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Abstract: Mathematical modeling plays a crucial role in epidemiology by helping us understand how an epidemic
unfolds under different conditions. Respiratory infectious diseases have emerged in our history, the virus has significantly
impacted all aspects of life. In the absence of a definitive treatment, vaccination and Non-Pharmaceutical Interventions
(NPIs) such as social distancing, handwashing, wearing face masks, quarantine, isolation, and contact tracing have been
essential in controlling its spread. This study develops a deterministic mathematical model to explore the dynamics
of respiratory infectious diseases under key mitigation measures, including vaccination, face mask usage, quarantine,
and isolation. The system of Ordinary Differential Equations (ODES) is solved using Wolfram Mathematica, while the
Next Generation Matrix (NGM) method is employed to determine the basic reproduction number. Stability analysis
is conducted using the Jacobian matrix, and numerical simulations are carried out in Python using Jupyter Notebook.
The analysis indicates that the model has a disease-free equilibrium (DFE), which is locally asymptotically stable when
the basic reproduction number is less than one. This suggests that respiratory infectious diseases can be effectively
controlled if vaccination and NPIs are implemented together. Sensitivity analysis highlights that the most critical factors
for eradicating respiratory infectious diseases are the vaccine coverage rate (the proportion of susceptible individuals
vaccinated) and vaccine efficacy.

Index Terms: Double-dose vaccination, Face-Mask, Quarantine, Isolation, Stability Analysis, Sensitivity Analysis

1. Introduction

Respiratory pandemics have had profound impacts on both individuals and societies, making it necessary to
carefully manage asymptomatic and mildly symptomatic cases within the limits of healthcare resources and facilities [1].
More recently, COVID-19, a novel coronavirus, was first detected in Wuhan, China, in December 2019. By January
2020, the World Health Organization (WHO) officially classified it as a global health threat [2]. This virus marks the
third pandemic caused by a novel g-coronavirus since 2002, following the emergence of Severe Acute Respiratory
Syndrome Coronavirus (SARS-CoV) in 2002 and Middle East Respiratory Syndrome Coronavirus (MERS-CoV) in
2012 [3, 4, 5]. From the beginning of the outbreak until August 2023, COVID-19 has resulted in over 769 million
confirmed cases and more than 6.9 million deaths worldwide. In Kenya alone, there have been 343,955 reported cases
and 5,689 deaths, according to WHO data [6].
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Governments worldwide have implemented various restrictions and strategies to curb the virus’s spread.
Alongside these measures, vaccination programs have been rolled out, though their effectiveness varies across
different regions.

Mathematical epidemiology has become an essential tool for public health officials, providing insights into disease
dynamics and identifying key factors influencing transmission [7, 8]. By using mathematical models, researchers can
predict disease patterns, evaluate intervention strategies, and recommend policies to mitigate outbreaks [9]. These models
follow established principles of disease transmission and help forecast the impact of control measures [10].

Initially, COVID-19 prevention efforts focused on Non-Pharmaceutical Interventions (NPIs), such as handwashing,
social distancing, contact tracing, lockdowns, face mask usage, restrictions on gatherings, isolation, and quarantine.
Studies have explored the effectiveness of different face masks in various settings. For instance, research by [11] found
that medical face masks are most effective in enclosed environments when used by infected individuals, while cloth
masks offer some protection in open community settings. Similarly, [12] highlighted the importance of widespread face
mask adoption, showing that both coverage and efficacy play a crucial role in reducing transmission.

Pharmaceutical interventions, including treatment and vaccination, have also played a critical role in controlling
COVID-19. Vaccines are designed to trigger an immune response similar to natural infection, reducing the likelihood
of severe illness and hospitalization. [13] categorized vaccines into three types: leaky vaccines, all-or-nothing vaccines,
and waning vaccines. Studies by [14, 15] further emphasized that vaccination lowers infection risks and reduces the need
for intensive medical care.

Researchers have developed various models to study the impact of vaccines alongside NPIs. For example, [16]
examined the effect of single-dose vaccines, concluding that high-efficacy vaccines can prolong but moderate an
epidemic. Other studies, such as those by [17, 18], explored the role of second-dose vaccines, demonstrating that mass
vaccination with a high-efficacy two-dose vaccine, combined with moderate enforcement of NPIs, could help eliminate
COVID-19.

Many studies have analyzed the role of NPIs in mitigating COVID-19 transmission, with some focusing on
asymptomatic carriers and others on vaccination as a control strategy. However, further research is needed to
understand the combined impact of NPIs and vaccination in managing the epidemic, particularly in communities with
both symptomatic and asymptomatic individuals.

This study aims to assess how NPIs and vaccination influence COVID-19 transmission in such a population. The
paper is structured as follows: Section 2 presents the mathematical model formulation, Section 3 covers the model’s
mathematical analysis, Section 4 deals with bifurcation analysis, Section 5 presents the sensitivity analysis, Section 6
discusses numerical simulations and results, and Section 7 provides conclusions.

2. Model Formulation

The model is constructed by dividing the total human population at a given time t, represented as N (t), into nine
distinct and non-overlapping compartments. These compartments include: susceptible individuals (S), those who have
received the first dose of the vaccine (V,), those who have received the second dose (V5), exposed individuals (E), those
in quarantine (Q), asymptomatic carriers (1), symptomatic individuals (ls), isolated individuals (J), and those who have
recovered (R). This classification ensures that every individual in the population belongs to only one of these groups at
any given time.

