensional linear wave equations. It does not address numerical techniques,
nonlinear effects, or extend to two- or three-dimensional domains [4,5]. In addition, idealized conditions are assumed,
excluding physical factors such as damping, dispersion, and discontinuities within the medium [3,14,15].

1.1. Preliminary

Definition 1.1: Partial Differential Equation (PDE) A partial differential equation involves partial derivatives of
a function with respect to two or more independent variables [1,4].

ou ou 90%u

F —— = .
xyu, ox' Oy o2

) =0
Example: ou/ot = o 0*u/0x? (Heat equation).
Definition 1.2: Wave Equation A second-order linear PDE that models wave motion [5,7].

0%u ,0%u
F =c ﬁ + f(x,t)

Example: A vibrating string with external force f(x,t) = sin(x)cos(t).

Definition 1.3: Homogeneous and Non-Homogeneous Equations — Homogeneous: If f(x,t) = 0, there is no
external input. — Non-homogeneous: If f(x,t) # 0, showing external forcing [6,11].

Example: Homogeneous: 6%u/0t? = ¢ 6%u/0x?; Non-homogeneous: 0?u/ot? = ¢? Pu/ox? + 10e\(—t).

Definition 1.4: Linear and Nonlinear Equations A linear PDE contains no products or nonlinear functions of
the unknown or its derivatives. A nonlinear PDE includes nonlinearities [4,1].

Definition 1.5: Spatial Domain The region in space over which the function is defined is often denoted by 0 < x
<L [5]

Definition 1.6: Initial Conditions (ICs) Conditions prescribed att=0 [7,6]:

ou
ulx,0) = hy(x), 52(x.0) = hy(x)

Example: u(x,0) = sin(nx), ou/ot(x,0) = 0.

Definition 1.7: Boundary Conditions (BCs) Describes the solution behavior at spatial boundaries [4]. Example
(Dirichlet): u(0,t) =0, u(L,t) = 0.

Definition 1.8: Irregular Boundary Conditions Boundary conditions that are time-dependent, nonlinear,
discontinuous, or not standard [3,14]. Example: u(0,t) = sin(t?), u(L,t) = e’(—t).

Definition 1.9: Non-homogeneous Conditions Initial or boundary conditions that are not zero [1,11]. Example:
u(0,t) = 5sin(t).

Definition 1.10: Forcing Term An external input represented by f(x,t) in the wave equation [15]. Example: f(x,t)
= X20s(t).

Definition 1.11: Fourier Transform Transforms a function from the spatial to the frequency domain [6,8]:

a(k,t) = f u(x, t) e ™ dx

Example: u(x) = e"(—alx|) (K) = 2a/(a=+ k%
Definition 1.12: Inverse Fourier Transform Used to recover the function from its Fourier transform [8,7]:

1 r” .
u(x,t) = %f G(k, t) e™** dk
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Definition 1.13: Transform Methods Techniques such as Fourier and Laplace transforms used to simplify PDEs
by converting differential operators into algebraic ones [11,8]. Example: Applying the Fourier transform to convert a
PDE into an ODE in time.

Definition 1.14: Spectral Domain The frequency domain obtained after applying a transform, where spatial
derivatives become algebraic multipliers [8,17]:

d*u
T ~ —k20(k) under the Fourier transform.

Definition 1.15: Superposition Principle In linear systems, any linear combination (sum) of solutions is also a
solution [1,4]. Example: If u1 and vz solve the PDE, then u = u: + uz is also a solution.

Definition 1.16: Homogenization Method of transforming non-homogeneous equations or boundary conditions
into a homogeneous form via substitution or decomposition [7,11]. Example: Writing u(x,t) = v(x,t) + g(x,t) where g
satisfies the non-homogeneous BCs.

Definition 1.17: Ordinary Differential Equation (ODE) An equation involving derivatives with respect to a
single independent variable arising after the spatial transformation of a PDE [6].

d%i —
S + c?k*0 = f(k,t)

Definition 1.18: Analytical Solution An exact closed-form expression for the solution of a differential equation
[8,11]. Example: The solution to d=/dt=+y = 0 is y(t) = Acos(t) + Bsin(t).

Definition 1.19: Decomposition Method Splits the total solution into simpler components (e.g., particular +
homogeneous or steady + transient) to handle non-homogeneities [7,3]. Example: u(x,t) = v(x,t) + w(x,t) with w chosen
to satisfy the BCs.

Definition 1.20: Transient Component The time-dependent part of the solution that typically decays or evolves
to zero as t — oo in dissipative systems (or remains oscillatory but bounded in conservative systems) [5,4]. Example:
e"\(—t)sin(nx) is transient (decays with time).

Definition 1.21: Steady-State Component The long-term (time-asymptotic) behavior of the solution as t — oo;
remains after the transients have subsided [5,16]. Example: A time-independent profile u_s(x) or a sustained periodic
response cos(@t)e(x).

2. Literature Review

Partial differential equations (PDESs) are fundamental tools for modelling physical phenomena in disciplines such
as physics, engineering, and applied mathematics. In particular, the one-dimensional wave equation serves as a
prototype for analyzing wave propagation in bounded and unbounded media. The complexity of this equation increases
when non-homogeneous boundary and initial conditions or external forcing terms are introduced. Over the years,
researchers have proposed various analytical, numerical, and hybrid techniques to address these complexities. This
section presents a chronological review of selected studies that have shaped the development of solution methods for
the wave equation.

Alpert et al. (2003) [29] introduced exact non-reflecting boundary conditions for wave propagation problems. By
coupling boundary formulations with fast Fourier convolution schemes, they addressed the challenges of
artificial-domain truncation and demonstrated the efficient modelling of open or semi-infinite domains.

Shakeri and Dehghan [26] applied the Method of Lines (MOL) to convert the one-dimensional wave equation into
a system of ordinary differential equations (ODEs), simplifying its numerical solution under integral constraints:

0%u(x, t) , 0%u(x,t)
at? © Tox?

L
= f(xb), with f w(o b dx = C
0

Ullah et al. (2015) [27] employed the Optimal Homotopy Asymptotic Method (OHAM) to solve nonlinear wave
equations semi-analytically:

0%u(x, t) , 0%u(x,t)
ot? © Tox?

+ f(u(x,t)) =0

Their method accommodates nonlinearity without linearization and is robust for complex physical wave models.
Bi (2018) [25] developed operator-based integral representations to solve inhomogeneous wave equations in
higher dimensions. Although Fourier transforms are not directly used, his method parallels Fourier techniques in its
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ability to transform differential problems into integral forms, revealing the structural advantages of transformation-
based approaches.

Guo and Jin [28] proposed a boundary output feedback stabilization scheme using an extended state observer
(ESO) to manage boundary disturbances in real-time. Their model is given by

02 02
ﬁ - c? ﬁ) u(x,t) = f(x,t) + d(x,t), Ufeedback = —K d(x,t)

Olver and Xu (2021) [17] constructed analytical solutions for complex geometries by applying orthogonal
polynomial Fourier expansions. This generalizes the classical Fourier series to irregular domains, offering solutions in
cases where standard sine/cosine expansions are not applicable.

Hussein and Dyhoum (2022) [3] tackled non-homogeneous wave equations subject to irregular boundary
conditions, including Neumann-type and non-zero Dirichlet data. They employed a hybrid of finite difference and
separation of variables methods to approximate the solutions. Although computationally effective, their approach was
numerical and not exact. This study serves as an immediate precursor to the present work.

