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Abstract: The present research aims to introduce a brand new theoretical framework for solving multi-dimensional 

fractional partial differential equations (FPDEs) by developing a novel integral transform tool called the Double 

Mohand-Generalized ARA Transform (DM-GART). The DM-GART is a triple-integral operator that applies the 

Mohand transform twice—once in each spatial variable x and y and the ARA transform once in the temporal variable t; 

the adjective ―Double‖ refers specifically to the double spatial application of the Mohand transform. The theoretical 

properties and existence/uniqueness results of this newly developed integral transform are rigorously established in a 

Banach fixed-point theorem setting. The newly developed integral transform tool is then synergistically combined with 

the Adomian Decomposition Method (ADM) to produce a novel technique called the Coupled Double Mohand-

Generalized ARA Decomposition Method (CDM-GADM). The CDM-GADM is applied for solving generalised 

fractional biological population equations. The technique is assessed by comparing exact solutions with N-term series 
solutions for N = 4, 6, and 8. From the results obtained in Tables 3–10, it can be noted that with an increase in the terms 

from N = 4 to N = 8, the absolute errors decrease several orders of magnitude; the absolute errors for N = 8 are as low as 

      for         at smaller values of time. The results are obtained in the form of convergent series characterized by 

the Mittag-Leffler function, validating the efficiency of the proposed method. A tolerance of          is used as the 
practical stopping criterion. 

 
Index Terms: Fractional Partial Differential Equations, Double Mohand Transform, Generalized ARA Transform, 

Adomian Decomposition Method, Mittag-Leffler Function, Banach Fixed-Point Theorem, Population Model 

 

 

1. Introduction 

The modeling of complex physical and biological systems often leads to multi-dimensional fractional partial 

differential equations (FPDEs), which have become indispensable tools for capturing memory effects and non-local 

interactions in phenomena ranging from anomalous diffusion to financial markets [1, 2]. While traditional integer-order 

models have served well for classical systems, the fractional calculus framework introduced by Liouville [3] and 

Riemann [4], and later developed by Caputo [5], provides a more accurate description of systems with hereditary 

properties. However, the analytical solution of these multi-dimensional FPDEs remains a significant challenge, creating 

a substantial research gap in developing efficient and convergent analytical methods. 

Integral transform methods have emerged as powerful tools for simplifying differential equations, with recent 
extensions like the Mohand and ARA transforms showing particular promise [6, 7]. The Adomian Decomposition 

Method (ADM) has proven equally valuable for handling nonlinearities through its systematic decomposition approach 
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[8, 9]. While these methods have been successfully applied individually, their synergistic combination for multi-

dimensional FPDEs remains largely unexplored. This work addresses this gap by developing a novel Double Mohand-

Generalized ARA Transform (DM-GART), creating a unified framework that leverages the strengths of both integral 

transforms and decomposition methods. 

Throughout this paper the name ―Double Mohand-Generalized ARA Transform‖ (DM-GART) refers to a triple 

integral operator. The adjective ―Double‖ qualifies only the spatial part: the Mohand transform is applied once in x and 

once in y (hence double Mohand), while the Generalised ARA transform is applied once in t. Together these constitute 

three nested integrations. 

The primary aim of this research is to establish a comprehensive analytical framework for solving multi-

dimensional FPDEs using our proposed hybrid method. Specific objectives include: developing the fundamental 

properties of the Double Mohand-Generalized ARA Transform (DM-GART), deriving transformation formulas for 
fractional partial derivatives, implementing the coupled decomposition method, and rigorously establishing the 

existence and uniqueness of solutions through Banach fixed-point theory. We demonstrate that this integrated approach 

offers significant advantages over traditional methods, providing both computational efficiency and mathematical rigour. 

2. Preliminaries 

This section presents the fundamental definitions and theorems required for the development of our method. All 

functions are assumed to be of exponential order on      , that is, there exist constants             such that 

                        for all           and are sufficiently smooth for all integrals to converge absolutely. 