The total human population is given as (1)

N@)=S@)+V,(t) + V() + E(t) + [,(t) + +I5(t) + () + R(t) (1)

It is assumed that vaccinated individuals still have a probability of getting infected at rates of (1 — 6;) and (1 — 6,),
where 6; and 6, denote the efficacy of the first and second vaccine doses, respectively. The susceptible population
grows at a rate A while individuals across all compartments experience a natural death rate L

The vaccination rates for the first and second doses are represented by a; and a,, respectively. A proportion of the
susceptible individuals become exposed due to a force of infection 1. Contact tracing leads to a fraction g of exposed
individuals being quarantined, while a fraction n transitions into the asymptomatic class after a latency period of w. The

remaining (1 — n) fraction of exposed individuals develop symptoms after the latency period.

Following the quarantine period z, confirmed cases are either isolated at a rate p or return to the susceptible pool. It
is assumed that individuals in the asymptomatic class are unaware of their COVID-19 status and, therefore, do not take
precautionary measures.

Individuals in the exposed, isolated, and symptomatic compartments experience a reduction in infectivity by
factors €1, 3, €3, respectively. All symptomatic individuals are isolated at a rate y. Isolated individuals recover at a
rate p, or succumb to the disease at a rate ®;, while symptomatic individuals die at a rate ®s. Asymptomatic individuals
recover at a rate p.

A fraction c, of the public adheres to public health guidelines on wearing face masks correctly, with an efficacy
level denoted by ¢,,. The effective contact rate is represented by .
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The model flow chart is shown in Fig. 1:

Fig. 1. Model Flow Chart 1

Based on the schematic diagram in Fig. 1., the corresponding system of differential equations is derived and
presented in (2)

L=A+8R+(1-p)zQ — (a, + A+ WS @
dv,
E = (X15 - (I.l + 0(2 + (1— 91)}\)1/1
dVv,
— = O(le - (I.l + (1—62))\)[/2

dt
dE

ar nwE — (u+py)ly
= A =—MwE — (u+ b5 +V)is

aj
E:Y15+PZQ_(“+¢J+91)

dR
qr pily +p;) — (u+O)R

The equation that describes the force of infection, denoted as A, is (3). The modification parameters €, and Cp,
account for the impact of mask-wearing on disease transmission, where €., represents the efficacy of masks in reducing
infection risk, and cy, reflects the consistency and compliance of individuals in wearing masks properly. A higher em
emCm Value indicates greater reduction in transmission. The infectious contributors in the force of infection equation
include different compartments of infected individuals: 1,4 (asymptomatic infectious), Is (symptomatic infectious), J
(hospitalized cases), and E (exposed individuals who may contribute to transmission before symptoms appear). Each
category has a corresponding parameter (e, €,, €;) to scale its infectiousness relative to asymptomatic cases, adjusting
for factors like increased viral shedding or reduced contact rates in hospitalized individuals.

A= B((l —€mCm)Us + €3l + €] + E1E))/N €))

The Table 1. shows the model parameters.
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Table 1. Parameter Values 1

Symbol Parameter Value Source

A Recruitment rate by birth 0.00018 days™ [19]

u Natural death rate 4.563 x<10°days™ [25]

¢ Disease induced mortality 0.0018 [19]
o initial dose vaccine administration rate 8.157 <107 [18]
ap second dose vaccine administration rate 0.974 [18]
61 Vaccine efficacy of first dose Assumed at 0.8 [25]
0, Vaccine efficacy of second dose Assumed at 0.95 [25]

p Fraction of those isolated after quarantine 0.8 Assumed
P Rate of recovery of asymptomatic patients 0.97 [20]
p3 Rate of recovery of isolated patients 0.0714 [19]
[0) Latency period 0.03 Assumed
r rate of isolation of symptomatic patients 0.04 Assumed
A Waning rate of immunity 0.06 Assumed
B Effective contact rate 0.5 days™ [21]

z Quarantine period 1/14 days [22]
cm Proportion of the population that 0.1 [14]

consistently and accurately wears face
masks

em Efficacy of face mask 0.5 [14].
€ Infections by the Exposed 0.48 [21]
€ infections by the Isolated 0.48 [21]

€3 Infections y the symptomatics 0.48 [21]

n Fraction of those Asymptomatic but 0.7 [19]

Infectious
Q Rate of transfer of E to Q 2.0138 x10* [22]

In this study, we assume specific vaccine coverage rates to illustrate their impact on disease transmission. These
rates are based on hypothetical scenarios to demonstrate potential outcomes under different vaccination strategies.
However, in real-world settings, vaccine coverage is influenced by factors such as availability, public acceptance,
logistical constraints, and government policies. Future studies could incorporate data-driven approaches or sensitivity
analyses to explore the variability and determinants of vaccine coverage.

3. Model Analysis

In this section, basic reproduction number, stability analysis of disease-free and endemic equilibrium point is
discussed.

3.1. Basic Reproduction Number

The basic reproduction equation and its corresponding number quantify the transmission potential of an infectious
disease. It represents the average number of secondary infections generated by a single infected individual introduced
into a fully susceptible population. This equation is derived using the next generation matrix (NGM). To determine the
reproduction number, the Jacobian matrix obtained from the model equations is analyzed.

Theorem 1. The basic reproductive equation (R,) for the epidemiological model 2 is expressed in (4).