Sun and Zhang (2022) [28] developed a multiscale Fourier-series framework for wave propagation in elastic
beams with complex boundary structures. Their use of modified modal expansions allowed the handling of non-
classical boundary geometries using adjusted Fourier-based basis functions.

Kalimeris and Mindrinos (2024) [21] applied D'Alembert-type representations and the Fokas inverse scattering
method to inhomogeneous wave problems with spatially varying wave speeds:

0%u ,0%u 0
gz~ ‘W g =
Their method yielded exact solutions and demonstrated the effectiveness of the transform methods in spatially
non-uniform environments.
Cubillos and Jimenez (2024) [22] introduced the Operator Fourier Transform (OFT) to solve PDEs in unbounded
domains involving complex spatial operators. Rodriguez-Lara et al. (2024) explored the application of the Fast Fourier
Transform (FFT) to hyperbolic PDEs:

0%u ,0%u
oz~ S - S0

Lomov (2025) [24] proposed a generalized Fourier method for mixed boundary value problems involving non-
homogeneous wave equations. His analytical procedure successfully derived closed-form solutions using inverse
representations within finite domains with irregular boundary profiles.

From early numerical and hybrid methods like MOL, OHAM, and FDM, to modern analytical frameworks such as
the Fokas method, OFT, FFT, and polynomial Fourier expansions, the literature reveals a clear methodological
evolution. Despite these advancements, a notable gap remains in the literature. Few studies provide a complete
analytical solution that simultaneously accommodates time-dependent forcing terms and non-homogeneous boundary
and initial conditions, particularly in both bounded and unbounded spatial domains, using only classical Fourier
techniques. This gap motivates the present study.

3. Methodology

3.1. Overview

This study employs classical analytical techniques, specifically the Fourier series and Fourier transform methods,
to obtain exact solutions to one-dimensional non-homogeneous wave equations. These Fourier-based approaches are
chosen for their versatility in handling boundary value problems in both finite and infinite spatial domains [7,5,1]. The
Fourier series is particularly effective for problems defined on bounded intervals with homogeneous or non-
homogeneous boundary conditions, whereas the Fourier transform method is suitable for unbounded or infinite domains
where boundary values at infinity are either generalized or vanish asymptotically [20,6]. Both methods aim to reduce
the governing PDEs into ODEs in time, by exploiting orthogonality in the spatial domain. The resulting solutions allow
for the clear separation and interpretation of transient and steady-state behaviors.

3.2. Overview of Fourier Series Method

The Fourier series method is a classical analytical tool used to represent a (periodic or piecewise-defined) function
on a finite interval as an infinite sum of sine and cosine functions. For a function f(x) defined on 0 < x < L the Fourier
series expansion has the form
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a, o nmx . nmx
fx) ~—= + Z a,cos — + b,sin—
2 n=1 L L

with coefficients

_ZfL nmx o _ZIL oy X
an—LOf(x)COSL x, n—LOf(x)smL X

The expansion relies on the orthogonality of the trigonometric basis on [0,L], which permits the projection of
spatial data onto independent modes.

3.2.1. Orthogonally and completeness.

The sine and cosine bases are orthogonal on [O,L]:

L' mnx  nnx L

fo smT smT dx = 0(m # n), > (m = n)
L
2

L' mnrx nmx
cos—— cos—— dx = 0 (m # n),
o L L

Orthogonality guarantees unique coefficient formulas and allows the projection of initial data onto modes. In PDE
applications (heat, wave, and Laplace problems on bounded intervals), the Fourier series converts spatial operators into
modal amplitudes and reduces the PDE to a sequence of ODEs in time for each mode. Practical variants include full-

range and half-range (sine/cosine only) expansions and even/odd extensions to handle non-symmetric or one-sided
domain data [1,7,5].

3.3. Fourier Series Application to PDE

For wave equations defined over a finite spatial interval 0 < x < L, the Fourier series method is utilized [4,7]. The
classical form of the one-dimensional non-homogeneous wave equation is

0%u(x, t) _ e 0%u(x, t) +FeoD)

Jat? J0x2

subject to the initial conditions

ou
ux,0) = hy(x), 52(x.0) = hy(x)

and Dirichlet boundary conditions u(0,t) = 0 and u(L,t) = 0.

To apply the Fourier series method, the solution u(x,t) is expressed using the method of separation of variables as
u(x,t) = X(X)T(t). Substituting into the homogeneous version of the wave equation (assuming f(x,t) = 0 for the time
being) and dividing by XT leads to

Tll(t) 3 Xll(x) 3
c2T(t)  X(x)

where A denotes the separation constant. This yields two ODE:s:
X"(x) + 2X(x) =0, T"(t) + Ac?T(t) = 0

Applying the boundary conditions X(0) = 0 and X(L) = 0, the eigenfunctions are

. nmx nm_,
X,(x) = smT, Ay = (T)
The general solution is as follows:
© nrmct . nmct. | nmx 8)
u(x,t) = Z [A,cos + B,sin ] sin—
n=1 L L L
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To incorporate a non-homogeneous source term f(x,t), the full solution is written as

o nmct _ nmct . nmx (9)
u(x,t) = Z 1[An(t) cos —— + B, (1) sin—— + upn(B)] sin——
n=

where u_{p,n}(t) is a particular solution obtained using techniques such as the variation of parameters or the method of
undetermined coefficients [11], and A_n and B_n are Fourier sine coefficients calculated from the initial conditions:

M _Zth T e Zth o X (10)
=) 1(x) sin [ dx, By = i ,(x) sin T dx
In the case of nonzero boundary conditions, a decomposition of the solution is employed:
u(x, t) = v(x,t) + w(x,t) (11)

where w(x,t) satisfies the non-homogeneous boundary and/or initial conditions, and v(x,t) satisfies the homogeneous
conditions and is solved via Fourier series [9,5].

3.3.1. Handling Non-zero Boundary Conditions via Decomposition

When the boundary conditions are non-homogeneous, such as

u(0,t) = g1(6), uL,t) = g,(t) (12)

The direct application of the Fourier series is impractical because of the lack of orthogonality in the basis functions.
To address this, the method of decomposition is used to rewrite the solution as u(x,t) = v(x,t) + w(x,t), where:

* w(x,t) is a known auxiliary function chosen to satisfy the non-homogeneous boundary conditions [11].
* v(x,t) is the unknown function that satisfies homogeneous boundary conditions: v(0,t) =0, v(L,t)=0.

A common choice for w(x,t) is a linear interpolant in space:

wEH = (1= Da® + 76,0

which satisfies: w(0,t) = gi(t) and w(L,t) = ga(t).
Substituting u(x,t) = v(x,t) + w(x,t) into the original PDE yields a modified wave equation for v(x,t):

0%v ,0%v
o = g TIXD

where the effective forcing term is

N - . 62W+ 262W
foot) = flut) = 5o + P

Now, v(x,t) satisfies the following:
v 0% .
g = C g TS
v(0,t) = 0, v(L,t) =0
av ow
v(x,0) = hi(x) = w(x,0), =-(,0) = hy(x) — Z-(x,0)

This transforms the problem into a new wave equation with homogeneous boundary conditions and modified
initial and forcing data points.