2.1. Mittag-Leffler Functions 

Definition 1 (One-Parameter Mittag-Leffler Function) The Mittag-Leffler function Eα(z) is defined for       

by the series [10, 11]: 

 

 
      ∑

   

         

 

   

        
(1) 

 

where Γ(·) denotes the Gamma function. This function generalised the exponential function since             
Definition 2 (Two-Parameter Mittag-Leffler Function) The generalised Mittag-Leffler function is defined for 

        by [12, 11]: 

 

 
              

 
  

         
       

(2) 

 

Note that                 and               

Theorem 1 (Laplace Transform of Mittag-Leffler Functions) For         and           
 

 , the Laplace 
transform satisfies [1, 13]: 

 

 
 {              }    

    

      
 

(3) 

 

This relationship is fundamental for solving linear fractional differential equations. 

2.2. Fractional Calculus 

Definition 3 (Riemann–Liouville Fractional Integral) Let f be piecewise continuous on (0, ∞) and integrable on 

every finite subinterval of      . The Riemann–Liouville fractional integral of order α > 0 is 

 

 
   
         (

 

    
) ∫                            

 

 

 
(4) 

 

For       it reduces to the identity:    
               

This definition generalizes the Cauchy repeated-integration formula: 

 

 
∫     ∫     

  

 

 

 

  ∫          
    

 

  (
 

      
) ∫                

 

 

 
(5) 

 

Replacing          with      yields the Riemann–Liouville integral. 
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Definition 4 (Caputo Fractional Derivative) For α > 0 with m − 1 < α ≤ m, m ∈ ℕ, the Caputo fractional 

derivative of order α is 

 

 
  

            
            (

 

      
) ∫                

 

 

        
(6) 

 

Provided the integral exists. For         
                  

3. Method  

Definition 5 (Mohand Transform) Let      be a continuous function of exponential order on        The 

Mohand transform of      is [7]: 

 

 
      ]       ∫      

 

 

                   
(7) 

 

Definition 6 (ARA Transform of Order n) Let f(t) be a continuous function on (0, ∞). The ARA transform of 

order n is [6]: 

 

 
       ]       ∫               

 

 

                   
(8) 

 

For n = 1 this reduces to     ]      ∫             
 

 
 , which equals s times the Laplace transform; that is, 

    ]          ]     
Definition 7 (Inverse Mohand Transform) Let              ]    be the Mohand transform of a continuous 

function u(t) of exponential order on [0, ∞). The inverse Mohand transform is given by [7]: 

 

 
               ]      (

 

   
) ∫ (

   

  
)

    

    

                   
(9) 

 

where the Bromwich contour           lies to the right of all singularities of 
    

  . Equivalently, since    ]     

      ]   , the inversion reduces to a standard Laplace inversion: 

 

 
          *

    

  
+     

(10) 

 

Definition 8 (Inverse ARA Transform of Order n) Let               ]    be the ARA transform of order n 

of a continuous function f(t) on (0, ∞). The inverse ARA transform is [6]: 

 
 

        
       ]     (

 

   
) ∫

   

      

     

    

                  
(11) 

 

where           lies to the right of all singularities of G(s). For the special case      , since     ]          ]     
the inversion reduces to: 

 
 

         
       ]         *

    

 
+       (

 

   
) ∫        

    

    

 
(12) 

 

The factor 
 

 
  in      directly cancels the extra factor of s introduced by the ARA definition, and is not an ad hoc 

device. 

Table 1. Notation table: fixed parameter roles and function-space conventions. 

Symbol Description 

    Spatial independent variables,             

  Temporal independent variable,       

   Mohand transform parameter dual to x; requires        

   Mohand transform parameter dual to y; requires        
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  ARA transform parameter dual to t; requires       

  Fractional order in t, 0 < α ≤ 1 (unless stated otherwise) 

  Fractional order in             

  Fractional order in             

                                  ] 
         Class of functions satisfying                     

 

3.1. The Double Mohand-Generalized ARA Transform (DM-GART) 

This subsection presents the core theoretical contribution: the Double Mohand-Generalized ARA Transform (DM-

GART) for functions of three variables. 

