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Abstract— The purpose of this paper is to prove a
common fixed theorem for R-weakly commuting
mappings via an implicit relation in fuzzy metric space.
While proving our result, we utilize the idea of property
(E.A.) due to Aamri and EI. Moutawakil [1] together

with common (E.A.) property due to Liu, Wu and Li [2].
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l.  INTRODUCTION

In 1986, Jungck [3] introduced the notion of
compatible maps for a pair of self mappings. However,
the study of common fixed points of non-compatible
maps is also wvery interesting. Aamri and EL
Moutawakil [1] generalized the concept of non-
compatibility by defining the notion of property (E.A)
and in 2005, Liu, Wu and Li [2] defined common (E.A)
property in metric spaces and proved common fixed
point theorems under strict contractive conditions.
Jungck and Rhoades [4] initiated the study of weakly
compatible maps in metric space and showed that every
pair of compatible maps is weakly compatible but
reverse is not true. In the literature, many results have

been proved for contraction maps satisfying property
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(E.A.) in different settings such as probabilistic metric
spaces [5, 6]; fuzzy metric spaces [7, 8, 9, 10, 11].

In this paper, employing the common (E.A) property,
we prove a common fixed theorem for R-weakly
commuting mappings via an implicit relation in fuzzy

metric space.

Il. PRELIMINARIES

Definition 2.1. [12] A binary operation * : [0,1]>0,1]
— [0,1] is continuous t-norm if * satisfies the

following conditions:

(i) * is commutative and associative;

(ii) * is continuous;

(iiiya*1=aforall a[0,1];

(ivya*b <c™*dwhenever a <cand b <d for all
a,b,c,d €[0,1].

Kramosil | and Michalek J.[13] introduced the

concept of fuzzy metric spaces as follows:

Definition 2.2[13]: The 3-tuple (X, M, *) is called a
fuzzy metric space (shortly, FM-space) if X is an
arbitrary set, * is a continuous t-norm and M is a fuzzy

set in X2 x [0, o0) satisfying the following conditions:
(FM-1) M(x, y, 0) =0,

(FM-2) M(x,y,t) =1, forall t >0 ifand only ifx =,
(FM-3) M(x, y, t) = M(y, X, 1),
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(FM-4) M(x, y, t) * M(y, z, s) <M(x, z, t + s)
(Triangular inequality) and
(FM-5) M(x, y, .) : [0, 1) — [0, 1] is left continuous
forall X,y,ze X and s,t >0.

Note that M(x, y, t) can be thought of as the degree of

nearness between x and y with respect to t.

We can fuzzify examples of metric spaces into fuzzy

metric spaces in a natural way:

Let (X, d) be a metric space. Define a * b = a + b for
all a, b in X. Define M(x, y, t) = t /(t + d(x, y)) for all x,
yin X and t > 0.Then (X, M, *) is a fuzzy metric space
and this fuzzy metric induced by a metric d is called the

Standard fuzzy metric.

Consider M to be a fuzzy metric space with the

following condition:

(FM-6) lim_.M(x,y,t)=1forallx,yinXand t>0.

Definition 2.3[13]: Let (X, M, *) be fuzzy metric
space. Then

(@) a sequence {X.} in X is said to be Cauchy
sequence if, forall t >0 and p>0,
limM(x,,,,X,,t)=1
nN—oo
and
(b) a sequence {X,} in X is said to be convergent to
apoint X e X if, forall t >0,
lIimM(x,,x,t)=1.
nN—oo
Definition 2.4[13]: A fuzzy metric space (X, M, *) is
said to be complete if and only if every Cauchy

sequence in X is convergent.

Example 2.1[13]: Let X = {1/n ‘ne N}U{O}
and let * be the continuous t-norm and defined by

a*b=ab for all a,be[0,1] . For each t>0

and X,y € X , define M, by
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#’ t>(‘)7
M (x, y,t) = t+[x-Y|
0 t=0

Clearly, (X, M, *) is complete fuzzy metric space.

Definition 2.5[11]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to be commuting
if

M( ASx, SAx,t) =1 forall Xe X .

Definition 2.6[11]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to be weakly
commuting if M( ASx, SAx, t) > M(Ax, Sx, t) forall
x eXand t>0.

Definition 2.7[11]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to be compatible
if lim,_,M(ASX,, SAX,, t) =1 forall t> 0, whenever
{xn} is a sequence in X such that lim,_.Ax, = lim,_,

Sx, =u for some uin X.

Definition 2.8[10]: Let (X, M, *) be a fuzzy metric
space. A and S be self maps on X. A point x in X is
called a coincidence point of A and S iff Ax = Sx. In this
case, W = Ax = Sx s called a point of coincidence of A
and S.

Definition 2.9[10]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to be weakly

compatible if they commute at the coincidence points
i.e., if Au=Suforsome Ue€ X , then ASu = SAu.

It is easy to see that two compatible maps are weakly

compatible but converse is not true.
Definition 2.10 [1]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to satisfy the

property (E.A) if there exist a sequence {Xn} in X such

that lim Ax, =limSx, =2z forsome z e X .

nN—o0 nN—o0

Example 2.2[1]: Let X =[0,%). Consider (X, M, *) be

a fuzzy metric space as in Example 2.1.