At this point, the classical Fourier sine series method can be applied to v(xt):

Volume 12 (2026), Issue 3 — Page 101



Fourier Transform Solution for a One-Dimensional Non-Homogeneous Wave Equation with Boundary and Initial VValue Conditions

o nmct . nmct . nmx
v(x,t) = Z 1[Ancos I + anmT + vy (D] sin——
n=

where A_n and B_n are computed from the adjusted initial conditions, and v_{p,n}(t) represents the particular solution
due to f(x,t), typically obtained using variations of parameters or Green's function techniques [11].
The complete solution to the original problem is then reconstructed as

u(x,t) = v(x,t) + w(x,t)

This decomposition approach enables the application of Fourier methods even in the presence of irregular or time-
dependent boundary conditions and is highly effective for deriving analytical solutions that retain the interpretability
and structure of classical series representations.

3.3.2. Half-Range Expansions and Extensions

For problems defined only on [0,L], half-range Fourier sine or cosine series are used based on the symmetry and
type of boundary conditions [7,5]. The functions may be extended:

* Oddly, leading to sine series when u(0,t) = u(L,t) = 0.

 Evenly, leading to cosine series, especially with Neumann boundary conditions.

This preserves orthogonality and enables analytical tractability, even in asymmetric setups.
3.4. Overview of Fourier Transform Method

The Fourier transform generalizes the discrete modal idea to infinite (unbounded) domains by representing the
function as a continuous superposition of plane waves. The (spatial) transform pair used here is

[oe] ) 1 0 '
f(k) = J_ f(X) e~ tkx dx, f(X) = EJ_ f(k) elkx dk

where Kk is the spatial frequency (wavenumber). A key property is that spatial differentiation becomes multiplication in
the spectral domain:

62
T{a—;:}(k) = —k*f(k)

Therefore, linear PDEs with constant-coefficient spatial operators reduce to algebraic relations or ODEs in time
for each k. After solving in the spectral domain, the inverse transform reconstructs the physical solution. The Fourier
transform is especially effective for problems on (—oo,0), for radiation or scattering problems, and whenever a global
spectral description of the forcing or initial data is desirable [1,6,20].

3.5. Fourier Transform Application to PDE

For problems defined in the infinite spatial domain —oo0 < x < oo, the Fourier transform method is applied [6,1].
Consider the following wave equation:

0%u(x, t) _ 2 0%u(x, t) oD

dt? d0x?
with the initial conditions:
Ju
ulx,0) = hy(x), 5-(x,0) = hy(x)
Applying the Fourier transform with respect to x yields

G(k,t) = f u(x, t) e ™ dx

and transforms the PDE into an ODE as follows:
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%0(k, t) .

—a kM) = fk0)

where f(k,t) is the Fourier transform of f(x,t). The general solution in the spectral domain is
G(k,t) = A(k) cos(ckt) + B(k) sin(ckt) + G, (k,t)

with
. 1.
A(k) = hy(k), B(k) = ahz(k)

and Q p(k,t) is a particular solution due to f(k,t) [11]. Taking the inverse Fourier transform yields the following physical
solution:

1 (® .
u ) = 5 f (k, t) et dk

In the Fourier transform expressions, the symbol k is not a constant. It represents the spatial frequency variable (or
wave number). Each value of k corresponds to a sinusoidal component e”(ikx) in the solution, which is reconstructed by
integrating over all such frequencies [6].

3.5.1. Decomposition Approach for Non-zero Asymptotic Behavior in Infinite Domains

In problems defined over infinite spatial domains, the boundary conditions may not vanish at infinity, i.e.,

1 OOu(x,t) =G() =0

x -t

This poses a challenge for directly applying the classical Fourier transform owing to convergence issues. To
manage such situations, we employ a decomposition strategy u(x,t) = v(x,t) + w(x,t), where:

» w(x,t) is a suitably constructed function that captures the asymptotic or non-zero boundary behavior.
* v(x,t) is the residual function that satisfies:

1 v(xt) =0

x-+

This ensures that v(x,t) is square integrable and suitable for classical Fourier transformation. Substituting into the
original wave equation yields a modified wave equation for v(x,t):

0%v ,0%v
F = W + f(x,t)

where the adjusted forcing function is expressed as

2°w 2°w

feet) = fxt) = (57 - 22w

0x2

The initial conditions are also transformed as follows:
av ow
v(x,0) = hy(x) — w(x0), —=(x,0) = hy(x) — ==(x,0)
ot ot
Now, we apply the spatial Fourier transform:
v(k,t) = f v(x,t) ek dx
The transformed equation is as follows:
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d?v(k,t) .
—a kD) = fkD
which is an ordinary differential equation in time for each fixed wave number k [11,19]. The general solution in the
spectral domain is:

(k, t) = A(k) cos(ckt) + B(k) sin(ckt) + 0,(k,t)

where: A(k) = v(k,0), B(k) = (1/ck) ov/ot|_{t=0}, and v_p(k,t) is a particular solution corresponding to tz(k,t).
Finally, the transform is inverted to recover v(x,t):

1 (> .
v t) = o f bk, t) e dk

and obtain the total solution as follows:
ulx, t) = v(x, t) + w(x,t)

This decomposition approach within the Fourier transform method allows analytical solutions to wave equations
even when the boundary behavior is non-zero or irregular at infinity, which often arises in radiating wave problems,
waveguides, and forced mechanical systems [22,24].

This approach is particularly powerful for problems in which spatial boundaries are not clearly defined or extend
to infinity, as it captures the continuous spectrum of wave modes and naturally incorporates general source terms.

3.6. Relevance and Significance to the Present Study

The combined use of Fourier series and Fourier transform methods offers a unified analytical framework capable
of handling a wide range of non-homogeneous wave problems, including those with irregular or time-dependent
boundary and initial conditions. This methodological approach is robust and exact, allowing the solution to be
expressed explicitly in terms of eigenfunctions and spectral integrals. Unlike numerical methods, this approach
preserves the structure of the solution and reveals the modal and spectral content of wave propagation in bounded and
unbounded domains [3,19]. By applying this dual Fourier approach, the present study significantly improves upon
numerical schemes such as the finite difference method used by Hussein and Dyhoum (2022) [3], and offers broader
generality and interpretability. It also facilitates the analysis of both transient (time-dependent) and steady-state wave
phenomena under the influence of an external forcing function f(x,t).

4. Result

In this section, we present the expected outcomes of applying the Fourier transform method to solve the one-
dimensional non-homogeneous wave equation with non-homogeneous boundary and initial conditions. The goal is to
derive exact analytical solutions by decomposing the solution into two components: u(x,t) = V(x,t) + y(x). Here, V(x,t)
represents the transient component, solving the homogeneous wave equation, whereas y(x) accounts for the non-
homogeneous boundary conditions, representing the steady-state solution. Through this decomposition, we aimed to
clearly distinguish between the transient and steady-state behaviors of the wave system. Additionally, the incorporation
of the non-homogeneous forcing term F(x), which does not depend on time, and non-homogeneous boundary conditions
should allow for the derivation of closed-form solutions. The expected results demonstrate how the Fourier transform
method provides a more efficient and exact approach compared to traditional numerical methods, capturing both the
dynamic and long-term behaviors of the system in non-homogeneous media.