Definition 9 (DM-GART) Let                     for some            . The DM-GART of  , denoted 

                ]  is defined as: 

 

 
               ](   

    
    )     

   
    ∫ ∫ ∫                 

 

 

 

 

 

 

                  
(13) 

 

where                  ensure absolute convergence. 

The DM-GART is a triple integral transform obtained by composing three single-variable transforms in sequence: 

 
                                                      (14) 

 

The weighting factors from each component transform are   
              

           , and   (from    in  ), 

yielding the overall prefactor    
   

   in (13). 

The transform is linear: for constants     and functions                   
 

                 ]               ]              ]  (15) 

 

Definition 10 (Inverse DM-GART) Functions               meaning there exist constants M, a, b, c ≥ 0 such 

that 

 

                                                                   (16) 

 

Under condition (16) the integral 

 

     
    

                 ](   
    

    )      
    

     

    
   

   ∫ ∫ ∫                          
 

 

 

 

 

 

          

(17) 

 

converges absolutely for                    , because the integrand satisfies  
 

                                  (    )    (    )          , 

 

and each one-dimensional factor is integrable on        Fubini's theorem [14] then justifies representing (17) as an 

iterated integral in any order. 

For fixed        and      , the function    
 (       )

       is holomorphic in the half-plane           . The 

Bromwich–Mellin inversion theorem gives: 

 

               
  [ (   

    
    )]     (

 

   
)∫ (

    

  
 )              

      

     
           (18) 

 

For fixed x ≥ 0 and s > c, an identical application of the Bromwich–Mellin theorem gives: 

 

              
            ]      (

 

   
)  ∫ (

    

  
 )             

      

     
            (19) 

 

Recall from Definition 3.2 that the first-order ARA transform satisfies     ]          ]   . Consequently 

                      ]   , and inversion of A_t reduces to inversion of the Laplace transform after dividing by s: 
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           ]         *

        

 
+       (

 

   
) ∫ (

   

 
)           

     

    
           (20) 

3.2. Separability Property 

Theorem 2 (Separability Property) Let                be functions in the exponential-order class for which the 

single-variable transforms exist.                               then 
 

                      ]                ]           ]           ]    (21) 

 

Proof: Since f, g, h are of exponential order, the integrand is absolutely integrable over         Fubini's theorem 
[14] therefore permits the following factorisation: 

 

 
            ]    

   
  ∫ ∫ ∫                               
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 ∫       
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 ∫       

 
       )( ∫            

 

 
 )  

      ]        ]        ]    

(22) 

 

the weighting factors         come from the Mohand transforms in   and   respectively, while the factor s comes from 

   in  . These are distinct and must not be interchanged. 

3.3. Transform of Elementary Functions 

All entries in Table 2 below are derived directly from Definition 3.5 using Fubini's theorem and standard single-
variable Mohand and ARA transform pairs. 

Table 2. DM-GART of Elementary Functions. 

No. Function f(x,y,t) Transform           ]          

1 1       
2                   

    
   

                 
 

3                                          

  
     

  
     

  
  

4                                               

5                          
 

  
    

  
   

 

  
    

  
  

     
 

6                         
 

  
    

  
  

 

  
    

  
  

     
 

7           (  
   

  )

                 
,                                 

8                             
 

  
    

  
   

 

  
    

  
   

     
                                      

3.4. Transform of Partial Derivatives 

Theorem 3 (First-Order Partial Derivatives) Let                               ] with             . Then: 

 

 
      [

  

  
]        

              ] 
(23) 

 

 
      [

  

  
]        

              ] 
(24) 

 

 
      [

  

