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Abstract: Standard collocation (SCM) and perturbed collocation (PCM) are utilized as effective numerical techniques for
solving fractional-order differential equations (FODES) which focus on constructing orthogonal polynomials to serve as
basis functions for approximating the solutions to these equations. The approach began by assuming an approximate
solution, expressed in the constructed orthogonal polynomials. These assumed solutions were then substituted into the
original FODEs. Following this, the problem was converted into a system of algebraic linear equations by collocating the
equations at evenly spaced interior points. Numerical examples and the results indicated that the SCM and PCM are easy,
efficient, and in good agreement compared with some existing methods and the results presented in the tables and graphs
unequivocally demonstrate the efficacy of the proposed methods in solving fractional-order differential equations, yielding
solutions of remarkable accuracy. However, the SCM and PCM exhibit comparable accuracy, making it difficult to
identify a single superior approach, we conclude that both the proposed methods are effective and viable options for
solving fractional order differential equations.

Index Terms: Standard Collocation, Perturbed Collocation, Fractional-Order Differential Equations (Fodes),
Orthogonal Polynomials, Numerical Examples

1. Introduction

The time-fractional differential equations have found extensive applications across multiple domains, including
physics, mathematics, and engineering and these equations have been employed to model complex systems that exhibit
anomalous diffusion or non-local behavior, which are characteristic of many physical processes, such as heat
conduction in fractal materials, the dynamics of quantum systems, and the behavior of complex fluids. In such contexts,

This work is open access and licensed under the Creative Commons CC BY 4.0 License. Volume 11 (2025), Issue 1


mailto:faladekazeem2016@kustwudil.edu.ng
mailto:muhammadyusufmuhammed@kustwudil.edu.ng

Derivation and Implementation of the Collocation Methods for Solving Single and Multi Time-Fractional Order Differential
Equations

fractional models have provided deeper insights into the underlying mechanics, leading to more accurate predictions
and a better understanding of the phenomena. Developing methods for solving fractional differential equations has
expanded the mathematical toolkit available to researchers. Still, it has also led to new insights into the properties of
these equations. The biosciences also benefit significantly from the application of fractional differential equations. For
example, in the modeling of biological systems, such as the spread of infectious diseases or the dynamics of population
growth, fractional models provide a more accurate representation of the processes involved. This is because many
biological systems exhibit memory and hereditary effects, where the future state of the system depends not only on its
current state but also on its history. Fractional models can capture these dependencies more effectively than traditional
models [1, 2, 3].

In this paper, we focused our attention on the case of the single and multi-order time- fractional differential
equations of the Caputo type as:

n o P,()ul(x) + (D% DP, ..., DVu(x) = f(x), x € [0,1] 1)
Subject to the conditions
uD(a) =¢;i=123,..,(n - 1), )

Where D%, D#, and DFare the fractional derivatives in the Caputo sense and a, 8,y (real or complex) are the order
of the fractional derivative, 1 is a constant, and f(x) is a continuous arbitrary smooth function.

The rest of the paper is organized as follows: Section 2 discusses related publications on fractional differential
equations and the definition of fractional calculus. Section 3 presents the methodology employed for this research.
Section 4 discusses convergence and error analysis. Section 5 discusses the numerical examples considered, and section
6 concludes the paper indicating future directions of the work.

2. Related Works

In the last two decades, several analytical and numerical techniques have been developed to solve fractional
differential equations, including [4] proposed and applied the Mintz-Legendre Tau method for solving fractional
differential equations, [5] presented reproducing the Kkernel Hilbert space method to solve multi-order fractional
differential equations, [6] employed optimization technique based on training artificial neural networks to solve
fractional order differential equations, [7] generalizing the Lucas polynomial sequence approach for fractional
differential equations, [8] applied effective modified Chebyshev differentiation matrices for fractional differential
equations, [9] utilized the fractional backward differential formulas for fractional delay differential equations with
periodic and anti-periodic conditions, [10] the homotopy analysis transform method was used to solve fractional order
Riccati differential equation, [11] presented analytical approximate solutions of nonlinear fractional-order
nonhomogeneous differential equations, [12] applied higher order methods for fractional differential equations based on
the fractional backward differentiation formula of order three, [13] the fractional explicit Adams method was applied to
solve fractional differential equations, [14] obtained numerical solution of the multi-order fractional differential
equation using the Legendre wavelets and eigen function approach, [15] studied multi-order fractional differential
equations with constant and variable coefficients, and [16] applied Adomian decomposition method for fractional time-
Klein-Gordon equations using maple. The effective solution of fractional-order differential equations (FODES) requires
numerical methods that balance computational efficiency, accuracy, and adaptability to various problem domains. In
this paper, the standard collocation method (SCM) and perturbed collocation method (PCM) were specifically chosen to
reduce computational cost, more versatility, and applicability in solving time fractional-order differential equations.

2.1 Definition of relevant terms

Some fundamental definitions of fractional calculus are provided in this section. The following are some
definitions attributed to Riemann-Liouville and Caputo sense: [17, 18]

Definition 1

In fractional calculus arbitrary order (all real numbers and complex values) are differentiation and integration of
the form: D%, D%, D%
Definition 2

Let u € L2([0, T]), The definition of the Riemann-Liouville fractional derivative (RLFD) is

1 dan
r(n—a)dxm

D%u(x) = Jox—om*tu()dt; n-1<a<n (3)
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where n is the smallest number that is greater than or equal to o
Definition 3
Let u € H™([0, T]), the Caputo fractional derivative (CFD) of u(x) is defined by

1

DPu(x) = e

Jo =" Flu®™de; p>0 (4)

Where n = [B] + 1.
Hence, we have the following properties:

ay B — _TB+D | (a+p)
] x F(a+ﬁ+1)x ’

JED*f(x) = f(x); x>0
D*C =0, C isaconstant

Daxy — 7[‘(]/4—1) x(y_a)
T(y—a+1) ’

®)

Where [a] denotes the smallest number that greater than or equal to a.