1.J. Modern Education and Computer Science, 2012, 11, 44-50



46 A Common Fixed Point Theorem for R-Weakly Commuting Maps Satisfying Property (E.A.)
in Fuzzy Metric Spaces Using Implicit Relation

X 2X
Define A, S : X -X by Ax = gand Sx :? for all

X € X . Clearly, for sequence{xn} = {%} Aand S
satisfies property (E.A).

Definition 2.11 [2]: Two pairs (A, S) and (B, T) of
self mappings of a fuzzy metric space (X, M, *) are
said to satisfy the common (E.A) property if there exist

two sequences {X.} and {y.} in X such that

limAx, =limSx, =limBy, =1limTy, =z

n—o0 n—oo

forsome z e X.

Example 2.3[2]: Let X = [-1, 1]. Consider (X, M, *)
be a fuzzy metric space as in Example 2.1. Define self
mappings A, B, S and T on X as

Ax=x/3,Bx=-x/3,Sx=x,Tx=-x for all

Xe X . Then, with sequences {Xn}:{%} and

{yn}:{—%} in X, one can easily verify that

limAx, =limSx, =limBy, =limTy, =0

Nn—o0 n—o0
Therefore, pairs (A, S) and (B, T) satisfies the common

(E.A.) property.

Definition 2.12[11]: A pair of self mappings (A, S) of
a fuzzy metric space (X, M, *) is said to be R-weakly

commuting if there exist R > 0 such that

M (ASu, SAu,t) > M (Au, Su,t/R) .

I1l. MAIN RESULTS

Implicit relations play important role in establishing

of common fixed point results.

Let M, be the set of all real continuous functions
¢:[0,1]4 — R, non-decreasing in the first argument
and satisfying the following conditions:

@A) ¢(u,l,u,))>0=u>1,
B) ¢(u,,,u)>0=u>1

Copyright © 2012 MECS

©) ¢(u,u,11)>0=u>1

Example 3.1:  Define ¢:[O,1]4—>R as

o(t,t,,t,,t,) =14t —12t, +6t, —8t,. Clearly, ¢
satisfies all conditions (A), (B) and (C). Therefore,
peM,.

We begin with following observation:

Lemma 3.1: Let {Ai} , Sand T be self mappings of a
fuzzy metric space (X, M, *) satisfying the following:

(3.1) the pair (A,,T) satisfies the E.A. property;

(3.2) for any x, y in X, ¢ in M, and and for all

t >0 there exists k € (0,1) such that,

>0

M (AX, Ay, kt), M (Sx,Ty,t),
(/{M (Sx, Ax,t), M (Ty, Ayy, kt) J

(33) A(X) cT(X) or A(X) < S(X).

Then the pairs (A;,S) and (A,,T) share the
common (E.A.) property.

Proof: As the pair (A,,T) satisfies E.A. property,
then there exist a sequence {X,} in X such that

limAX, =limTx =z for some ze X . Since

nN— nN—

A/ (X) = S(X), hence for each {X_}, there
exist {y,} in X such that A)X, =Sy, . Therefore,
limAx, =limSy, =limTx, =z . Now, we claim
n—o n—o0 n—o0

that limAy, =z.

nN—oo

Suppose that limAy,#z , then applying
nN—oo

inequality (3.2), we obtain

M (AY,, AX,, kt), M (Sy,,Tx,,1),
P M (Sy,, Ay, 1), M (T, Aok, ki)

>
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which on making N — oo reduces to

M (lim A, 2,kt),M (z,2,1),
M (Ll_TO Ay, z,t),M(z,zkt)

As ¢ is non-decreasing in the first argument, we

have

M(limAy,,zt),1,
M(limAy,,zt),1

Using (B), we get M(limAy,,z,t)>1. Hence

M(limAy. ,z,t)=1. Therefore, limAy, =z .

Hence, the pairs (A,,S) and (A,,T) share the

common (E.A.) property.

Theorem 3.1: Let {A } , Sand T be self mappings of

a fuzzy metric space (X, M, *) satisfying the conditions
(3.1), (3.2), (3.3) of
(A,,S) and (A,,T) are R-weakly commuting. If

lemma 3.1 and the pairs

range of one of S and T is closed subspace of X then

{A, } , Sand T have a unique common fixed point.

Proof: By lemma 3.1, the pairs (A,,S) and
(A,,T) share the common (E.A.) property, i.e. there
exist two sequences {X.} and {y,} in X such that

lim Ax, =1limSx, = limBy, =limTy, =z for
some Z € X . Suppose that S(X) is a closed subset of X,
therefore, there exists a point U € X such that z = Su.
We claim that Aiu = z. If A # z, then by (3.2), take

X:UIy:Xn,

>0

M (Au, AyX,, kt), M (Su,Tx,,t),
(/{M (Su, Au,t),M (Tx,, A)x,, kt) ]
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n—oo

M (Au, z,kt), M (z, z,t), >0
M (z,Au,t),M(z,z,kt) )

(M (Au,z,kt),, M (Au,z,t),1)>0

As ¢ is non-decreasing in the first argument, we

have
#(M(Au,z,t),L,M(Au,zt),1) >0
and using (A), we get M (Au,z,t) >1.