  
]                   ] 

(25) 

 

Proof: We prove            and      follow identically. Since             , Fubini's theorem permits isolating 

the x-integration: 

 

 
        [

  

  
]            ∫ ∫           

 

 

 

 

  ∫              
 

 

       
(26) 

 

                           (                      )                                       (27) 
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∫         

 

 

                     ∫      
 

 

      

 

Substituting and identifying the resulting integrals: 

 

 
        [

  

  
]       

   
   ∫ ∫         

 

 

 

 

                     
   

   ∫ ∫         
 

 

 

 

         
(28) 

 

Which is (23) 

Theorem 4 (Higher-Order Partial Derivatives) For integers            
 

 
        [

   

    
]     

    ∑  
         *

            

     
+ 

 

   

 
(29) 

 

 
        [

   

   
]      

    ∑  
         *

            

     
+

 

   

 
(30) 

 

 
        [

   

   
]        ∑   

     
    *

            

     
+ 

 

   

 
(31) 

 

Proof: We prove (29) by induction on n; (30)–(31) follow by the same argument. 

Base case (n = 1): (29) reduces to (23). 

Inductive step: Assume (29) holds for some      . Write   
              

     and apply (23) to   
   : 

 

 
           *

      

     
+       (  

     ∑  
         *

            

     
+

 

   

)    
     *

          

   
+ 

(32) 

 

Distributing v₁ gives (29) with      .   
Theorem 5 (Mixed Partial Derivatives) For integers n, m, p ≥ 1: 

 

 
        *

       

         
+                   ∑∑∑   

          
       

         {   }

 

   

 

   

 

   

 
(33) 

 

where the boundary coefficient      is the scalar 

 

 
       

          

                 
                                                                     

(34) 

 

That is,      is the              order mixed partial derivative of   evaluated at the corner       ).   

Proof:                   –                   
                        

 

 
        [

   

   
]        

    ∑  
         *

            

     
+ 

 

   

 
(35) 

 

Step 2 (in y): Apply (30) to each boundary term in (35): 

 

 
        *

     

      
+      

   
      ∑∑  

       
   

       
    *

       

            
       +

 

   

 

   

 
(36) 

 

Step 3 (in t): Apply (31) to each boundary term in (36), yielding (33)–(34). 
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         *
     

      
+      

   
      ∑ ∑ ∑   

         
       

                    

                     

 
   

 
   

 
   \ 

                

(37) 

3.5. Transform of Fractional Derivatives 

Theorem 6 (Caputo Fractional Derivative in Time) Let              and let   
    denote the Caputo 

derivative of order       with                           . Then: 
 

 
           

   ]                                
                *

          

   
+ 

(38) 

 

Proof: We build the result in three explicit sub-steps. 

Laplace transform of   
   . The standard Laplace transform formula for the Caputo derivative [1] states: 

 

 
 {  

          }                  ]         
           

          

   
             

(39) 

 

ARA transform of   
   . Since     ]          ]     multiply (39) by s: 

 

 
     

           ]             ]         
        

    

   
        

(40) 

 

Now observe that        ]               ]                    ]   . Substituting back: 
 

 
     

          ]                   ]         
         

    

   
        

(41) 

 

                                        
 

 

           
   ]                    ∑      *

    

   
       +

   

   

 

(42) 

 

Remark 3.1 For the case 0 < α ≤ 1 (i.e. m = 1) used throughout Section 4, the sum in (38) reduces to a single term: 

 

           
   ]                              ] (43) 

 

Theorem 7 (Caputo Fractional Derivatives in Space) Let             ,              , and        
        Then: 

 

 
        [  

 
  ]     

 
         

     
       

        *
    

   
       + 

(44) 

 

 
           

 
  ]      

 
         

     
       

        *
    

   
       + 

(45) 

 

Proof: We derive (44) in full; (45) follows by an identical argument. 