_ mBoey , mBonw |, mPBoes(1-Mw |, mPBoe;y(1-N)wk,—pzk,
Ro = ky + kiks kyky kikykaks (4)
where:
(Hz + [ay + (1 = 6oy ]p+ (1 - 92)0(20(1>
m=A
u(p + o) (0 + az)
And

ki =p+w+gq, ky=n+2z ky=u+py ky =p+ s, k5:U+¢1+Pjt Bo = B(1 — €pcpy)

According to [26], the infectious subsystem is deduced from (2) as shown in (5):
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dE
dQ £
2 k- (n+2)Q
dl,
¢ = ek - (k+ Py
2 = A=MoE — (it s + )5
L=yl +pzQ — (W+d; +p,)) (5)

The Jacobian matrix is decomposed into two matrices in (6) and (7)

/m[30€1 0 mBy, mPBoes mBoez\
0 I

0 0 0 0
F=| o 0 0 0 0 (6)
0 0 0 0 0 /
0 0 0 0 0
—kq 0 mBy, mPoez; mPge;
0 -k, 0 0 0
V= nw 0 ks 0 0 (7)
1-nNw 0 0 -k, 0
0 pz 0 v —ks
Where,
ki=ptw+taq, k, =p+z ks =p+pq,
ky=pn+ds+v, ks =pn+¢;+0p), Bo = B(1 — €mcm)
By computing V -1yields equation (8)
1 0 0 0 0
k1
~d 2 0 o0 o0
kiky ky
-1 _ —nw -1
V= kiks 0 k3 0 0 (8)
“ome 0o 0o 2 o
kika Ky
—v(1-nwkz—pzky —pz 0 -y -1
kikokyks ksky kaiks ks

Therefore, the basic reproduction number for the system model (2) is calculated by finding the spectral radius of
the matrix FV -1, as shown in (9).

a Bo€irz  Bo mPBo€y + Boezy mpBoez
/ kzks k3 kg kaks ks \
10 0 0 0 0 i
-1
FV"=lo 0o o 0 0 ©)
0 0 0 0 0
0 0 0 0 0

Where. g = ™Boer | mBonw |, mBoesU-nw |, mBoeay(1-n)wky—pzks
’ Ky kyks k1ks kikzkaks
Thus, the basic reproduction number is given in (10):

R = Mboér | mBonw | mBoes(1—mw | mBoay(1-n)wky—pzks (10)
0 Ky kiks kiky kikpkaks

3.2. Local Stability Analysis of Disease-Free Equilibrium

Assume the first order partial derivatives of f and g are continuous in some open set containing the equilibrium
point (x*, y°). Then, the equilibrium is locally asymptotically stable if:
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1. Tr(J) <0, and
2. det (J) > 0 where, J is the Jacobian matrix evaluated at the equilibrium. In addition, the equilibrium is unstable
if either Tr(J) > 0 or Det(J) <O.

The local stability analysis is performed by constructing the Jacobian matrix of the model system (2) and solving it
at the DFE yielding (11):

kk, 0 0 eM 1-p)z —-M &M &M §
a;, k, O &2z 0 Z &z &Z 0
0 a, kg &P 0 P &P &P 0
0 0 0 E +k, 0 Iin Iy J1 O
=10 0 0 q ks 0 0 0 0 (11)
0 0 O nw 0 ke 0 0 0
0 0 0 (I—Mw 0 0 k, 0 0
0 0 O 0 pz 0 y ks O
0 0 O 0 0 P1 0 Py kg

Where,

ki =—(ag + W,k =—(+0p), ks =—(W,ky=—(n+w+q)+BeS ks =—(n+2),kg = —(U+p1) ky =
—(+ s+ ),k = —(1+ by + p)) ko = —(0+ 8), M = B(L = ) (D) 7 = B(1 = € ) (1 —

P2 +(pt2aq)ay

0 (), = (L — emen) (1 = 0,) (2t —) Ey = M + €Z + &P, 1y, = M+ Z+ P, Is, = ;M +

pZ+(u+2aq)ay p2+(u+2ag)ay
€3Z + €3P,]1 = EZM + €2Z + Ezp

From (11) above and the numerical substitution of the parameters from Table 1, it is determined that:

1. Tr(Jp) =-2.96625 <0, and,
2. Det (Jj) =3.11028 >0

Thus, the DFE is locally asymptotically stable.

3.3. Global Stability Analysis of Disease-Free Equilibrium

Theorem 2. Consider the autonomous system defined by & = f(x), with the equilibrium point of interest being the
origin. Let A(x) denote the Jacobian matrix of the system, A(x) = %. If the matrix F = A + AT is negative neighborhood
Q, then, the equilibrium point at the origin is asymptotically stable. A Lyapunov function for this system is

V() = fT0f () (12)

If Q is the entire state space and, in addition, V (x) — oo, [||x||]] — oo, then, the equilibrium point is said to be
globally asymptotically stable.