3. Construction of orthogonal polynomials
In this paper, an orthogonal polynomial was constructed and used as a basis function for solving the form
equations (1) and (2). Orthogonal polynomials form a set of orthogonal functions concerning a weight function over a

specific interval. It presents a promising alternative due to its ability to approximate functions and their derivatives
efficiently. By representing both the differential and integral components in terms of orthogonal polynomial series [21].

3.1 Construction of orthogonal polynomial bases:
The orthogonal polynomial on the interval [—1,1] was constructed using a set of the following equations
qo(x) = ago

q1(x) = a1 + a10q0(x)
qz(x) = ‘122352 + a1, (x) + azoqo(x) (6)

\

Hence, using the orthogonality properties defined by

< Gn G >= [ 4u(D)qn(x)dx = 0,if n % m (7)

and

< Gu G >= [§ () Gn(dx = 0, if n=m ®
To compute g,(x) goes thus,

1
<@ >=1= [ qo@adx =1
-1
1
azoof dx = azoo[x]l_l =1
-1
2(1200 =1 =, aoo = —

Thus, the

qQo(x) = —,

)

Similarly, we computed g, (x) as follows
Here, we used the properties of orthogonality,
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{ <qo,q1>=0 9)
<qo,q1 >=1 (Orthonormal) (10)
From (9), we have
1 1
|(< qo, q1 >= f_l qo(x) * q1(x)dx = f_l aoo(anx + aw%(x))dx =0 (11)
11 1
{ f_l‘/_i(allx + alo \/_E) dx = 0,
1 1 1
| f_léalldx+f_1awgdx=0,
\ a—jgf_ll xdx + %f_ll dx =0, (12)
Implies a;, = 0,
From (10), we have
1 1
<4quq >= J- q1(x) * g (x)dx = f [y + aoq0(0)]?dx = 1 (13)
-1 -1

1
f [a;1x + 0gy(x)])?dx =1, sincea;, =0,
-1

1
j [ajx])?dx =1,
-1
1 3
a11f [x]?dx =1, = a1 = [5X,
1 2

3
q1(x) = \/; X (14)

Thus, in general g, (x) = f% B,(x), where P,(x) a polynomial of degree n and is called Legendre polynomial

1 4"

2Mn! dx™

Fu(x) = (x?=1" (15)

This process is continued as follows:

42(0) = (322 - 1),

7 (5x3—x2
43(x) = J; (=55),
3 (35x*-30x2+3
1 = x/_i( 8 )’
(63x5-70x3+15x)V22
8 )
(231x5-315x*+105x2-5)/26
32

(16)

qs(x) =

qe(x) =

In this paper, the types of problems considered are defined on the interval [0,1]. To address this, we need to
convert the orthogonal polynomials from the interval [—1,1] to [0,1]. Therefore, we first carry out the conversion of
orthogonal polynomials from the interval [—1,1] to a general interval[a, b], and then specialize to the interval [0,1].

In this case, the linear transformation

x*=a;x+ by 17)
Here, from [—1,1] to [a, b],

Suppose = —1,and x* = a,x =1,and x* = b,
These resulted in the following system of equations
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{a = _al + bl (18)
b = a1 + bl (19)
Solving (18) and (19) yields
b—-a
a, = &= (20)
by =2 1)
Substituting (20) and (21) into (17) we have,
xt =00 Y, 4 @) (22)
2 2
From (22) after simplifying give
Xt = 2X—-(b+a) (23)

(b-a)
Also, to convert from [-1,1] to [0,1], Here a=0, b=1. Hence (20) becomes,
x* = 2x —_ 1 (24)
Substituting x* = 2x — 1 into the constructed orthogonal polynomial (16) yields the orthogonal polynomials on
the intervals of [0,1]
( %) = =,
vz
ql(x) = \/gx T
q,(x) = 33v/10x% — 3v/10x + %\/1_0,
J qs(x) = 10\/7x3—15\/7x2+6\/7x—%\/7, (25)
g (x) = 105v2x* — 210v2x3 + 135v7x2 — 30v2x + 2\/2
qs(x) = 126v22x5 — 315v22x* + 280v22x3 — 105v22x2 + 15v22x — ;m
qs(x) = 462+/26x® — 1386v26x° + 1575v26x* — 840+/26x% + 210v/26x2 — 21v/26x + 2\/%

3.2 Description of proposed methods

In this work, two types of collocation methods are proposed which are known as the standard collocation method
(SCM) and the perturbed collocation method (PCM). These methods are demonstrated on the fractional order
differential equations (1) and (2) as follows:

3.2.1 Standard collocation method on fractional differential equation (SCM)

We consider the fractional order differential equation of the form:

n o P,()ul(x) + (D% DP, ..., DV)u(x) = f(x), x € [0.1] (26)
Subject to the conditions
uD@a) =y;i=123,..,(n—1), (27)
(26) can be expanded as
Po()u(x) + PL()w/ (x) + P,(0)w// (x) + -+ + P (x)u™(x) + (D% DF ..., D" )u(x) = f(x) (28)