Mohand transform of   
 
   in  . The Mohand transform    is structurally   

  times the Laplace transform in  . 

The standard Laplace transform formula for the Caputo derivative in x [1] gives: 

 

 
  [  

 
         ]        

 
           ]          

   
    

   
                  

(46) 

 

Multiplying both sides by   
  

 

 
               ]        

     
     ]          

      
       

 
   

   
         

(47) 
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          ]         
     ]               

     
    ]               ]         

 

 
               ]        

              ]          
     

       
    

 
    

   
        

(48) 

 

Apply       to (48). By linearity: 

 

            
 
  ]          

     
 
           ]               

     
       

        *
    

   
       +        

(49) 

 

Recognizing                ] and simplifying yields (44).  

For           and           (i.e.          ), the sums in     –      each reduce to a single boundary 

term: 

 

         [  
 
  ]     

 
       

     
               ] (50) 

 
         [  

 
  ]     

 
       

   
               ] (51) 

4. Coupled Double Mohand-Generalized Ara Decomposition Method (CDM-GADM) 

4.1. Procedure 

We consider the following general nonlinear fractional partial differential equation (FPDE) in two spatial 

dimensions: 

 

   
        

 
       

 
                                     (52) 

 

where the fractional orders satisfy                       . Here,   
    

 
  and   

 
 denote Caputo fractional derivatives of 

orders α, β, and γ with respect to t, x, and y, respectively (see Definition 4). The operator L is a linear differential 

operator, N is a nonlinear operator, and          is a known source term. 
Equation (52) is supplemented by the following initial and boundary conditions: 

 

                  (53) 

 

                  (54) 

 

                 (55) 

 

where f, g, and h are prescribed functions. The goal of the CDM-GADM is to construct the solution u(x, y, t) as a 

convergent infinite series     ∑   
 
   

Theorem 8 (CDM-GADM) The solution     ∑   
 
  of the problem (52)–(55) is constructed by the following 

seven steps. The first step is to take the DM-GART (Definition 7) of every term in equation (52). Since the DM-GART 

is a linear operator, it acts on each term separately: 

 

          
   ]           [  

 
 ]         [  

 
  ]                 ]              (56) 

 

where                             ] is the transform of the source term, and            denotes the DM-GART 

of           We now use the transform formulas derived in Theorem 3.5 and its spatial counterpart to replace each 

fractional derivative term. For               (i.e.              ), these reduce to: 

 

         
   ]                       ] 

          
 
  ]      

 
       

     
        ] 

           
 
  ]      

 
       

   
       ] 

 

Substituting into (56) and collecting terms involving U on the left-hand side gives: 
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 (       
 
     

 
)                ]     

   
       ]     

     
        ]   

                 ]      

(57) 

 

Rearranging to isolate U: 

 

     
 

       
 
     

  * 
          ]     

   
       ]    

   
       ]                 

   ]+  

(58) 

 

Applying the inverse DM-GART (Definition 3.6) to (58), and using linearity to invert term by term, yields: 

 

 
      

     
     

   {
    

     
 

   
 
       ]}   

  
     

     
   {

  
   

     
 

   
 
        ]}     

     
     

   {
  

   

     
 

   
 
       ]} 

    
     

     
   {

 

     
    

 
}      

     
     

   {     

        ]

     
    

 
} 

(59) 

 

The nonlinear operator N[u] cannot be handled directly in a recursive scheme. Following Adomian [8], we expand 

it as an infinite series of specially constructed polynomials: 

 

 
   ]   ∑                 

 

   

  
(60) 

 

where the      Adomian polynomial     depends only on the components              already computed, and is 

defined by: 

 

 
       (

 

  
)

  

   
 [ (∑     

 

   

)]|

   

 
(61) 

 

This formula ensures that     is expressed entirely in terms of components known before computing       making 

the recursive scheme self-consistent. Explicit polynomials for    ]       (used in Example 2). Applying (61) with 