To conduct the global stability analysis, we create the Jacobian matrix for the model system (2) and evaluate it at
the Disease-Free Equilibrium (DFE), as demonstrated in (13):

kk 0 O eM A1-p)z —-M &M &M §
a; k, O &z 0 Z &z &Z 0
0 a, ks &P 0 P &P &P 0
0 0 0 E +k, 0 Iy Iy J; O
Fx)=| 0 0 O q ks 0 0 0 0 (13)
0 0 O nw 0 ke 0 0 0
0 0 0 (I1—Mw 0 0 k; 0 0
0 0 O 0 pz 0 Y kg O
0 0 O 0 0 P1 0 p; ko

where,
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ki=—(a; + )k, =—(u+taz),ks=—(W, ks =—Ww+w+q)+PeS ks=—(u+2),ke =—(+p)k;, =
_(ﬂ + ¢s +y)'k8 = _(,u + ¢] +p])'k9 = _(.u + 5):M = ﬁ(l - Emcm) (M), Z = /))(1 - Emcm)(l -

u2+(u+2aq)a;

02) (), p = (1 = emen) (1 = 0,) (i) By = M + &2 + P, I, =M+Z+P,I; =

u2+(u+2aq)a;
E3M + E3Z + EgP,]l = EzM + EzZ + EzP

u2+(ut+2ag)a;

From (13) above, the transpose (F7(x)) of F(x) is as shown in (14):

kq a; 0 0 0 0 0 0 0
0 k, a, 0 0 0 0 0 0
0 0 ks 0 0 0 0 0 0
M —-&Z —&P E+k, q nmo 1I-mMw 0 0
FX)=| 1-pz 0 0 q ks 0 0 pz O
-M Z P 141 0 k¢ 0 0 p;
—&sM  —&3Z —&3P Igy 0 0 k- 0 0
&M —e,7 —&,P A 0 0 y ks p;
) 0 0 0 0 o 0 0 ko
From the matrix above, F(x) is as shown in (15):
F(x) =FT(x) + F(x)
This implies that F(x)) is as in (16):
2k, a, 0 —-sM (1-p)z —-M —eM -—eM
0 2k, ay —&Z 0 -7 —&Z —&7
0 0 2k 0 0 —P —&P —&,P
—-eM —Z —&P A q D E 1
Fx=|A-pz 0 0 q 2ks 0 0 pz
-M Z P B 0 2kg 0 0
—&sM  —e3Z7  —&5P C 0 0 2k, 0
- M —e,7 —&,P 1 vz 0 14 2kg
1) 0 0 0 0 0 0 0

O OO OS>,

P1
0
Py

2kq

(14)

(15)

(16)

A=2k,+2E,B=nw+1I ki =—(; + W), C=A-—mow+Is,k;=—(u+a),D=nw+,E=1-1no+
Is, ks = =), ks = —(0+ @ + @) + BesS, ks = —(u+2), kg = —(u+p1), ky = —(u+ g + V), kg = —(n+ ) +

p)) ko = —( +8), M = B(1 = €m) (D), 7 = B(1 = ) (1 — ;) (o

n2+(u+2ag)ay

n2+(ut+2ag)ay

),p: B(1 —

emen)(1 = 0,) (2 )y =M+ eZ+ P,y =M+ Z+P,Ig = &M+ eZ + &P, 1 = M + €7 +

u2+(u+2a)ay
€, P

If A is a negative definite matrix of order n, then Tr(A) < 0. If n is even, Det(A) > 0 and if n is odd, Det(A) < 0.

Since both conditions are satisfied, then, the matrix is negative definite.

So, the matrix FT(x) is negative definite. This, is a Lyapunov function for the system F(x), and thus,

V(x) = fT(0f (x)

and, in addition, V (x) — oo, [||x||] = oo, then, the equilibrium point is said to be globally asymptotically stable.

3.4. Local Stability Analysis of Endemic Equilibrium
Computing the Jacobian matrix at the Equilibrium Point (EE) of (2) results in (18):

(17)

16 Volume 11 (2025), Issue 2



Mathematical Model of an Infectious Respiratory Disease with a Double-Dose Vaccine, Isolation and Use of Face-Mask

ky 0 0 eM A-pz —M &M &M §
a; k, 0 &2z 0 Z &Z &Z 0
0 a, ks &P 0 P &P &P 0
A (=0 (1—-0)1" Ej+k, 0 Ipp In i O
J =1 0 0 0 q ks 0 0 0 o0 (18)
0 0 0 nw 0 ke 0 0 0
0 0 0 1-no 0 0 k, 0 0
0 0 0 0 pz 0 vy kg O
0 0 0 0 0 pr 0 p ke

Where,

ky=—(a + Wk, = —(0+ax) ks =—(W, ks = —(n+ 0+ q) + &S, ks = —(u+2), kg = —(n + p1), k7 =
—(H + ¢s + Y)'ks = _(H + q)] + p])' k9 = —(H + 8)’M = B(l - emcm) (M)’Z = 6(1 - emcm)(]- -

u2+(p+2aq oy

0) () p = B — emen) (1 — 0,) (2 ) Fy = M + eZ + P, 1y, = M+ Z+ P, Is, = ;M +

pZ+(u+2aq)ay pZ+(u+2ag)ay
€32+ e3P, ], =M+ 6,7 +€,P, A" =B(1 —epc)U; + €35 +€,]"+€E*)/N

From (18) above and the numerical substitution of the parameters in Table 1, it is determined that:

1. Tr(J) <0, and,

2. Det(J) >0

Thus, the EE is locally asymptotically stable.
3.5. Global Stability Analysis of Endemic Equilibrium

The analysis of global stability for the endemic equilibrium is carried out by forming the Jacobian matrix for the
model system (2) and solving it at the Equilibrium Point (EE), resulting in (19):

ky 0 0 eM A-pz —M &M &M §
a, k, 0 &z 0 Z &z &Z 0
0 ay ks &P 0 P &P &P 0
A (-0 (1—-0))" Ej +k, 0 Iy Ise  Ji O
Fx) =1 0 0 0 q ks 0 0 0 0 (19)
0 0 0 nw 0 ke 0 0 0
0 0 0 1-Mw 0 0 k; 0 0
0 0 0 0 pz 0 Y kg O
0 0 0 0 0 P1 0 p; ko