Let's assume an approximate solution of the form:

uy(x) = Z?]:o ¢;Qi(x) (29)
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Where N is the computational length and substitute (29) into (28) to get

Po(x)uy (x) + Py () uy’ (x) + P, ()uy’/ (x) + -+ + Py(x)uy™(x) + (D% DF ..., DY Juy (x) = f(x) (30)

(29) can be expanded as

uy (%) = Qo (x) + Q1 (x) + c2Q2(x) + -+ + cyQp () (31)
Substitute (31) into (30) to get

Po(x)(coQo(x) +¢101(x) + cQ2(x) + -+ + CNQN(x)) +
P1(x)(C0Q0/(x) + 0,01/ (0) + €20, (%) + -+ + CNQN/(X)) +

! P (x)(COQO//(x) + 010,/ (%) +' Q2" () + - + CNQN//FX)) + (32)

PL(0) (e Q0™ () + €104 (%) + 20" () + -+ + ey Q™ (1)) +
(Da,D'B ---'Dy)(coQo(x) +¢101(%) + Q2 (%) + - + CNQN(x)) + f(x)

Hence, collecting like terms in (32) to get

o (P 0@ + P Q) () + P, () + -+ Pu()Q ™ (0 + (D%, D .., DY) Qo ) +
& (P00 + B0 00 + B0 (0 + =+ R0V 00) + (09,07 ., D)) +

2 (PG () + L@ () + P, Q. () + -+ B 0@, () + (D% D ., D)0, () + 9

o (PoCOQNE) + PO () + P )Q @) + =+ Pu() @y ™ () + (D% DF .., DY)y () + ()

Thus (33) gives (N+1) unknown constants (c;;i = 0) to be determined. Consider the initial conditions given in
equation (27), we obtain

( un(@ar) =9y = coQo(ar) + c1Q1(ay) + ¢2Q2(ay) + -+ + eyQu(ay) =y, (34)
u/N(al) =9 = COQ/O(al) + C1Q/1(a1) + CZQ/z(al) +oet CNQ/N(al) =1, (35)
u/y(a) =9, = CoQ//O(a1) + C1Q//1(a1) + CzQ//z(a1) + et CNQ//N(al) =1, (36)

k U(n_l)N(‘h) = ¢(n—1) = COQ(n_l)O(CH) + C1Q(n_1)1(a1) + CzQ(n_l)z(%) + et CNQ(n_l)N(fh) =Yu-n, (B7)

Thus, equation (33) is then collocated at point x = x;, to get,

6o (PoGx) Qo) + PuCi) Qo () + P (600" (i) + -+ Pulid Qo™ () + (D% D ., DY)Qo (1)) +
e (Po 0@ (1) + )@ () + Py )@ () + 4 i) 04 () + (D%, DF ., DY)Q (o)) +

2 (P00 + P05 (5 + Pae) @, () + 4+ B ) 0, () + (04,07 ., DN, 000) + O

Cn (Po(xk)QN(xk) + Pl(xk)QN/(xk) + P, (xk)QN//(xk) + - Pn(xk)QN(n)(xk) + (Da' D# ---'DY)QN (xk)) + (),

Where,

G-k . =123,..,(N—n+1),

X =a+t (N-n+2)’

An algebraic linear system of equations in (N + 1) unknown constants is thus obtained from (38) for (N —n + 1).
Additional n equations are derived from equations (34) to (37). Altogether, (N+1) algebraic equations in (N+1)
unknown constants are determined, and the unknown constants are obtained by using the Gaussian elimination
approach, and the results obtained and substituted back into equation (29) to get the required approximate solution.
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3.2.2 Perturbed collocation method on fractional differential equation (PCM)

Slightly perturbed (28) from the previous sub-section 3.2.1 and get
{Pg(x)u,\,(x) + Py () uy’ (x) + P, (uy’/ (%) + - + By (x)uy™ (x) +

(DD ., DV Yuy () = FO) + ) 70 ()
j=1

Substitute (31) into (39) to get

P, (x)(CoQo//(x) +0,0.7 () + 0,7 () + - + CNQN//(X)) +

Hence, collecting like terms in (40) to get

FG)+ D 50wy ()

j=1

2 (P Q) + PL0Q () + Po() Q. () + -+ Pu)Q, ™ () + (D% D ., D)0, () +

(39)

Po(x)(coQo(x) +¢1Q1(x) + Q5 (x) + - + CNQN(x)) +
Py (2)(coQo” () + €101 (%) + ¢,Q2 (%) + -+ + ey Qy/ (1)) +

(40)

Pn(xj(coQon(x) + 0, (x) +. Q2" (xX) + - + CNQNn(J.C)) +
(Da,D'B ---'Dy)(coQo(x) +¢0:(%) + ¢2Q,(x) + - + CNQN(x)) +f(0) + Z?:lTjQN(x)

(o (P00 + AGOQY () + P0Q () + -+ (0O ™ @) + (D%, DF ., DY) Qo) ) +

& (P0G + P @ + B0 () + -+ BT ) + (D%DF ., D)0, (0)) +

(4D

o (PG + PLOQW () + PO () 4+ PG Q™ () + (D% DP .., DY) Qu () ) +

Thus (41) gives (N+1) unknown constants (c;;i = 0,7;;j = 0) to be determined. Consider the initial conditions

given in equation (27), we obtain,

u/y(a) =P, = CoQ/o(a1) + C1Q/1(a1) + CzQ/z(a1) +t CNQ/N(al) =1,

uy(a;) =Yg = cgQo(a) + ¢1Q1(ay) + c,Q2(ay) + -+ + cyQn(ar) =Y,
Iu//N(al) =19, = CoQ//g(a1) + C1Q//1(a1) + CzQ//z(Ch) +oet CNQ//N(Ch) =1y,