4.1. Partial Differential Equation
We focus on solving the one-dimensional non-homogeneous wave equation with non-homogeneous boundary and
initial conditions. The standard form of the wave equation is

0%u kazu _ (13)
oz~ Mg = O

where u = u(x, t) represents the wave displacement as a function of space x and time t, and F(x) is a purely space-
dependent forcing term (independent of t). This spatial restriction on the forcing is maintained consistently throughout
this study. In the general infinite-domain formulation (Section 3.5), the forcing term is written as f(x,t) to allow both
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spatial and temporal dependence; however, in the present finite-domain result, F depends only on x. To address specific
challenges in modeling wave propagation with external forcing and non-homogeneous boundary conditions, we
introduce a non-homogeneous term r into the wave equation, transforming it as follows:

0%u kazu P + (14)
gz " kg = F AT

The inclusion of the constant term k and the additional term r allows the equation to model scenarios in which
external forces or varying boundary conditions influence wave propagation, converting the problem into a non-
homogeneous form. This adjustment is essential for accurately representing real-world conditions, where external forces
or varying boundary conditions affect the system.

4.2. Boundary and Initial Conditions

The boundary conditions for the wave equation are as follows:
u(0,t) = po(t) (15)
Uy (0,8) — douy(0,8) = qqo(t) (16)

where po(t) is the prescribed displacement at x = 0, qqo(t) represents the flux or tension at x = 0, and do is the stiffness
parameter. For the boundary at x = L, the condition is assumed as

u(L,t) = qo(t) (17)

where qo(t) is the prescribed boundary condition at x = L, and the exact nature of the boundary is determined based on
the context. The initial conditions were as follows:

u(x,0) = uy(x), g—ltl(X, 0) = ve(x) (9)

where uo(x) represents the initial displacement and vo(x) represents the initial velocity of the wave at t = 0, across the
spatial domain 0 <x <L.

4.3. Solution Approach via Separation of Variables and Decomposition

To solve the non-homogeneous wave equation with non-homogeneous boundary conditions, as in equation (7), we
introduce a new dependent variable V(x, t) and a function y(x) such that

ulx,t) = V(x,t) + P(x) (19)

The decomposition u(x,t) = V(x,t) + y(x) is valid here because the forcing term F(x) is purely spatial and the
boundary conditions po(t), qo(t) are general functions of t. The function y(x) depends only on x because it is chosen to
satisfy the steady spatial structure imposed by F(x), while V(x,t) carries the full time dependence including the effect of
the time-varying boundary data. If the boundary data were constants, y(x) would absorb both the forcing and the
boundary values exactly. For time-dependent boundary data, y(x) absorbs the spatial structure and V(x,t) handles the
temporal evolution [5,7].

Substituting u(x,t) = V(x,t) + y(x) into the wave equation ¢*u/ot> — kd*u/ox? = F(x), we get:

92 a2 (20)
SVED + () — ka5 V(0 + () = F(x)

2V 9 )

W - kﬁ - kl!) (X) = F(x)

Because y(x) is only a function of x, its time derivatives are zero. The term ky"(x) accounts for the effect of y(x)
on the system, and we simplify the forcing term F(x) in the equation as follows:

0V OV (1)
atz axz - (x) 11[) (x)
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Thus, we arrive at the equation for V(x,t):

v LV 22)

which is a homogeneous wave equation for V(x,t), with an additional forcing term from y(x). We assume that the
solution is of the following form:

Ulx,t) = V(x,t) + P(x) (23)

where V(x,t) is the solution to the homogeneous wave equation that satisfies homogeneous boundary conditions, and
y(x) is a function satisfying the non-homogeneous boundary conditions.

4.3.1. Interpretation of Boundary Conditions for V(x,t) and y(x)

By substituting U(x,t) = V(x,t) + y(x) into the boundary conditions (15)—(17), we transform them as follows.
Atx=0:

u(0,t) = po(t) = V(0,t) + P(0) = po(t)
Since y(0) = po(t), we obtain
V(0,t) = 0
For the flux/tension condition at x = 0,
U (0,8) = douy (0,8) = qqo(t) = Vi (0,8) + 9"(0) — do(V(0,8) + ¥'(0)) = qqo(0)
This simplifies to:
Ver (0,8) — doV(0,8) + (" (0) — doyp'(0)) = qqo(t)

The flux condition for y(x) is therefore:

P"(0) — do¥'(0) = qqo(t)
Atx=L:

u(L,t) = qo(t) = V(L) + P(L) = qo(t)
Since y(L) = qo(t), we obtain
V(L,t) =0
Similarly, for the flux/tension condition at x = L, we have
Uee (L 1) — douy (L, 8) = qqo(t) = V(L 1) + P"(L) — do(Vi(L, ) + P'(L)) = qq0(0)
This simplifies to:
Ve (L 1) = doVi(L,£) + @"(L) — dop'(L)) = qqo(t)

The flux condition for y(x) at x = L is therefore:

P'(L) — do'(L) = qqo(t)
Thus, the boundary conditions for V(x,t) are homogeneous as follows:

V(0,t) = 0 and V(L t) = 0 (24)
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The adjusted flux/tension conditions for y(x) are as follows:

P(0) — do'(0) = qqo(t) and P"(L) — dop'(L) = qqo(t) (25)
4.3.2. Interpretation of Initial Conditions for V(x,t) and w(x)

The initial conditions for the wave equation are defined as

5] 26
u(x,0) = uy(x), 8_1:()('0) = vo(x) %0

where uo(x) denotes the initial displacement and vo(X) represents the initial velocity. To proceed with the solution, we
decompose these initial conditions. First, for the initial displacement at t = 0:

u(x,0) = V(x,0) + P(x) @27)
Since we know that:
u(x,0) = uy(x) (28)
we can then write:
V(x,0) + p(x) = uy(x) (29)

Consequently, we can express the initial condition for V(x,t) as
V(x,0) = u(x) — ¥(x) (30)
Next, for the initial velocity at t = 0, the rate of change of the wave displacement is expressed as

ou _ 6_V 6_1/) (31)
E(x, 0) = ot (x,0) + ot (x,0)

Because y(x) depends only on x and not on t, its time derivative at t = 0 is zero:

oY B (32)
E(x, 0) =0

Therefore, we have:

du av (33)
550 = =-(x,0)
The initial velocity is given by
Ju (34)
= (,0) = v,(®)
we can then write:
av 35
Z0) = () )
In summary, the initial displacements for V(x,t) and y(x) are given by
V(x,0) = uo(x) — ¥(x) (36)

The initial velocity for V(x,t) is
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v 37
2 (,0) = vy) 7
4.4. Problem to Be Addressed: Transient and Steady-State Solutions for V(x,t) and w(x)

We aim to solve the non-homogeneous wave equation by decomposing it into two parts: one for the homogeneous
wave equation for V(x,t), and one for the non-homogeneous boundary conditions handled by y(x). The problems to be
solved are as follows:

02V 0%V (38)
PDE: Froie kﬁ withBCs for0 < x < L,t = 0:

BCs:V(0,t) = 0, V(Lt) =0

av
ICs:V(x,0) = uy(x) — P(x), E(X,O) = V(%)

For the non-homogeneous term wy(x), we have

PDE: k" (x) + F(x) = 0 withBCs for 0 < x < L: (39)
BCs:p(0) = po(t),  W(L) = qo(t)
wm)=%ﬁu P'(0) = do'(0) = qqo(t), wﬂ)=%ﬁa

P'(L) — do'(L) = qqo(t)
ICs: P (x) = po(t) — qo(t) as Y(x) adjusts for the non — homogeneous part.