Where,

ki =—(g + W, ky=—(utaz), ks =—(W,ky=—(u+w+q)+ e S ks =—(n+2),kg = —(0+p1), k; =
—(ll + s + Y)' kg = —(H + ¢] + p])t ko = _(IJ- +8),M = :8(1 - emcm) (M)’Z = ﬂ(l - emcm)(l -

P2 +(put2aq)ay

0) () ,p = B(1 =€) (1= 0) (o2 — ) Ey = M + € Z + &P, [y, =M+ Z + P, I, = M +

pZ+(u+2aq)ay p2+(pu+2ag)ay
€Z + e3P, i =M+ e,Z+6,P, A" =81 —€epncn)Us+ 6315 + €] +€,E)/

From (19) above, the transpose (F7(x)) of F(x) is (20):

ky a 0 A 0 0 0 0 0

0 k, a f 0 0 0 0 0

0 0 k4 h 0 O 0 0 0

—-M —&Z —P j q mo I1-mMw 0 0

FX)=|a-pz o 0 q ks O 0 pz 0 (20)

-M Z P Ly 0 kg 0 0 p,

—&sM  —&Z —&P I 0 0 k, 0 0

&M —&Z —&P ;0 0 y kg p;

é 0 0 0 0 O 0 0 ko
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Where,
a= kz - (1 - 91)7\,b = (1 - 91)7\,C = k3 - (1 - 92)7\,(1 = El + k4_,k1 = _((Xl + |J.),k2 = _(IJ.+ az),k3
=-(W ks =—-(t+tw+q)+BeS ks =—(n+2)kg=—(+p) ky;=—(0+ s +7) kg
np+ az)
z_(H+¢1+Pj)'k9z_(H+5),M=B(1—€mCm)( 2 >:

w2+ (n+ 20y
Z = B~ enen) (1~ 0) (e o) P = B enen) (1= 00) (gt 5o o)

2+ (n+ 20y
=€1M+€1Z+€1P,IA1=M+Z+P, 151=€3M+€3Z+€3P

From (20) above, F(x) is now determined by (21):

F(x) = FT(x) + F(x) (21)
S0 as to get (22):
a, a, 0 a, (1-p)z —M —eM —M §
0 as ay ay 0 —7Z —&Z —&Z 0
0 ay as ag 0 —P —&P —&P 0
az ag Ay Oqo q D E I 0
Fx)=|1Q-pz 0 0 q 2ks 0 0 pz 0 (22)
-M Z P A 0 2kg 0 0 P1
—&M  —&Z —&P B 0 0 2k, 0 0
- M —&,Z —&P ] j 4 0 y 2kg Py
é 0 0 0 0 0 0 0 2kq

Where,

a, = 2k1 - 27\, a, = —€1M - }L, as = 2k2 - 2(1 - 91)}\, Ay = —€1Z + (1 - 91))L, as = 2k3 - 2(1 - 92)}\, a6
= _€1P + (1 - 92)7\, a, = 7\ - €1M, aB = —€1Z + (1 - 91))L, a9 = _Elp + (1 - 92))\, alo
=2ky + 2E, ky = —(ag + W, ky = —(u+ 0az), k3 = —(W), ky = —(p + @ + q) + e S, ks
=—(u+2),ks=—(n+p)k;=—(u+ds+v) kg =—(L+ by +p;) ko =—(u+8),M

~ n( + o) _ ke’
= PO~ Enen) <u2 + e+ 2a1)az)'z = P = Enen) (1= 0 (uz +(u+ Zal)az)'p

=B(1 1-06 L4
= B( — emcm)( - 2) (uz + (u =+ 20(1)0(2)

To ascertain the global asymptotic stability of the model system (2) at the endemic equilibrium, we employ the
Lyapunov-Krasovskii method.
From the numerical analysis:

1. Tr(F(x)) <0
2. Det (F(x)) >0

Therefore, the matrix, F(x) does not exhibit negative definiteness, leading us to the conclusion that the model (2)
is globally asymptotically unstable at the endemic equilibrium. Thus, it is necessary to perform a bifurcation analysis to
determine if there are sufficient and necessary circumstances under which the epidemic may persist in the community.

4. Bifurcation Analysis

Theorem 3. (As outlined by [25]). Consider the following general system of ordinary differential equations with a
parameter ¢.

2 = f(x,0),f:R"x R - Rand f € C2(R" X R) (23)

Where 0 is an equilibrium point of the system (that is, f (0, ¢) = 0, ¥¢) and assume:
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a A = D,f(0,0) = %(0,0)] is the linearization matrix of 21 around the equilibrium point 0 with ¢ evaluated at
]

0, zero is a simple eigenvalue of A and other eigenvalues of A have negative real parts.
b Matrix A has a right eigenvector w and left eigenvector v (each corresponding to zero eigenvalues)

Let fx be k —th component of f and

*fy
— n ) 2k
a a= Zk,t,}:l VWi W; ox 0%, (0,0)

n 62
b b= Zki:lvkwiaxi%(o,O)
The local dynamics of the system (2) around O is totally determined by the signs of a and b.

(i) a>0,b>0,when ¢ <0 with |¢| «< 1, 0 is locally asymptotically stable and there exists a positive unstable
equilibrium; when 0 < ¢ « 1, 0 is unstable and there exist a negative and locally asymptotically stable
equilibrium.