(42)
(43)
(44)

Lu(n_l)N(Ch) = 1/)(n—1) = COQ(n_l)O(Ch) + C1Q(n_1)1(a1) + CzQ(n_l)z(al) +t CNQ(n_l)N(a1) =Pm-1) (45)

Thus, (41) is then collocated at point x = x,, to get

FG) + ) 50y ()

j=1
Where

_ -k . _
Xy =a+ oK k=123,..,(N+1),
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An algebraic linear system of equations in (N + 3) unknown constants is thus obtained from (46) for (N + 3).
Additional n equations are derived from equations (42) to (45). Altogether, (N+3) algebraic equations in (N+3)
unknown constants are determined, and the unknown constants are obtained by using the Gaussian elimination
approach, and the results obtained and substituted back into equation (29) to get the required approximate solution.

4. Convergence and Error Analysis
In this section, the convergence and error analysis of the proposed SCM and PCM on fractional order differential
equations are discussed as follows:
4.1 Consistency: Define the residual Ry (x) as:
Ry(x) = ZiLo P,)u' y(x) + (D% DP, ..., DV Juy (x) — f (%) (47)

If u(x) is the exact solution, then.
Ry(x) = 3™, P,(x)ul(x) + (D% D, ..., D)ui(x) — f(x) = 0 (48)

For u, (x) to converge to u(x) as N — oo, Ry (x) converge to 0 uniformly on [a, b]: [|[Ry(x)|| > 0as N - o
4.2 Stability:

Stability is determined by the properties of the matrix of the linear system obtained from collocation
Ac=0Db (49)

Where A is the matrix formed by evaluating the derivatives of basis functions and the fractional derivative term at
the collocation points, c is the vector of coefficients {c, }, and b is the vector of f(x;).
Stability is ensured if the condition number of A remains bounded as N — oo.

4.3 Uniqueness:

The linear system Ac = b has a unique solution if A is invertible. The invertibility of A is guaranteed if the basis
functions Q;(x) and the collocation points x, are chosen appropriately.

4.4 Error Analysis:
The error
En(x) = uy(x) —u(x) (50)

depends on the smoothness of the exact solution u(x) and the completeness of the basis functions
IRyl = [|ZF0 P (0)uly (x) + (D%, DP, .., D )uy (x) — f ()| (51)
The error is bounded by
IEy GOl < CmaxyepaplIRy GOl (52)
Where C is a constant dependent on the matrix properties and the problem domain.
5. Numerical Examples
This section presents six numerical examples to show the efficiency and feasibility of the proposed techniques. The
first four examples are related to the single time-fractional orders while the last two are multi-fractional orders
differential equations. The proposed standard collocation method (SCM) and perturbed collocation method (PCM) are
employed for the two constructed orthogonal polynomials considered. In all examples, the Maple 18 software was
employed to implement the numerical solutions of the test equations considered. The solutions are reported on the
tabular forms and 2D plots are used to depict the numerical solutions for the six examples considered. See Appendix

Example 1 Consider the single-order time-fractional Bagley-Torvik equation which describes the motion of a rigid
plate of the form [19]
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X
i( “u(x) + u’/(x) + u(x) = x <x + \/; + 6), x € [0,1] (53)
subject to the initial conditions: u(0) = u/(0) = 0, (54)
The exact solution of equations (53)and (54) is u(x) = x°3 (55)

k fora——

We applied the proposed methods SCM and PCM for the numerical solutions for example 1 at the best
computational length N=4. The numerical results for the a = zwere presented in Table 1 with the exact solution

indicating that the proposed methods yield a good agreement with the numerical results presented in the literature [19].
The Figure 1. Depict the good agreement between the exact solution provided in equation (55) which shows the

convergence of the a = ;equal to u(x) = x3 and the approximate solutions are presented for the N=4 as follows:

{ U(Xgers)sem = 9.00E — 16 — 2.10E — 14x2 + 1.0000000x3 — 5.213786081E — 15x*

56
U(Xgo15)pem = 1.60000E — 15 + 3.60000E — 13x2 + 0.999999999x3 — 3.36515456x* (56)

Table 1. Numerical solutions for Example 1 at the a = 2

x Exact solution SCM PCM [19]
0.11 0.00133000000 | 0.0013310000000 | 0.0013200000000 0.0014942400000
0.16 0.00410000000 | 0.0040960000000 | 0.0041000000000 0.0043559100000
0.21 0.00930000000 | 0.0092610000000 | 0.0093000000000 0.0095516400000
0.26 0.01760000000 | 0.0175759999999 | 0.0176000000000 0.0177723900000
0.31 0.02980000000 | 0.0297909999999 | 0.0297999999999 0.0297080000000
0.36 0.04670000000 | 0.0466559999999 | 0.0467100000000 0.0460474300000
0.40 0.06400000000 | 0.0639999999999 | 0.0640000000000 0.0674789400000
0.45 0.09110000000 | 0.0911249999999 | 0.0911000000000 0.0946901600000
0.50 0.12500000000 | 0.1249999999999 | 0.1250000000000 0.1228509500000

ﬁ

L

£ 5x10°

o i

S 6.x10°1

"@' 4

g :

2 4.x10°4

T:-, 2.%x10°
_'JIDD y % 0] 1(6}0 260

i -2.% 10° x

—4.x 1084

-6.% 106 4

-g.x 108

Evact Hseng Upcas

Fig. 1. Numerical comparison solutions for Example 1

Example 2 Consider the single-order time-fractional Bagley-Torvik equation which describes the motion of a
rigid plate of the form [19].