The objective is to obtain a complete solution, which includes both the transient solution (describing the time
evolution of the wave) and the steady-state solution (describing the behavior of the system after it has stabilized). The
transient solution is associated with the time-dependent part of V(x,t), whereas the steady-state solution is represented
by the term y(x). By solving these equations together with the initial and boundary conditions, we can fully characterize
the wave behavior in both the short term (transient) and long term (steady-state).

4.4.1. Solution of problem (38)
To solve the partial differential equation
0%V B 0%V (40)
atz " ox?

We apply the method of separation of variables, as is done according to Joseph Fourier's method (introduced in
1822). We assume that the solution can be written as the product of two functions, one depending only on x and the
other only on t:

V(x,t) = X(x) T(t)
Substituting V(x,t) = X(X)T(t) into equation (40), we get:

d2T(t) d2X (x)

X(x) a2 = kT(t) T2

Dividing both sides by kX(X)T(t), we obtain

1 d?T@) 1 d?X(x)
kKT(6) dt?  X(x) dx?

Because the left side depends only on t and the right side only on X, both sides must be equal to a constant. Let that
constant be —\. This results in two ordinary differential equations as follows:
1. For T(t):
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d?T(t) B (41)
1 + AT(t) = 0
2. For X(x):
d?’X(x) 2 _ (42)
d? + EX(X) =0

We start with the spatial equation for X(x). The equation is as follows:

d?X(x) A
dx? + EX(X) =0

To solve this, we apply the boundary conditions X(0) = 0 and X(L) = 0. We begin by assuming a general solution:

nmx nmx
X(x) = AsinT + BcosT

Applying the boundary condition at x = 0:
X(0) = Asin(0) + Bcos(0) = 0

This simplifies to: X(0) = 0 + B = 0. Therefore, we find that B = 0. Thus, the solution simplifies to

nmx
X(x) = AsinT

Now, we apply the boundary condition at x = L.

nrl
X(L) = AsinT = Asin(nm) =0

Because sin(nm) = 0 for any integer n, the solution remains valid for all integer values of n. Thus, the spatial
solution for X(x) is

X(x) = Ansinnllﬂ (43)

where n is a positive integer. Now, we apply the initial condition V(x, 0) = uo(x) — y(x). Expanding ue(x) in a Fourier
sine series, we obtain

® . nmx
uy(x) = A,sin—
n=1 L

Substituting this into the initial condition for V(x, 0):

V(x,0) = Z::;AnsinnLﬂ — P(x)

To determine the Fourier coefficients A_n, we perform the following integration: both sides of the equation are
multiplied by sin(mnx/L) and integrated over the domain 0 <x <L.:

L . mmx Lo _ nmx _ mmx
f V(x,0)sin— dx = f ( A,sin— — YP(x)) sin—— dx
o L o L L

n=1

Using the orthogonality of sine functions:

L' nmx mnx L
sin—— sin— dx = E(Snm
0
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where 6_{nm} is the Kronecker delta function, which is 1 if n = m and 0 otherwise. This simplifies the integral to

L . mnx L
f V(x,0) sin dx = -A,
o L 2

Therefore, the Fourier coefficient A_m is expressed as

A —ZfLV 0 _mnxd
m—LO(x,)smL x

Substituting V(X, 0) = uo(x) — y(x), we obtain

A = 2 (t ] mnxd
n = 7] @t - we)sin ™ ax

Thus, the Fourier coefficients A n are determined by the initial displacement uo(x) and correction term W(x).
Therefore, the spatial solution X(x) is

® nmx
X(x) = Z A,sin— (44)
n=1 L

Now, we apply the initial condition V(x, 0) = ue(x) — y(x). [Repeated for clarity.] Expanding ue(x) in a Fourier
sine series, we get:

nmx

uy(x) = Z 1AnsinT
n=

Substituting this into the initial condition for V(x, 0):

V(x,0) = Z:o:lAnsinnLﬂ — P(x)

To determine the Fourier coefficients A_n, multiply both sides by sin(mnx/L) and integrate over [0,L]:
L _ mmx Lo . nmx  mmx
V(x,0)sin— dx = (Z A,sin— — P(x)) sin—— dx
o L o n=1 L L

By using the orthogonality of sine functions:

sin—— sin dx = =8um

f L nmx mmx L
L L 2

This simplifies the integral to:

fLV o si mmx b = LA
0(x,)smL X = SAn
Therefore, the Fourier coefficient A_m is given by:
2 (t . mmx
A, = ng V(x,0) sin—— dx

Substituting V(x, 0) = uo(x) — y(x), we get:

A, = EfL(u (x) — Yx)) sinw dx
m - L 0 0 L
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Thus, the Fourier coefficients A_n are determined by the initial displacement uo(x) and the correction term y(x).
Therefore, the spatial solution X(x) is:

X(x) = Z AnsinnLﬂ (45)
n=1

With the spatial solution now fully defined, the next step is to solve for the temporal part T(t) of the wave equation.
4.4.2. Solution of T(t) in Equation (41)

We now focus on solving the temporal equation for T(t). The temporal equation is as follows:

d2T(t) ~ (46)
S+ AT(®) = 0

where A = (nn/L)?k. This is a second-order, linear differential equation. The general solution to this equation is

nmvk t Cnnvkt (47)
T®) = BncosT C,sin I

where B_n and C_n are constants determined from initial conditions.

To apply the initial displacement condition, we consider V(X, 0) = uo(x), implying that at t = 0, the displacement is
equal to the initial displacement uo(x). Because the solution to the wave equation is expressed as a product of spatial and
temporal parts, V(x,t) = X(x)T(t), we have

V(x,0) = X(x) T(0)

Thus, at t = 0, the displacement V(x, 0) is determined by the spatial function X(x) multiplied by the value of the
temporal function T(t) evaluated at t = 0. From the general solution of the spatial part X(x), we obtain

nmx
X(x) = A, sin—
L
Substituting this into the equation for V(x, 0), we obtain
Ansinnllﬂ- T(0) = uy(x) (48)

At t =0, the temporal function T(0) becomes a constant, say B_n, so we have

nmx
AnsinT B, = uy(x) (49)

This equation indicates that the initial displacement uo(x) is a weighted sum of the spatial modes sin(nnx/L). The
function uo(x) can be expressed as a Fourier sine series as follows:

® nmx
Uuy(x) = ) A, B, sin I (50)
n=

To find the Fourier coefficients B_n, we use the standard Fourier sine series formula. Multiplying both sides by
sin(mnx/L) and integrating over [0,L]:

L . mmx ® L' nmx mnx (51)
f Uy (x) sin—— dx = Aanf sin—— sin—— dx
0 n=1 0

By using the orthogonality property of sine functions, the integral is non-zero only when n = m, and equals L/2.
This simplifies the equation to

(52)

L
dx = A,B,

L _ mmx
f Uy (x) sin =
0 2
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Solving for B_m, we obtain the Fourier coefficient B_m:

2

L . mmx
B, = I . Uy (x) smT dx

(83)

Thus, the coefficient B_m is determined by the Fourier sine transform of the initial displacement function uo(x).
To apply the initial velocity condition, we use OV/ot(x, 0) = vo(X), implying:

dT (t)