(i) a<0,b<0.When ¢ <0 with |¢| «< 1, 0 is locally asymptotically stable and there exists a positive unstable
equilibrium; when 0 < ¢ « 1, 0 is unstable and there exist a positive unstable equilibrium.

(iii) a>0, b <0, when ¢ < 0 with |¢| « 1, 0 is unstable, and there exists a locally asymptotically stable negative
equilibrium; when 0 < ¢ « 1, 0 is stable, and a positive unstable equilibrium appears.

(iv) a<0, b >0, When ¢ changes from negative to positive, 0 changes its stability from stable to unstable.
Correspondingly a negative unstable equilibrium becomes positive and locally asymptotically stable.

In what follows, let the model system (2) be written in the vector form

dX—GX
=6

Where X = (X, X,, X3, X4, X5, X6, X7, X, X9)" and G = (g1, 92, 93, 94, 95, 961 97, 9s. go) - SO that S =x;,V; =
X, Vo =x3,E =x4,Q = x35,14 = x¢6, g = x7,] = xg, R = x4, then the model system (2) yields (24):

dx
d—tl=A+8x9+(1—p)zx5—(oc1+7\+ Wx,

dx;
dt
Ay + (1-0;)Ax, + (1-0,)Ax5 — (L + 0 + q)xy (24)

dxs

praal L 1+ 2)xs

dxg
—— =nwx, — (L + p1)xs

dt
dx,
FTi (1 —nwx, — (1 + b +v)x7
dxg
o - VX +pzxs — (ll + ¢, + p])xs
dxg
L Pt%e +pjxg — (L + 8)xg

=X, — (L4 (1-62)0)x3
dxs _
at

Let $ be the bifurcation parameter then at Ry= 1 in (24) and solving for S yields (25):

kikok3kaks
m(l—emcm)(pzqk3 ka€x+kaz(kaks(mo+kze)+(1-1)wkz(exy+e3 ks)))

B=B= (25)

The disease-free equilibrium, denoted as E,, exhibits local stability when g < S and instability when  exceeds 4.
Hence, f serves as the bifurcation point. The linearized matrix of the system (24), calculated around the disease-free
equilibrium Eyand assessed at /3, is presented in equation (26):
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kk, 0 0 a; ag ag a; Qg O
a; k, 0 a, 0 ay a3 a7 O
0 a, ks az 0 a0 a4 a3 O
0 0 0 k, 0 a;; a5 a9 O
JENB)=(0 0 0 q ks 0 0 0 0 (26)
0 0 0 a 0 k¢ O 0 0
0 0 0 az O O k;, O O
0 0 0 0 a O 0 kg O
0o o 0 0 0 p O 0 kg

where,

ki =—(ay + W, ky ==+ 0p), ks = —(W, ks = —(n+w+q) +BeS, ks = —(u+2), kg = —(u+p1), k7
=—(u+ds+7),kg = _(H + ¢, + P])‘ kg =—(+8),a; =—€S,a, = —€,(1-6,)Vy,a3
=—e,(1-0)Vp,ky = —a; —a, —az,a, =nw,as = (1 —Mw,as = (1 —p)z,a, = pz,ag

==S,ao=10-0)V;,a;0 = —(1 = 0,)V,,a;; = —ag — ag — A10, a1, = €35, ay3
=—e3(1 -0V, a14 = —€3(1 — 0)V5, 015 = —a;, — ay3 — G414, 0,6 = —€,5, 145
=—6,(1 -0V, a15 = —€3(1 = 0)V3,a19 = —Q16 — A17 — Ay

The eigenvalues denoted as (4,) of the Jacobian matrix J(Eo|8) are solutions to the characteristic equation. These
eigenvalues form polynomials of eighth degree, all of which have real roots that are negative, except for one eigenvalue
which is zero. It’s apparent that zero is a single, simple eigenvalue of the Jacobian matrix J(Eq|$), and all the other
eigenvalues are equal and negative. Consequently, the disease-free equilibrium E, is a non-hyperbolic equilibrium,
which aligns with the assumption made in Theorem 3.

Hence, we utilize the center manifold theorem to assess the local stability of the disease-free equilibrium point E,.
The right eigenvector m = (my,m,,Mz,M4,Ms, Me,M7,Mg,Me )" and left eigenvector v = (v, vy, V3, Uy, Vs, Vg, vy, Vg, Vo)
associated with this simple zero eigenvalue of the matrix J(Eo|8) such that v.m = 1, can be obtained from J(Eo,5) by
multiplying vJ and mJ and setting each of them equal to zero. The resulting system of the right eigenvalues become (27):

myky + myak, + mgkg + mgag + mya;, + mga+16+6 =0
myoay + myk, + mya, + mgagm,a,3 + mga,; =0
myo, + mgks + mya; + mga,y + myaq, + mga;g =0
myk, + mga; + my;al5 + mga; o =0
myq + mgks =0 27
mya, + mgkg =0
myas + myk, =0
msa, + mgkg =0
mepy + mgp; + moky = 0

Let, my =my >0

Then,

= am, = bm, e = cmy e = ksm, = a,my = asmy _ azksmy My,
1= M= M3 = ——— Mg = ——— Mg = ————,M7 = — yMg = yMg = ——
ky k, ks q ke k; qks my

my (P04 a7k5m4p] ksagm, asagm, asa;;my a;a;ghsm,

Myg = —— - ,—a = Myay — - - + + myomy, b
kg \ ke qks q ke k; qks
A3 My —Q10QyMy  A1405My  A7ksaigMmy
= +asm, — - + ,C
key ke k7 qks