   ]       gives: 
 

          
              

               

                     
                         

(62) 

 

Each polynomial    contains only products of components with indices summing to   , consistent with the 

structure implied by (61). Comparing (59) with the series representation    ∑   
 
    and (60), we identify the 

following recursive scheme. The zeroth component u₀ collects all contributions from the data (initial condition, 

boundary conditions, and source term) and contains no unknown components: 

 

 

      
     

     
   

{
 
 

 
     

     
 

   
 
       ]  

  
   

     
 

   
 
       ]  

  
   

     
 

   
 
       ]  

 

     
 

   
 

}
 
 

 
 

  

(63) 

 

Each subsequent component      is then computed from the previous component    and the Adomian polynomial 

  : 
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   {
               ]

     
 

   
 

}                        
(64) 

 

The minus sign in (64) reflects the fact that the linear and nonlinear terms appear with a negative sign in (59). At 

each step, only    and    are needed. After computing as many components as needed, the solution is obtained by 
summing the series: 

 

 
          ∑          

 

   

  
(65) 

 

In practice, a finite  -term partial sum             ∑           
    is used as the approximation, and the series 

is terminated when the stopping criterion (79) is satisfied.   

4.2. Existence, Uniqueness, and Convergence Analysis 

We establish well-posedness of the CDM-GADM in a weighted Bochner–Lebesgue space that captures the 

temporal growth induced by the Mittag-Leffler kernel. We fix       and let          ]         ]        For     , 

define the exponentially weighted Bochner space 

 

      {           ]              }          

           ]              ∫                      

(66) 

 

with the standard       norm in the spatial fibre.           is a Banach space for every        The abstract Cauchy 

problem associated with (52) is recast as the Volterra-type operator equation 

 

 
       ]        ]                       (

 

    
) ∫         

 

 

   ]           
(67) 

 

where u₀ contains all data terms (initial/boundary values and source) exactly as given in (63), and 

 

    ]      
 
       

 
                  (68) 

 

Equation (67) is the mild formulation obtained by applying   
  to (52) and is equivalent for sufficiently smooth   to 

the original FPDE via the Caputo Riemann Liouville identity   
   

              

4.2.1. Assumptions 

The following conditions on the operators in (68) are assumed throughout. 

Assumption 4.1 (Boundedness of Spatial Fractional Operators) The Caputo operators   
 

 and   
 
 are bounded 

on L¹(Ω) for            , with constants           satisfying 

 

 
   

 
            

   
  

      
             

        
 
            

   
  

      
             

  
(69) 

 

These estimates follow from the Hardy-Littlewood-Sobolev inequality applied to the Riemann-Liouville kernel 

        ; see [1]. 

Assumption 4.2 (Lipschitz Continuity of the Nonlinearity) There exists a constant        such that for all 

          

 

     ]      ]                        (70) 

 

For    ]         (Example 1) and    ]       (Example 2): if                , then     ]     ]   
         , so            The bound   is guaranteed locally by the Gronwall-type estimate derived in Theorem 4.2 

below. 

Assumption 4.3 (Bounded Linear Part) L :         is a bounded linear operator with             

            
  

      
  

  

      
            the combined Lipschitz constant of F. 

4.3. Well-Posedness via Banach’s Fixed-Point Theorem 
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Theorem 9 (Existence, Uniqueness, and Continuous Dependence on Data) Let Assumptions 4.1–4.3 hold, and 

suppose         for every      . Then: 

1. (Existence) K has a fixed point         . 