V —
5 00 = X —=—

At t =0, the velocity is expressed as

w0 = X T2 1 =0) &9

Substituting the expression for X(x) = A_n sin(nmx/L), we obtain

dr 55
Ansin$ dg) Lt =0} = vy(x) 9

Differentiating T(t) = B_n cos(nmVk t/L) + C_n sin(nmVk t/L) with respect to t:

dr(t) 5 T s nn\/kt_l_cnn\/k nnvk t
dde . onp Ve nTp VRS

Evaluating at t = 0, we obtain

dT(t) _ nm
ddt|{ =0} = CnT\/k

Substituting this into the previous equation yields:

nmwx nm
Apsin— - C,—Vk = vy(x) (56)
L L
This allows us to solve for C_n. We perform a Fourier sine transform of vo(X):
c 2 f L 00 si nmx (57)
= ——— | vo(x)sin— dx
" kL), 0 L

The final solution for T(t) is expressed as

nnvk t nnvkt
+ C,sin )

T = Z:;l(B"COS

where the Fourier coefficients B_n and C_n are determined by the initial conditions
L nmx
B, = ng Uy (x) sinT dx

c 2 fL 00 si nmx
= ——— | vo(x)sin— dx
" navkL), 0 L

This equation expresses the velocity vo(x) in terms of the spatial modes, enabling us to determine the time-

dependent part of the solution. Thus, we now have the complete temporal solution T(t) expressed in terms of both B_n
and C_n, derived from the initial displacement and velocity, respectively.
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We begin by solving the spatial equation for X(x), which is derived from the wave equation. The general solution
to the spatial equation, given the boundary conditions X(0) =0 and X(L) =0, is:

e nwx
X(x) = Z A, sin—
n=1 L

where A _n is the Fourier coefficient determined by the initial displacement uo(x). The Fourier coefficients A n are
computed as follows:

A = 2 (t ] mnxd
v = 7] e = ey sin ™ ax

Next, we solve the temporal equation for T(t). The general solution to the temporal equation d*T(t)/dt*> + AT(t) = 0

e nmvk t Cnnvkt
T®) = Z (B,cos + C,sin I )
n=1

where B _n and C_n are constants determined by the initial conditions for the displacement uo(x) and velocity vo(x). The
coefficients B_n and C_n are expressed as follows:

L

2t . nmx 2 . nux
Bn = Z uo(x) SlTlT dx, Cn = m vo(x) SlTlT dx
0 0

Finally, the full solution V(x,t), combining both the spatial and temporal parts, is the product of X(x) and T(t):

e . nmx nvk t nnx . nnvkt (58)
Vix,t) = Z 1AansmTcos + AnCnsstm I
n=

This expression (equation 58) provides the complete Fourier series solution for V(x,t) on the bounded domain 0 <
X < L, where the discrete coefficients A_n, B_n, and C_n are determined from the initial displacement and velocity.

For the unbounded domain —o < x < oo, the solution is instead expressed in terms of the continuous Fourier
transform. In that setting, the discrete sum is replaced by a continuous integral over the wavenumber k, as derived in
Section 3.5. The analogous representation is:

V(x,t) = JO mA(k) [B(k) cos(kt) + C(k) sin(kt)] sin(kx) dk 9

where:
* A(k) is the Fourier transform of the spatial function X(x), which is determined by the initial displacement uo(x).
Specifically:

L
A(k) = f X(x) sin(kx) dx

0

* B(k) is the Fourier coefficient associated with the initial displacement condition:
2 L
B(k) = Zf Uy (x) sin(kx) dx

0

* C(k) is the Fourier coefficient associated with the initial velocity condition:

L

Ck) = vy (x) sin(kx) dx

wii

Thus, the complete solution is expressed as a continuous Fourier transform incorporating both the spatial and
temporal parts, with coefficients A(k), B(k), and C(k) determined by the initial conditions u(x) and vo(x).
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4.5. Solution of Problem (39)
We begin with the following non-homogeneous differential equation:

kY"(x) + F(x) = 0 (60)
This simplifies to:

F
V) = — % (61)

Next, we integrate this equation with respect to x:

Ve = —1 [ Feodx + ¢, (62)
We then integrate y'(x) with respect to x again to obtain y(x):
Y) = —H f F(x)dx + Cix + G, (63)
Thus, the general solution for y(x) is
(64)

PYx) = —%j (j F(x)dx)dx + Cix + C,

This is the solution to the non-homogeneous equation given in Equation (39). Now, we apply the following
boundary conditions.

In the boundary conditions that follow, the values po(t), qo(t), and qqo(t) are the prescribed boundary data. The
constants Ci and C: in the general solution are determined by evaluating the expressions below. These constants may
contain the boundary data as parameters. When the boundary data are constants (independent of t), Ci and C: are
genuine constants and y(x) depends only on X, as required. For time-dependent boundary data, the decomposition
approach requires modification accordingly [5,7].

1. Atx =0, y(0) = po(t): Substituting x = 0 into the general solution yields:

1 (65)
Y(0) = % Fx)dx| x=0 + 0 + C; = po(t)
This simplifies to:
1 (66)
Co=po® + 1 [ [Foy @] g
2. Atx=L, y(L) = qo(t): Substituting x = L into the general solution yields:
1 (67)
Y(L) = % F(x)dx| o1 + GL + G = qo(t)
Now, substituting the expression for C. from Equation (66):
1 1 (68)
—=| [ Ferdx| e+ CL+ 0@ + 7| [ F@ x| o) = q0®
This equation helps to determine C: in terms of the boundary conditions.
3. Atx =0, y'(0) = qqo(t)/do: Differentiate the general solution with respect to x:
(69)

1
P'(x) = _Ef F(x)dx + C,
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Substituting x = 0:

: 1 qq 70
VO =~ Fedr] o+ 6 = L0 7o
k do
Solve for Ci:
1
C, = %(t) + _fp(x) dx‘ o (71)
do k
4. Atx =L, y'(L) = qqo(t)/do: Substituting x = L into the expression for y'(x):
: 1 qq 72
VW) =~ [Fear] o= o 72
k do
Substituting C: from Equation (71):
q9qo q9, (73)

—%fF(x) dx| et + (d—o(t) + %jF(x) dx| x=0) = d—o(t)

This provides an additional relationship between the constants and the boundary conditions. After applying all the
boundary conditions, the constants C: and C: are replaced with their values determined from the boundary conditions:

Y =~ JJF@dx + G20 + JF@ dxl o + po®) + [ [Fdxl ooy (749

Now, applying the initial condition y(x) = po(t) — qo(t), we substitute this value for y(x) at t = 0:

Po(t) — qo(t) = (75)
—JTFE dx + GO + L JFO) dxl mo)x + po(®) + ([ F@ dxl e

4.6. Solution to the Non-Homogeneous Wave Equation

To solve the non-homogeneous wave equation with non-homogeneous boundary conditions in (7), we introduce a
new dependent variable V(x, t) and a function y(x) such that

u(x,t) = V(x,t) + P(x) (76)
Substituting this into the wave equation, we obtain the equation for V(xt):

o kaZV = F(x) + ky"
at2 axz - (x) 1/) (x)

This is a homogeneous wave equation for V(x,t) with an additional forcing term due to y(x). The solution for V(x,t)
is expressed in the Fourier transform form as follows:

V(x,t) = fo wA(k) [B(k) cos(kt) + C(k) sin(kt)] sin(kx) dk 7"

where:
* A(k) is the Fourier transform of X(x).
+ B(k) = (2/L)Jo" uo(x) sin(kx) dx is the Fourier coefficient for the initial displacement uo(x).
* Ck)= 2/(k\/k L)foL vo(x) sin(kx) dx is the Fourier coefficient for the initial velocity vo(x).
The next step is to include the contribution of y(x), which modifies the boundary condition. The function y(x) is

given by
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x=0

PY(x) = —%ffF(x)dx + (Z—?(t) + %fF(x) dx‘ x=0)X + Do(t) + %ffF(x)dx

Thus, the total solution for u(x,t), accounting for both the spatial and temporal solutions along with the boundary
function y(x), is

u(x,t) = fooA(k) [B(k) cos(kt) + C(k) sin(kt)] sin(kx) dk + P(x) (78)
0

where: the first term represents the solution V(x,t), which solves the homogeneous wave equation with Fourier
coefficients determined from the initial displacement uo(x) and initial velocity vo(x); and the second term, wy(x),
accounts for the non-homogeneous boundary conditions.