= —mya, —myds — m6a10 — M;Aq4 + mgaQqg

Further, the left eigenvector, v = (v, v,, V3, Vs, Us, Vg, U7, Vg, Vg) COrresponding to the simple zero eigenvalue of is
obtained from vJ(E,, f) = 0, which yields equation (28):

viky + v, =0
vk, +v30, =0
v3k; =0 (28)
viaq + vya, + v3a5 + vk, + v5q + vea, + v7a5 =0
via¢ + vsks + vga; =0
Viag + Vy09 + V3a10 + V4041 + Vekg + Vopy =0
V1Q4V,043 + V3044 + V4045 + vk, =0
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V1016 + Vo047 + V3047 + V3018 + v4a.9 + vgkg + vep; =0
U18 + vgkg = 0

From equation 28 we obtain v; = v, = v; = vy = 0 and,
let, v, > 0,
then,

v _ Q704904 (11 45V Aol
g = —— 2 -

ksks "¢ T ke T T ks BT ke

In order to meet the condition where v.m = 1, we calculate the value of v,. To compute the bifurcation coefficients
a and b defined in Theorem 3, we consider system model (2) to be in the form:

B = f = o for far fr fir for for for f)T (29)

dc

Where X = (x4, X,, X3, X4, XsXg, X7, Xg, Xg) .
The coefficient a and b are obtained from the following partial derivatives in (30) and (31) respectively.

0%f

a =35 o vemym; Fa';j (0,0) (30)
And,
62
b= lec.oi=1 Vpm; Wfaki (0,0) (31)

Since the components of vy,v,,vs,vgare zero we do not need to find the derivatives of fy,f,,f3,fy. From the derivative
of the remaining f,,fs,¢,f7,fg, the only ones that have non-zero partial derivatives are considered such that:

*fy  0%fy *fy  0*fy 1
dx, 0x, 0x,0x; €1 0x, 0xg  0xg0x;
*fy 0%y 0*f, 0%y
dx, 0x, 0x,0x; €s Ox, 0xg  Oxg0x; €2
0? 0? 92 0?
f4 — f4 — (191)61; f4- — f4 — (1 _ 91)
0x,0x, 0x40x, 0x, 0xg  0xg 0x,
0*f, 0*fy 0*f, 0*f,
dx, 0x, 0x,0x, - 91)63'0x2 dx, 0x,0x, (1 =86
0%y 0*f, 0*f, 0%f;
0x, 0xg  0xg 0x, (1 =8 0x3 0x, 0x, 0x3 (1 =8.)e
92 02 02 92
L = i =(1-0,), L = /3 =(1-03)e;
0x5 0xg 0xg 0x3 0x3 0x;  0x; 0x3
0%fy 0*fy
_— = = (1 - 92)62 (32)

0x3 Oxg - Oxg 0x3
The indication of either having a forward or backward bifurcation is determined by a. Consequently, it yields (33):

a = 2v,mymye + 2v,mymg + 2v,m;m, €5 + 2v,m;mge, + 2v,m,m,(1 — 0;)e; + 2v,m,mg(1 — 0,) +
2v,mom, (1 — 0,)e; + 2v,mymg(1 — 0,)€e, + 2v,momy, (1 — 6,)€; + 2v,mymg(1 — 0,) + 2v,mym, (1 — 0,)e; +
2v,m,mg(1 — 05)e;, >0

(33)

Thus, a system of equations in (2), undergoes a backward bifurcation at R, = 1, if # > f (effective contact rate).
This implies that, the eradication of COVID - 19 may not be guaranteed by just ensuring that R < 0. There is a
possibility that they might be a recurrence of the epidemic later on.
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5. Sensitivity Analysis

The normalized forward-sensitivity index of a variable R,, that depends differentiably on parameter, |4 is defined
asin (34):

Re _ 0Ro , Wi
= — X —
Y., on; < 7, (34)

Where y; represents all the main parameters and

R = mpBo€; n mponw  mpPoes(1 —n)w  mPoey(1 —n)wk, — pzk,
0 ky kyks keyk, kikykyks

Based on the given definition, we can calculate the sensitivity indices of the basic reproduction number R,
concerning the model parameters within the system model (2), as presented in (34):
To find the sensitivity index of the effect of wearing face-mask, we proceed as shown in (35):

Ry afka Cm

M 9c, TR,
Cm€
=__"" <9
1—cpen

Clearly, Yfl" < 0 from observation in (35), then, the sensitivity index of the wearing of face-mask is negative, an
increase in this factor results in a reduction in the control reproduction number, which subsequently leads to a reduction
in transmission. Thus, to reduce transmission of SARS-COV-2 there’s a need to enforce wearing of face-masks. To find
the sensitivity index of the impact of the efficacy of a given face mask (ey) it is proceeded as shown in (36):

YR0 — a:Ra E_m
§ de, R,

—__mEm
1—cnem

Since the sensitivity index of ¢, is negative, an increase in the efficacy of the face - mask leads to a decrease in the
control reproduction number, leading to a decrease in transmission. Thus, to reduce transmission of SARS-COV-2
there’s a need to use a face - mask with a higher efficacy. Similar procedure can be used to calculate the sensitivity
indices of other parameters around the basic reproduction number which is summarized in Table 2.