X
Du(x) + u//(x) + u(x) = 2 + x? + 4\/;, x € [0,1] (57)
subject to initial conditions: u(0) = u/(0) =0, (58)
| The exact solution of equations (57) and (58) is u(x) = x?2 (59)

k fora=;.
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We applied the proposed methods SCM and PCM for the numerical solutions for example 2 at the best
computational length N=4. The numerical results for the a:% were presented in Table 2 with the exact solution

indicating that the proposed methods yield a good agreement with the numerical results presented in the literature [19].
The Figure 2. Depict the good agreement between the exact solution provided in equation (59) which shows the

convergence of the a = ;equal to u(x) = x2and the approximate solutions are presented for the N=4 as follows:

{ U(Xgers)sem = 8.359374E — 16 + 0.999999x2 + 1.6404910E — 14x°® — 6.561829499E — 15x*

60
U(Xge1s)pey = 4. 46374E — 16 + 2.00E — 15x + 1.00x2 — 2.27003E — 13x* + 1.1905139 — 13x* (60)

Table 2. Numerical solutions for Example 2 at the a = 2

x Exact solution SCM PCM [19]
0.1 | 0.01000000000 | 0.0100000000000007 | 0.0100000000000 | 0.010000001723771
0.2 | 0.04000000000 | 0.0400000000000004 | 0.0400000000000 | 0.040000046369413
0.3 | 0.09000000000 | 0.0899999999999999 | 0.0900000000000 | 0.090000089366190
0.4 | 0.16000000000 | 0.1600000000000000 | 0.1600000000000 | 0.160000120342059
0.5 | 0.25000000000 | 0.2500000000000000 | 0.2500000000000 | 0.250000148387098
0.6 | 0.36000000000 | 0.3599999999999990 | 0.3600000000000 | 0.360000175093239
0.7 | 0.49000000000 | 0.4899999999999990 | 0.4900000000000 | 0.490000200907060
0.8 | 0.64000000000 | 0.6399999999999980 | 0.6400000000000 | 0.640000225992179
0.9 | 0.81000000000 | 0.8099999999999980 | 0.8100000000000 | 0.810000250421551
1.0 | 1.00000000000 | 0.9999999999999930 | 1.0000000000000 | 1.000000273512726
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Fig. 2. Numerical comparison solutions for Example 2

Example 3 Consider the single-order time-fractional order boundary value problem of the form [14]

6 2
( D“u(x)+u(x)=F(4_a)x3'“—F(S_a)xz'“+x2(x—1), x€[01] 1<a<2, (61)
subject to initial and boundary conditions: u(0) =0, u(1)=0 (62)
The exact solution of equations (61) and (62) is u(x) = x2(x — 1) (63)

fora =1.2,1.3,1.4,1.5,1.6,1.8,2.0

We applied the proposed methods SCM and PCM for the numerical solutions for example 3 at the best
computational length N=4. The numerical results for each of the « = 1.2,1.3,1.4,1.5,1.6,1.8,2.0 are presented in Table 3
with the exact solution indicating that the proposed methods yield a good agreement with the numerical results
presented in the literature [14]. Figure 3a and Figure 3b depict the good agreement between the exact solution provided
in equation (63) which shows the convergence of the & = 1.2,1.3,1.4,1.5,1.6,1.8,2.0 equal to u(x) = x2(x — 1) and the
approximate solutions are presented for the N=4 as follows:
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U(Xge12)sem = —1.0000E — 10 + 4.190E — 9x — 1.0000x2 + 1.0000x3 — 8.0133E8x*
U(Xge13)sem = —2.000E — 11 + 4.2600E — 9x — 1.0000x2 + 1.0000x> — 6.1594E — 8x*
U(Xge1a)sem = —3.000E — 11 + 2.580F — 9x — 1.00000x2 + 1.00000x3 — 2.6566E8x*
{ u(xgers)sem = 4.0000E — 11 + 3.670E — 8x — 0.99999x2 + 0.99999x3 + 3.0118E8x* (64)
U(Xge16)sem = 1.0000E — 11 — 1.4500E8 — 0.99999x2 + 0.9999x3 + 6.8457E — 9x*
U(Xge1g)sem = 1.101000E — 7x — 0.9999999x2 + 1.0000000x3 + 9.98473255E — 9x*
U(Xgez0)sem = 4.0000E — 11 — 2.03E — 9x — 1.00000x2 + 1.00000x3 — 5.08625E — 9x*

IR

U(Xge12)pem = 3.0000E — 9 + 5.5E — 9x — 1.00000x2 + 0.99999x3 + 1.56204E8x*
U(Xge13)pem = 5.0000E — 11 + 1.4400E — 8x — 1.00000x2 + 0.99999x3 + 1.9453E8x*
U(Xgo14)peu = 4.0000E — 11 + 1.500E — 8x — 1.00000x2 + 1.00000x* + 1.140519E9x*
{ U(Xgers)pen = 7.0000E — 11 — 2.36000F — 8x — 0.9999x2 + 1.00000x3 — 1.89472E8x*  (65)
U(Xge16)pem = —1.00000E — 11 — 1.19E — 8x — 0.9999x2 + 1.000000x3 — 6.35310E9x*
U(Xge18)pem = 1.0000E — 11 — 8.360E — 8x — 1.00000x2 + 1.000000x3 — 1.13556E7x*
U(Xgen0)pem = 1.0000E — 11 — 1.75E — 8x — 1.00000x2 + 1.000000x® — 1.4200519E8x*