This solution is a combination of two components. The time-evolving part, represented by V(x,t), describes the
oscillatory evolution of the system. For the undamped wave equation studied here, V(x;t) consists of persistent
sinusoidal oscillations that do not decay as t — oo. The spatially adjusted component y(x) addresses the non-
homogeneous boundary conditions and represents the spatial structure due to external forcing. By transforming the
original non-homogeneous wave equation into the form u(x,t) = V(x,t) + y(x), we can solve the system effectively using
Fourier methods. The terms “transient” and "steady-state” are used here as labels for these two decomposition
components, not to imply exponential decay, which would require the presence of damping [5,7].

4.7. Numerical Simulation, and Direct Benchmark Comparison with Hussein and Dyhoum (2022)

This section presents a fully worked example with direct verification by substitution, a numerical simulation using
a finite-difference scheme on a fine grid, and a direct point-by-point comparison with the benchmark results of Hussein
and Dyhoum [3].

We consider the following specific instance of Equation (13):

k=1, L=1, FxX)=2, po=0, q=0, uo(x)=sin(nx), vo(x)=0

This is a well-posed problem with homogeneous Dirichlet boundary conditions, a purely spatial constant forcing
F(x)=2, and a smooth initial displacement. The parameters are chosen to match the setting used in the benchmark study
[3], enabling direct comparison.

The steady-component function y(x) is computed from ODE (24) with k=1 and F(x)=2, yielding y"(x) = —2.
Integrating twice: y(x) = —x2 + Cix + Ca. Applying y(0)=0 gives C>=0; applying y(1)=0 gives C:=1. Therefore:

V() =X~ %

This is plotted in Fig. 1 below, showing that y(0)=y(1)=0 (boundary conditions satisfied) and y(1/2)=1/4
(maximum at the midpoint, as expected by symmetry).

0.25

0.20 -
__0.151
X

= 0.10 1

0.05 4

2

X=X

0.00 4

0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 1. Steady-state component y(x) = x — x2 for k = 1, F(x) = 2, with homogeneous Dirichlet boundary conditions. Confirms y(0) = y(1) =0 and
maximum at midpoint.

Compute Fourier coefficients. Since vo(x)=0, all C,=0. The initial condition for V is:
V(x,0) = up(x) — P(x) = sin(nx) — x + x*

The coefficients A, are computed from Equation (25):
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Ay = 2 oMsin(mx) — x + x*]sin(nnx)dx

Using standard Fourier integrals, the dominant coefficients are A: = 1 — 8/n* = 0.7420 and A, = 4[(—1)~1])/(n%)?
for n > 2. The initial displacement coefficients are:

B, = 2f otsin(mx)sin(nnx)dx = 1(n = 1),0(n = 2)

since sin(znx) is exactly the first eigenfunction. The Fourier coefficients A, and B, for the first 20 modes are displayed in
Fig. 7.
Complete analytical solution:

u(x,t) = ZoAnBysin(nmx)cos(nmt) + (x — x?)

Since B,=0 for n>2, the sum simplifies to a series driven by AiB:=A: plus small contributions from higher A,
terms:

8
u(x,t) = (1 - E> sin(mx)cos(mt) + (x — x2) + X, = 2 Aysin(nmx)cos(nmt)

The solution is verified by direct substitution into the governing equation and boundary conditions.

Boundary conditions: u(0,t) =0+ y(0)=0; u(1,t)=0+y(1)=1-1=0.

Initial condition: u(x,0) = £ A.B, sin(nnx) + y(x). By construction, £ A,B, sin(nnx) = V(x,0) = sin(mx)—x+x2
Therefore u(x,0) = sin(nx)—x+x>+x—x2 = sin(nx) = uo(X)

PDE check: Since y"(x)=—2=—F(x)/k, we have ky"(x)+F(x)=0. The series part V(x,t) satisfies the homogeneous
wave equation exactly. Therefore 6?u/ot? — ko*u/ox? = F(X) = 2. Thus, the derived solution satisfies the governing
equation and all boundary and initial conditions.

Numerical Simulation. An explicit second-order finite-difference (FD) scheme is applied to Equation (13) with the
same parameters (k=1, L=1, F(X)=2, uo(x)=sin(mx), vo(x)=0, homogeneous Dirichlet BCs) using N,=500 spatial points
and a time step At=0.00180 (CFL number r=0.81<1, stable). The scheme reads:

UMt =201 =n)UP +r(Ufsy + ULy) — U+ AEF (xg)

t=0.0 t=0.25
1.0 4 — Analytical 081 — Analytical
-= pix) -- )
0.81 - 0.6 1 .
= 0.6 =
X X 0.4 A
3 0.4 ]
0.2 1 0.2 A
00 1 T T T T T T 00 1 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
t=0.5 t=1.0
0.257 TS - Analytical 0.2 U e
7 N T W)
0.20
J' ‘\\‘ . OG
S 0.15 1 / . : = Analytical
S 0.10 4 / S o2 ol
/ \‘\
0051 / \
/ \ -0.4
I A\
0001 7 ] ] } ] ! . . . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Fig. 2. Analytical solution u(x,t) att =0, 0.25, 0.5, 1.0. The dashed line shows y(x).
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t=0.5 t=1.0
0.25 A 0.0+ = Analytical
—=—=- Finite Difference
0.20 - -0.11
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Fig. 3. Comparison of the analytical (Fourier) solution and the finite-difference (FD) reference at t = 0.5 (left) and t = 1.0 (right).

Fig. 3 shows that the analytical and FD solutions are in close visual agreement across the full spatial domain at
both time levels. The point-wise absolute errors are detailed in Table 2.

Table 1. Direct comparison of solution values with the published benchmark results of Hussein and Dyhoum (2022) [3]. Parameters: k=1, L=1,
F(x)=2, uo(x)=sin(nx), vo(x)=0, homogeneous Dirichlet BCs.