Table 2. Sign of Sensitivity Index 1

Parameter Sl

n Positive
1) Positive
bs Negative
&y Negative
2 Negative
12 Negative
y Negative
z Negative
o Negative
o Negative
p Negative

In order to determine the most efficient method for reducing the spread of COVID-19, we evaluated the
importance of each parameter in impacting its transmission. Based on the numerical application of parameter values, it
is essential to ascertain the function of each parameter in relation to the basic reproduction number. Through numerical
analysis, it becomes evident that the effective contact rate (f) is the parameter with the most pronounced influence in
elevating the basic reproduction number, followed by an increase in the fraction of asymptomatic cases. It is also
established that, an increase in the vaccine coverage rate of the first dose vaccine (a;) will lower the basic reproduction
number the greatest.
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6. Numerical Analysis

The ordinary differential equations used to obtain the numerical solutions were implemented in Python and solved
using the numpy and scipy solvers. This study focuses on Kenya, with some parameter values being specific to the
country while others remain universal. To facilitate comparison and analysis, certain parameters are varied within
predefined limits. Table 1 presents an overview of the parameters and their respective values used throughout this study
unless stated otherwise. These values were selected to accurately represent the epidemiological dynamics of SARS-
CoV-2.

6.1. Effect of the First Dose Vaccine

When a vaccine with 50% efficacy is introduced into a previously unvaccinated population, the number of exposed
individuals decreases from 320 suspected cases to 302. However, with a more effective vaccine of 80% efficacy, the
exposed population further declines to 284, as illustrated in Fig.2. Additionally, when the vaccination coverage rate
rises from 10% to 50%, as shown in Fig. 3, the symptomatic population decreases from 120 to 62, with the peak
delayed by nearly 50 days. If the vaccination coverage is further increased to 80%, the number of exposed individuals
drops to 51. evident whenever infections occur. The numerical results demonstrate that higher vaccine efficacy and
coverage significantly reduce the number of exposed and symptomatic cases while delaying the peak of infections,
highlighting the potential impact of vaccination on controlling disease spread in public health policy.

6.2. Effect of the Second Dose Vaccine

Fig. 4 illustrates the impact of the second-dose vaccine efficacy on the dynamics of the exposed population using
baseline values. Increasing the vaccine efficacy from 50% to 100% reduces the peak exposed population from 416 to
406. Furthermore, when the vaccination coverage rate rises from the baseline value of 8 individuals per 10,000 exposed
to 800, and the vaccine efficacy increases from 50% to 100%, the exposed population declines from 256 to just 6
individuals, with the peak shifting from the 94th day to the 114th day, as depicted in Fig. 5.

w— thetal = 0.5

= thetal = 0.8
H thetal = 0
30 : thetal = 0
H === thetal = 0.5
H -==- thetal = 0.8
§ 25 i
3 :
§ i
o 20 1
b4 ]
o 1
[-% 1
e ]
s !
1
1
1
10 :
'l

Fig. 2. Effect of Efficacy of the First Dose Vaccine
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Fig. 3. Effect of Coverage Rate of the First Dose Vaccination
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Fig. 4. Effect of Efficacy of the Second Dose Vaccine
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Fig. 5. Effect of Coverage Rate of the Second Dose Vaccination

6.3. Effect of the Use of Face - Mask

Fig. 6 illustrates the asymptomatic population over a 100-day period. It indicates that when face masks with 30%
efficacy are used, the peak occurs on the 82nd day with 213 cases. This represents a slight reduction compared to the
scenario without face masks, where 215 cases peak on the 79th day. If masks with approximately 50% efficacy are used,
the peak shifts to the 85th day with 209 cases. Similarly, with 80% efficacy, the peak occurs on the 93rd day, reaching
197 cases.

Fig. 7 presents the asymptomatic population over the same period. It shows that increasing public compliance with
face mask usage from 1% to 50% results in a marginal decrease in asymptomatic cases from 219 to 210. However, if
compliance exceeds 80%, the asymptomatic population declines to 177 cases, with the peak shifting from the 64th day
to the 86th day. The numerical results show that higher face mask efficacy delays the infection peak and reduces the
asymptomatic population, emphasizing the role of mask-wearing in mitigating disease spread and informing public
health policy.

6.4. Effect of the Quarantine

Fig. 8 illustrates the effect of varying the quarantine rate of exposed individuals on the asymptomatic population.
Simulations indicate that increasing the quarantine rate by 20% reduces asymptomatic cases from 213 to 25 compared
to the scenario without quarantine. When the quarantine rate is raised to 80% of exposed individuals, asymptomatic
cases further decline to 8, while the peak shifts from the 213th day to the 187th day. However, achieving a higher
quarantine rate requires extensive contact tracing and testing, which may be impractical for developing countries.
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Fig. 8. Effect of quarantine rate on the Asymptomatic

7. Conclusion

This study employed a compartmental model to analyze COVID-19 transmission with vaccination. The vaccinated
population was categorized into two groups: those who received only the first dose and those who completed both doses.
Using the next-generation matrix approach, the basic reproduction number (Ry) under vaccination was determined. The
model’s disease-free and endemic equilibria were established, demonstrating that the disease-free equilibrium and
endemic equilibrium are locally asymptotically stable when the control reproduction number Ry< 1 and unstable when
Ro> 1. Overall, the success of a vaccination campaign depends on two key factors: vaccine efficacy and the proportion
of the population vaccinated. When both factors are maximized, disease eradication becomes achievable. As a direction
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for further study, incorporating stochasticity into the model would enhance its realism and better capture the inherent
variability in real-world epidemics.
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