Table 3. Numerical solutions for Example 3 at the « = 1.2,1.3,1.4,1.5,1.6,1.8,2.0

x Solutions | a = 1.2 a=13 a=14 a=15 a=16 a=1.8 a=2.0
0.0 Exact 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
[14] 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
SCM 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
PCM 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
0.2 Exact -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200
[14] -0.03203 | -0.03203 | -0.03203 | -0.03203 | -0.03203 | -0.03203 | -0.03203
SCM -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200
PCM -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200 | -0.03200
0.4 Exact -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600
[14] -0.09607 | -0.09607 | -0.09607 | -0.09607 | -0.09607 | -0.09607 | -0.09607
SCM -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600
PCM -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600 | -0.09600
0.6 Exact -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400
[14] -0.14409 -0.14409 -0.14409 | -0.14409 | -0.14409 | -0.14409 | -0.14409
SCM -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400
PCM -0.14400 -0.14400 -0.14400 | -0.14400 | -0.14400 | -0.14400 | -0.14400
0.8 Exact -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800
[14] -0.12810 | -0.12810 | -0.12810 | -0.12810 | -0.12810 | -0.12810 | -0.12810
SCM -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800

PCM -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800 | -0.12800
1.0 Exact 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000

[14] 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
SCM 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000

PCM 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
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Fig. 3. Numerical comparison solutions for Example 3
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Example 4 Consider the single-order time-fractional order initial value problem of the form [12, 20]

2
( D*u(x) + u(x) = x* + mxz‘“, x € [0,1] (66)
subject to initial conditions: u(0) =0, (67)
| The exact solution of equations (66) and (67) is u(x) = x? (68)
k fora = 0.1 and a = 0.5

We applied the proposed methods SCM and PCM for the numerical solutions for example 4.4 for the
computational length N=8 is presented in Table 4 with the exact solution indicating that the proposed methods yield a
good agreement with the numerical results presented in the literature [12, 20]. Figure 4 depicts the good agreement
between the exact solution provided in equation (68) which indicates the convergence of the « = 0.1 and @ = 0.5
equal to u(x) = x2and the approximate solutions are presented for the N=8 as follows:

—0.000000137x6 + 0.0000000102x” — 7.65867E — 8x®
U(Xg=01)peu = 3E — 10 + 0.00001108E — 9x + 0.99x2 + 0.0000018x* — 0.000692x* + 0.0014x" +

L —0.001678x° + 0.001018888x” — 0.0002517x®

U(Xg=0.1)scmy = 1.00E — 10 — 3.00E — 9x + x? — 1.412E — 8x® — 2.7812E — 7x* + 0.000001x5 +
(69)

{u(xa:O.S)SCMs = 2E — 8 + 1.69E — 8x + 0.9x2 4+ 0.000000019x3 — 0.000000076x* + 0.0000173x° +

—0.00002261x + 0.000001569x7 — 0.000000447x® 70)
U(Xgmo5)pcm, = 2.0E — 10 — 1.18E — 7x + 1.000004x2 — 0.0000243x3 + 0.00008x* — 0.00015x° +

0.00002427x% — 0.00007524x” + 0.00001525x8

Table 4. Numerical solutions for Example 4 at the « = 0.1 and @ = 0.5

X Exact SCM PCM

00| a=0.1 0.0000000000 0.0000000000 0.0000000000
a=05 0.0000000000 0.0000000000 0.0000000000
02| a=0.1 0.0400000000 0.0400000001 0.0399999949
a=05 0.0400000000 0.0400000003 0.0400000002
04| a=0.1 0.0160000000 0.0160000001 0.0160000012
a=05 0.0160000000 0.0160000002 0.0159999999
06 | a=0.1 0.0360000000 0.3600000004 0.3600000000
a=05 0.0360000000 0.3600000003 0.3600000007
08| a=0.1 0.6400000000 0.6400000002 0.6399999951
a=05 0.6400000000 0.6400000002 0.6400000003
10| a=0.1 1.0000000000 1.0000000080 1.0000000220
a=05 1.0000000000 0.9999999918 0.9999999767

1

=
e
1

=
=N
1

=
i
1

=
[
1

Figure 4. Time-Fractional ODE w(z) =0.1,0=0.5

r T T 1
-1 -0.3 0 0.5 1
(x)
— Er — SG”CX=D.1 [ mecx=0.1 [ "Smrrx=0.5 [ Pf}i'IOE:D.j |

Fig. 4. Numerical comparison solutions for Example 4

Example 5 Consider the multi-orders fractional differential equation of the form [15]
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D%u(x) + x°3DPu(x) =

2

1.5

(

I

{ subject to initial conditions:
I

rasn” trep*
u() =u/(x)=0

x € [0.1]

The exact solution of equations (71) and (72) is u(x) = x?

k fora =15and f = 0.8

(71

(72)
(73)

We applied the proposed methods SCM and PCM for the numerical solutions for example 5 for the computational
length N=8 is presented in Table 5 with the exact solution indicating that the proposed methods yield a good agreement
with the numerical results presented in the literature [15]. Figure 5 depicts the good agreement between the exact
solution provided in equation (73) which indicates the convergence of the @« = 1.5 and 8 = 0.8 equal to u(x) =
x2 and the approximate solutions are presented for the N=8 as follows:

(u(xa=1 5=08) .. = 1.0OE — 10 + 1.0000x? — 9.5213869E — 8x® + 2.1760029E7x* — 2.09312184x> +
>P=08 gcpmg

4 1.8893136F — 8x° 4+ 9.57317079x” — 4.459261F — 8x8
I u(xa=1.5,ﬁ=0.8)PCM = 3.0E — 10 + 1.00x2 — 0.00000019x3 + 0.00000078x* — 0.000017x> +
8
k 0.000021012577x% — 0.00001319969x” + 0.00000336x8
Table 5. Numerical solutions for Example 5 at the a = 1.5and § = 0.8
x Exact SCM PCM
0.0 a=15 0.0000000000 | 0.0000000000 0.0000000000
B =028 0.0000000000 | 0.0000000000 0.0000000000
0.2 a=15 0.0400000000 | 0.0400000003 0.0400000014
B =028 0.0400000000 | 0.0400000003 0.0400000014
0.4 a=15 0.1600000000 | 0.1600000006 0.1600000018
B =08 0.1600000000 | 0.1600000006 0.1600000018
0.6 a=15 0.3600000000 | 0.3600000008 0.3600000022
B =028 0.3600000000 | 0.3600000008 0.3600000022
0.8 a=15 0.6400000000 | 0.6400000000 0.6400000025
B =028 0.6400000000 | 0.6400000000 0.6400000025
1.0 a=15 1.0000000000 | 1.0000000000 1.0000000000
B =038 1.0000000000 | 1.0000000000 1.0000000000
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Fig. 5. Numerical comparison solutions for Example 5

Example 6 Consider the multi-orders fractional boundary value problem of the form [15]
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where f(x) is =

9

Deu(x) + DPu(x) + D'u(x) = ;—7 + (),

a =

subject to initial and boundary conditions:

x € [0,1] (75)
2x37¢ N 2x37F N 2x37Y
4-—a) TAG-p) TH-v)
13 5
?'ﬁ - 4']/ = 4 )
7 49
u(0)=0, u/ (E) =100 ul(1) =2, (76)
3
(77)

X
The exact solution of equations (75) and (76) is u(x) = —.

3

We applied the proposed methods SCM and PCM for the numerical solutions example 6 for the computational
length N=8 is presented in Table 6 with the exact solution indicating that the proposed methods yield a good agreement
with the numerical results presented in the literature [15]. Figure 6 depicts the good agreement between the exact

solution provided in equation (77) which indicates good agreement of the a = %,/3 = %,andy =z equal to u(x) =

3
x? , and the approximate solutions are presented for the N=4 and N=8 are follows:

Fig. 6. Numerical comparison solutions for Example 6

50

IR

{u (x)scm

—6.00E — 11 4+ 0.000151527x — 0.00113597x2 + 0.3348372x> — 0.000562663x*
u(x)pcm, = —6.00E — 11 + 0.00016100x — 0.00122276x2 4 0.35432167x3 — 0.000534527x*

(78)

( u(x)scmy = 1.00E — 10 + 0.00168x — 0.01616x2 + 0.416093x3 — 0.248219x* + 0.4470298x° +
—0.4746800x° + 0.2730063x” — 0.0652157x®

i
k

Table 6. Numerical solutions for Example 6 at the a = E,ﬂ = 3,}/ ==
5 4 4

u(x)pcmg = 1.20E — 10 + 0.0002856x — 0.032205x2% + 0.656292x3 — 1.427472x* + 0.6562928x° +

(79)

—3.8361947x° + 2.3311745x” — 0.566289833x®

5

x Exact solution SCM N=4 SCM N=8 PCM N=4 PCM N=8
0.0 0.0000000000 0.0000000000 | 0.0000000000 | 0.0000000000 | 0.0000000000
0.1 0.0003333333 0.0004014539 | 0.0003385739 | 0.0002411234 | 0.0002385235
0.2 0.0026666667 0.0027366185 | 0.0027626644 | 0.0025445055 | 0.0026417259
0.3 0.0090000000 0.0090682266 | 0.0090000001 | 0.0088143256 | 0.0091247863
0.4 0.0213333333 0.0213983579 | 0.0213940363 | 0.0209983774 | 0.0213456721
0.5 0.0416666667 0.0417269293 | 0.0416112630 | 0.0411974704 | 0.0416543873
0.6 0.0720000000 0.0720563006 | 0.0719338964 | 0.0714973488 | 0.0721136278
0.7 0.1143333333 0.1143875568 | 0.1142635333 | 0.1138470906 | 0.1148222117
0.8 0.1706666667 0.1707277366 | 0.1706004201 | 0.1701388260 | 0.1701234110
0.9 0.2430000000 0.2431009792 | 0.2429434531 | 0.2424078784 | 0.2432486453
1.0 0.3333333333 0.3335302661 | 0.3332901780 | 0.3328441093 | 0.3332217651
=
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5.1 Results and Discussion