2. (Uniqueness)    is the unique solution in     

3. (Continuous dependence) If Ỽ₀ is a perturbed datum, the corresponding solution  ̅  satisfies 
 

        ̅             ̅ 
     (71) 

 

Proof: Contraction estimate. For         , the Volterra structure (67) gives 

 

 
     ]      ]           (

 

    
)∫              ]           ]        

 

 

   
(72) 

 

Integrating over   and multiplying by       
 

 
     ∫     ]     ]      

 

   
 

    
∫                 

 

 

(    ∫         
 

)   
(73) 

 

 

        

    
 ∫         

 

 

    
     

      
  

 

  
        

(74) 

 

 

where the substitution           and the Laplace-type integral ∫            
    

  

 

 
 have been used.Taking the 

supremum over  : 
 

 
    ]      ]     

 

  
          

(75) 

 

Select         
 

  , so that 
 

     
  

 

 
    . Hence   is a contraction on (          ) with contraction constant 

     , independent of  . Banach’s theorem yields a unique fixed point u*. Continuous dependence follows from the 
triangle inequality applied to K and its perturbed version, giving (71).  

Remark 4.2 The weight          
 

   grows as       , reflecting that strongly sub-diffusive problems require 

a heavier exponential damping to achieve contraction. For α = 1 the estimate recovers the classical Picard–Lindelöf 

bound    
 

 
     for         

4.4. Convergence of the Adomian Series 

Theorem 9 (Absolute and Uniform Convergence of CDM-GADM) Under Assumptions 4.1–4.3, the Adomian 

series ∑   
 
    generated by the recursive scheme (63)–(64) converges absolutely and uniformly to    on         ] in 

the norm        Moreover, the a-priori error satisfies 

 

 
‖     ∑   

 

   

‖

  

 
  

   
                  

 

 
 

(76) 

 

Proof: The recursive scheme (64) satisfies            ]         ], so (74) yields 

 

                                           (77) 

 

Since      , the series     
     is dominated by a geometric series in       and hence converges absolutely. 

Uniform convergence on         ]  follows from the equivalence of       and the   
    

 norm on bounded time 

intervals.. The error bound (76) is the standard geometric-series tail estimate.  

4.5. Rate of Convergence and Practical Stopping Criterion 

The bound (77) shows that consecutive errors satisfy 
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(78) 

 

so the series converges at least geometrically with ratio 1/2 in the weighted norm. In practice the ratio is 

considerably smaller (the numerical results in Tables 3–10 yield an empirical ratio below 0.15), indicating super-linear 

convergence driven by the Mittag-Leffler structure of each u_k. 

 

Practical stopping criterion. The series is terminated when 

 
 

            | {     }         ∑         

 

   

|                                         ] 
(79) 

 

Tables  –    confirm that       meets criterion (79) for         and        ; for         the threshold is 

attained already at         with errors of order      . For precision below             is recommended. 

Corollary 4.3.1 (Quantitative T* Bound) If one works in the unweighted norm                  , the 
contraction constant is 

 

 
    

   

        
  

(80) 

 

and   is a contraction for 
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(81) 

 

For Example 1 with                     ]   and          (where         bounds the solution at      ), 

one obtains      (
 

  
)
 

        , a conservative local bound; the actual convergence region observed in Tables 3–6 

extends to       owing to the Mittag-Leffler analyticity of the exact solution. 

5. Numerical Examples 

We apply the CDM-GADM to two fractional biological population models and compare with exact solutions. 

Example 5.0.1 (Exponential-Type Solution) Consider [16]: 
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. The exact solution is [16]: 
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Applying the DM-GART and Theorem 3.5: 
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(84) 

 

The zeroth component is obtained by setting the nonlinear/linear source contribution to zero: 
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(85) 

 

For    ]         the Adomian polynomials are           ,               etc. The recursive formula (64) 
gives 
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Since        
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and   
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  , the bracketed expression simplifies; the 

spatial derivative terms and the nonlinear term cancel for this particular initial condition, yielding a net coefficient of 1 

for   : 
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Summing the series and recognising the Mittag-Leffler expansion: 
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(89) 

 

Which exactly matches (83).  
 

 

Fig. 1. Solution profile for Example 1 at         with                    . 
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Fig. 2. Convergence of the CDM-GADM series for Example 1 with α = 0.8, r = 1, x = y = 1. 