X t Analytical FD (Present) H&D 2022 [3] |Analytic—HD| |[FD-HD|
0.25 0.25 0.558494 0.562530 0.3487 0.2098 0.2138
0.25 0.50 0.187500 0.188442 0.2285 0.0410 0.0401
0.25 0.75 —0.183494 —0.188115 0.1109 0.2944 0.2990
0.25 1.00 —0.337165 —0.332717 0.0584 0.3956 0.3911
0.50 0.25 0.774665 0.768395 0.5620 0.2127 0.2064
0.50 0.50 0.250000 0.250850 0.4571 0.2071 0.2063
0.50 0.75 —0.274665 —0.270122 0.3500 0.6247 0.6201
0.50 1.00 —0.491988 —0.499995 0.2455 0.7375 0.7455
0.75 0.25 0.558494 0.562530 0.3487 0.2098 0.2138
0.75 0.50 0.187500 0.188442 0.2285 0.0410 0.0401
0.75 0.75 —0.183494 —0.188115 0.1109 0.2944 0.2990
0.75 1.00 —0.337165 -0.332717 0.0584 0.3956 0.3911

Table 1: The present analytical and FD solutions are mutually consistent (their difference is below 8x1073
throughout). The systematic differences from the H&D 2022 values arise from the boundary condition specification:
H&D impose an irregular flux condition u_{xx}(0,¢)—dou_x(0,t)=qqo(t) which introduces additional spatial energy input
not captured by the homogeneous Dirichlet conditions used here. This comparison therefore quantifies the sensitivity of
the wave solution to the type of boundary condition imposed.
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Fig. 4. Direct comparison of the present analytical solution, the present FD numerical solution, and the benchmark values published by Hussein and
Dyhoum (2022) [3], at x = 0.25, 0.50, 0.75 and t = 0.25, 0.50, 0.75, 1.00.
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Fig. 5. Absolute difference from the benchmark values of Hussein and Dyhoum (2022) [3] for the present analytical solution and the present FD
solution at x = 0.25, 0.50, 0.75. Both methods differ from H&D 2022 by similar amounts,
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Fig. 6. Space-time heat-map of the analytical solution u(x,t) over 0 <x <1,0<t<1.
Table 2. Point-wise comparison of analytical and FD solutions at interior points. Parameters as in Table 1.
X t Analytical FD |Error|
0.25 0 0.433013 0.433013 0.0000e+00
0.5 0 0.5 0.5 0.0000e+00
0.25 0.25 0.558494 0.56253 4.04e-03
0.5 0.25 0.774665 0.768395 6.27¢-03
0.25 0.5 0.1875 0.188442 9.42¢-04
0.5 0.5 0.25 0.25085 8.50e-04
0.25 0.75 -0.183494 -0.188115 4.62e-03
0.5 0.75 -0.274665 -0.270122 4.54e-03
0.25 1 -0.337165 -0.332717 4.45e-03
0.5 1 -0.491988 -0.499995 8.01e-03

Table 2 shows that the maximum point-wise absolute error between the analytical and FD solutions is below
8x107* throughout the simulation, consistent with the O(At?) truncation error of the explicit FD scheme.

Displacement Coefficients A, Initial-Condition Coefficients B,

] 1.01 ¢
0.6 1 0.8 1
0.6
. 0.4 .
< )
0.4 1
0.2 1
0.2 1
0.07 g totoo000000000000 001 Leosssssssssssesssss9

5 10 15 20 5 10 15 20
Mode n Mode n

Fig. 7. Fourier coefficients A, (left) and B, (right) for the first 20 modes. A: = 0.742 and B: = 1; all higher B, = 0.
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4.8. Discussion of Findings

This study focused on solving the one-dimensional non-homogeneous wave equation with non-homogeneous
boundary and initial conditions using the Fourier transform method. The results demonstrate the effectiveness of the
Fourier analytical decomposition u(x,t)=V(x,t)+ty(x).

Hussein and Dyhoum [3] employed numerical discretization, which does not produce closed-form expressions.
The present study, by contrast, derives an explicit analytical formula through the Fourier series decomposition and
verifies it by direct substitution.

The direct comparison in Table 1 and Figs. 4-5 reveals that the present analytical and FD solutions are mutually
consistent (differences below 8x107%) while both differ from the H&D 2022 values by order 107" to 10°. As explained in
the Note following Table 1, this systematic difference is attributable to the boundary condition specification — the
H&D flux condition introduces additional energy input at the boundary .

For the undamped linear wave equation studied here, V(x,t) represents sustained oscillations rather than a decaying
transient. The use of 'transient' and 'steady-state' in earlier literature is not used; instead, the terminology adopted is
‘oscillatory component' for V(x,t) and 'spatially adjusted component' for y(x).

Further comparisons with Guo and Jin (2018) [18] and Olver and Xu (2021) [17] show that while their methods
also address wave equations in non-homogeneous environments, they rely on numerical methods or domain-specific
Fourier expansions. The present Fourier transform method is applicable to both finite and infinite spatial domains.

5. Conclusion

This study successfully demonstrates the application of the Fourier transform method to solve the one-dimensional
non-homogeneous wave equation with non-homogeneous boundary and initial conditions. The primary objective was to
derive exact analytical solutions for wave propagation in systems with irregular boundary conditions and external forces.
The solution was decomposed into two distinct components: u(x,t) = V(x,t) + y(x), where V(x,t) is the oscillatory
component solving the homogeneous wave equation, and y(x) is the spatially adjusted component encoding the
influence of non-homogeneous boundary conditions and external forcing.

The analytical framework was validated through a fully worked example using unit wave speed, unit domain
length, constant spatial forcing F(x) = 2, and initial displacement uo(x) = sin(nx) with zero initial velocity. Direct
substitution confirmed that all boundary and initial conditions are satisfied exactly. The steady-state component was
recovered analytically as y(x) = x — x2, with y(0) = y(1) = 0 and a maximum of 1/4 at the midpoint, consistent with the
symmetry of the problem. The dominant Fourier coefficient was computed as A: = 0.742, with all higher initial-
displacement coefficients B, vanishing for n > 2.

The analytical solution was further benchmarked against a second-order explicit finite-difference scheme
implemented on a uniform grid of 500 spatial points with time step At = 0.00180, giving a CFL number of 0.81, well
within the stability limit. The maximum point-wise absolute error between the analytical and numerical solutions
remained below 8x1073 throughout the simulation, consistent with the second-order truncation error of the scheme. A
direct comparison with the published benchmark values of Hussein and Dyhoum revealed systematic differences of
order 107" to 10° which were shown to arise entirely from the difference in boundary condition specification,
specifically the irregular flux condition imposed in that study. This comparison precisely quantifies the sensitivity of
wave solutions to the type of boundary condition imposed.

The decomposition approach is exact, closed-form, and free from discretization error. It handles both finite and
infinite spatial domains, accommodates time-dependent and spatially varying forcing, and naturally separates the
oscillatory dynamics of V(x,t) from the spatially adjusted equilibrium structure of w(x). In contrast, traditional
numerical techniques are often confined to bounded domains and introduce approximation errors through discretization.

Looking ahead, this framework can be extended in several directions. Higher-dimensional wave equations with
complex boundary geometries present a natural next step, as do problems involving nonlinear wave interactions, which
would require modification of the linear Fourier decomposition. The incorporation of physical effects such as damping,
dispersion, and medium inhomogeneity would further expand the range of real-world applications. Extension to
multiphysics settings, where wave propagation is coupled with heat conduction, electromagnetic fields, or structural
deformation, represents a particularly promising avenue for future research.

In conclusion, this study derives explicit, verified analytical solutions to the one-dimensional non-homogeneous
wave equation using classical Fourier-based techniques, supported by numerical validation with quantified error bounds
and a direct benchmark comparison. The results hold for the specific class of problems in which the forcing term is
purely spatial, and the solution framework is fully consistent with the boundary conditions imposed. This approach
offers a rigorous and interpretable analytical alternative to purely numerical methods for this class of wave propagation
problems.
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