The standard collocation method (SCM) and perturbed collocation method (PCM) are developed and applied to
solve single and multiple fractional-order differential equations that occur in applied mathematics. The methods
proposed are used to solve six problems available in the literature and the results are presented in Table 1, Table 2,
Table 3, Table 4, Table 5, and Table 6 in which 2D plots depict the efficiency and good agreement with some selected
in the literature are presented in Fig.1., Fig.2., Fig.3, Fig.4., Fig.5., Fig.6. These techniques offer a potent means of
managing intricate dynamic systems that display behaviours not equivalent to integer orders. The model can represent
many real-world systems more accurately than integer-order models because it uses fractional calculus to capture
memory effects and hereditary features. Because of its adaptability to a wide range of boundaries and beginning
circumstances, the collocation approach in particular has several advantages. In addition, it makes it possible to
approximate solutions with high precision by converting differential equations into algebraic systems, which are simpler
to solve numerically. When used on multi-time fractional-order systems, where traditional methods would have trouble,
the methods show efficiency in both computational time and accuracy. The SCM and PCM exhibit superior accuracy in
approximating solutions for FODEs and the choice of collocation points and basis functions ensures rapid convergence
to the exact solution, even for equations involving intricate fractional-order dynamics. Additionally, the perturbation
mechanism in PCM provides an extra layer of correction, enhancing accuracy by addressing irregularities and other
sources of numerical error.

6. Conclusion and Future Works

The formulation and application of the standard collocation method (SCM) and perturbed collocation method
(PCM) for time-fractional order differential equations in single and multi-time is a noteworthy development in
numerical analysis. Accurate and stable solutions to complex differential equations with fractional orders can be
achieved by effectively transforming them into simpler algebraic representations of collocation techniques. With better
precision and less computational effort, the method works especially well for fractional systems that are single- or
multi-time. Collocation techniques are useful tools for a variety of applications in domains including physics,
engineering, and finance, where fractional-order models are regularly encountered. This article shows how robust these
techniques are in handling the fractional differential equations phenomenon. The future direction will examine the
derivation and use of sophisticated collocation techniques for the effective solution of time-fractional singular
integrodifferential equations, with an emphasis on precision, computational cost, and focusing on applications to
various physical sciences and the possibility of extending the work to some special time fractional partial differential
equations in applied mathematics.
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Appendix: Example 1

Restart;
withplots;
Digits = 15;
N = 4;
Step 1:

1
qo: \/E,

N

2

q1: = V6x -5
1

421 = 3V10x? ~ 3vI0x + > V10;

1
qs3:= 10V7x3 — 15V7x2 + 63/7x — E\/7;

qa: = 105V2x* — 210v2x? + 135V7x% — 30v2x + 2VZ;
uy = expand(qo * Co + q1 * ¢ + qp * ¢ + g3 * €3+ qa ¥ C4)

Step 2:
r(n+1)

rn-a+1)
D, = evalf (subs({n = 0}, 1)):
D, = evalf(subs({n =1} U)):
evalf(subs({n =2}, U)):
evalf (subs({n = 3}, U)):
D, = evalf (subs({n = 4}, U)):

1 1 1
Ug :=§*D0*CO\/§+D1*clx/E—E*Do*clx/E+3*cz+D2*\/1_0—3*D1*cz*\/ﬁ+§*D0*02\/10+10

% x(n—a):

o o
w N
[l

30*D1*C4*\/§+§*D0*C4\/71

d? X
u, = expand <u6 = —Wu,,,—u,; +x * <x2 +8*\/;+ 6>):

Step 3:
3
Soll = eval <u7,a = E)
ug := sub({x = 0}, u;) = 0:
d
Ug = _xu4.
Uy == sub({x = 0},uq) = 0:

1
uyq = evalf (subs (x = Z),Soll):

+ Dy * c37 — 15 % Dy * c3\/7 + 6% Dy * c3\/7 -é*Do*c3\/7+105*D4*C4*\/E—210*D3*c4*\/§+135+D3*c4\/§—
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2
Uy, = evalf (subs (x = Z),Soll):

3
Uy3 = evalf (subs (x = Z),Soll):

uyy = solve({ug, uyq. g1, Us2, Uiz}, [Co, €1, €2, €3, C4]):

Output:
u[SCM] = evalf(subs({c0 = 0.3535533905932272, ¢; = 0.367423461417476, ¢, = 0.158113883008419,¢; =
0.0377964473009229,c, = —3.5111461845157610717}, u4)):

u[Solution] :== 9.00E — 16 — 2.10E — 14x? + 1.0000000x3 — 5.213786081E — 15

u[Exact] = x3:

for n from 0.11 by 0.05 to 0.50 do

E[n] = evalf (eval(u[Exact], x = n));

Uln] = evalf (eval(u[Solution],x = n));

Error[n] := abs(E[n] — U[n]);

end do;

Ey11 = 0.001331, Up.11 = 0.001331000000000067, Errorg,1 = 6.7E — 16

Ey16 = 0.004096, Up.16 == 0.004096000000000431, Errorg,¢ = 4.3E — 16

Ey2q = 0.009261, Up1 = 0.009261000000000100, Errorg,, = 1.0E — 16

Egae = 0.017576,  Ugae = 0.017575999999999700,  Errory,e = 3.1E — 16

Ey31 = 0.029791, Up.31 = 0.029790999999999300, Errorgz, =7.1E — 16

Egse = 0.046656,  Upse = 0.046655999999998700,  Erroryse = 3.1E — 16

Ey.40 = 0.064000, Up.40 = 0.063999999999998200. Errorg4o = 1.8E — 16

Eg45 = 0.091125, Up.4s == 0.091124999999997600, Errorgss = 2.4E — 16
Ey50 = 0.125000, Up.50 == 0.124999999999997000 Errorgse = 3.1E — 16
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