Table 3. Comparison of exact and approximate values for α = 0.7 (Example 1). 

                                                                         
                                                                            

                                                                                          

                                                                                          
                                                                                          
                                                                                          

                                                                                          

Table 4. Comparison of exact and approximate values for α = 0.8 (Example 1). 

                                                                         
                                                                            

                                                                                          

                                                                                          
                                                                                          

                                                                                          
                                                                                          

Table 5. Comparison of exact and approximate values for α = 0.9 (Example 1). 
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Table 6. Comparison of exact and approximate values for α = 1.0 (Example 1). 

                                                                         
                                                                            

                                                                                           

                                                                                          

                                                                                          

                                                                                          
                                                                                          

 

Example 5.0.2 (Hyperbolic-Type Solution) Consider [16]: 
 

 
  

     
    

   
  

    

   
     

(90) 

 

with u(x, y, 0) = √(              ). The exact solution is: 

 

 
 {     }            √(              )  

(91) 

 

Following the same procedure, with N[u] = u² (Adomian polynomials as in (62)): 
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 √                        

(92) 

 

The series sums to 

 

            √                      (93) 

 

For       this reduces to    √                matching (91). 

 

 

Fig. 3. Comparison of CDM-GADM solution with exact solution for Example 2 at                    
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Fig. 4. Surface comparison for Example 2 at                       

Table 7. Comparison of exact and approximate values for α = 0.7 (Example 2). 

                                                                         
                                                                            

                                                                                          

                                                                                          
                                                                                          

                                                                                          
                                                                                          

Table 8. Comparison of exact and approximate values for α = 0.8 (Example 2). 

                                                                         
                                                                            

                                                                                          
                                                                                          

                                                                                          
                                                                                          

                                                                                          

Table 9. Comparison of exact and approximate values for α = 0.9 (Example 2). 
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Table 10. Comparison of exact and approximate values for α = 1.0 (Example 2). 

                                                                         
                                                                            

                                                                                           

                                                                                          

                                                                                          

                                                                                          

                                                                                          

6. Conclusion 

This study has successfully developed a novel hybrid analytical approach through the integration of the Double 

Mohand-Generalized ARA Transform (DM-GART) a triple integral operator applying the Mohand transform in each 
spatial variable and the ARA transform in time to solve multi-dimensional fractional partial differential equations. We 

have rigorously demonstrated the mathematical soundness of the novel transform through derivation of fundamental 

properties (partial and fractional partial derivatives), corrected transform-pair tables verified entry-by-entry from the 

definition, and explicit existence and uniqueness proofs via Banach’s fixed-point theorem with concrete constants for 

the example problems. 

The systematic error analysis validates the accuracy and convergence of the solution. By comparing exact solutions 

with the N-term series approximation for        , and  , the study demonstrates the following key findings. 

 

i. Convergence with increasing N. The numerical results in Tables  –   (Example 1) and Tables 7–10 

(Example 2) clearly demonstrate convergence with increasing N. For         and        , the absolute 

error decreases by four orders of magnitude as N increases from 4 to 8                               
ii. Effect of fractional order  . For         (integer order), errors reach       at              . For 

        the errors are modestly higher but still         at      . 

iii. Practical choice of N. Using the stopping criterion                is sufficient for         and        . 

The geometric convergence ratio 
    

  
        confirms rapid convergence. 

iv. Temporal behaviour. Errors grow with t as expected for truncated series approximations; nevertheless, for 

      the       approximation has errors below    for         in Example 1. 

 

The method produces analytical solutions in the form of convergent series characterised by the Mittag-Leffler 

function. The excellent agreement observed between the series approximation         and the exact solution, as 

presented in Fig. 1–Fig. 4, validates the proficiency of the CDM-GADM. Future research can extend the method to 

systems of fractional differential equations while incorporating stochasticity in the model equation for better 

representation of biological systems. 
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