Hence M (Au,z,t) =1. Therefore, Au = z = Su
which shows that u is a coincidence point of the pair (A,
S).

Since, A(X) cT(X), there exists Ve X such
that Tv=1z = Aju = Su. Now, we show that Agv = z.

If Agv # z, then by using inequality (3.2), take x =

Yn, Y=V, we have

M (AY,, AV, kt), M (Sy,,Tv,1),
(/{M (Sy,, Ay, t),M(Tv, Ayv,kt) j
n— o0

M (z, AV, kt),M(z,2,t),M(z,z,t),

(M(z,on,kt) ]

>0

>0;

Using (B), we get M (z, A,v, kt) >1.

Hence M (z, A,v,kt) =1. Therefore, Ajv =z = Tv

which shows that v is a coincidence point of the pair
(Ao, T). Since, A; and S are pointwise R-weakly
commuting, there exist R > 0 such that

M (ASu, SAu,t) > M (Au, Su,t/R) =1.

This gives, A;Su = SAju = AAu = SSu.

Similarly, as A, and T are pointwise R-weakly
commuting, we have AgTv = TAgv and AgTv = TAv =
AcAv = TTv.

Take x = Aju, y=vin (3.2), we have
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>0

M (A AU, AV, kt),M (SAu,Tv,t),
¢{M (SAu, AAu,t),M (Tv, Ayv,kt) J
(M (AAU, Au,kt), M (SSu, Au,t),1,1) > 0;

As ¢ is non-decreasing in the first argument, we

have

#(M(AAu, Au,t),M(SSu, Au,t),1,1) >0;
Using (C), we get M (A Au, Au,t) >1.
This gives, M (A Au, Au,t) =1.
Therefore, AjA;u = Aju. Hence, Az = z = Sz.
Similarly, by putting, y = Agv, X = u in (3.2), we get

M (Au, AyAv, kt), M (Su, TAV, t),
(/{M (Su, Au,t),M (TAV, A AV, kt) ]

(M (AV, A AV, kt),M (A, A/AV,1),1,1) > 0;

>0

As @ is non-decreasing in the first argument, we

hav

(M (A, AJ AV, 1), M (AV, A /AV,1),11) > 0;
M (AVv, A,AV,t) 21

therefore, M (A, AJAV, 1) =1
This gives, AV = AoAov.
Aiz=z=Tz

Hence, Aiz = Ayz = Sz = Tz, and z is common fixed
point of A;, Ag, Sand T.

Uniqueness: Let z and w be two common fixed points
of A, Ay, S and T. If z # w, then by using inequality
(3.2), we have

M (Az, A\w,kt), M (Sz,Tw,t),
¢[M (Sz, Az,t), M (Tw, Ajw, kt) J

(M (z,w, kt), M (z,w,t),]
(
(

>0

>0

S

M(z,z,t),M (w,w,Kkt)
$(M(z,w,kt),M(z,w,t),1,1)>0,
$(M(z,w,t),M(z,w,t),1,1)>0.

Copyright © 2012 MECS

Using (C) and (F), we have M (z,w,t) >1.
Hence, M (z,w,t) =1.

Therefore, z=w

By choosing A, Ao, S and T suitably, one can derive
corollaries involving two or more mappings. As a
sample, we deduce the following natural result for a
pair of self mappings by setting Aj = Apand T = S in

above theorem:

Corollary 3.1. Let {Aj} and S be self mappings of a

fuzzy metric space (X, M, *) satisfying the following:
(3.4) the pair (A;, S) satisfies the E.A. property;

(3.5) forany x,y in X, ¢ in M, and forall t >0,

>0

M (AX, Ay, kt),M (S, Sy,t),
M (Sx, AX,t), M (Sy, Ay,t)
(3.6) S(X) is a closed subset of X.

Then, {Ai} and S have a point of coincidence each.
Moreover, if the pairs (A;, S) is weakly compatible, then

{Ai}and S have a unique common fixed point.

By taking Ai = Ao = Aand T = S in theorem 3.1, we
get

Corollary 3.2. Let A and S be self mappings of a

fuzzy metric space (X, M, *) satisfying the following:
(3.7) the pair (A, S) satisfies the E.A. property;

(3.8) forany x,y in X, ¢ in Myand forall t >0,

>0

M (AXx, Ay, kt), M (Sx, Sy, 1),
(M (Sx, Ax,t), M (Sy, Ay, t) ]

(3.8) S(X) is a closed subset of X.

Then, A and S have a point of coincidence each.
Moreover, if the pairs (A, S) is weakly compatible, then

A and S have a unique common fixed point.

The following example illustrates Theorem 3.1.
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Example 3.2. Let (X, M, *) be a fuzzy metric space

where X = [0, 2) and define ¢:[O,1]4—> R as

o(t,t,,t,,t,) =14t —12t, + 6t, —8t,. Clearly, ¢
satisfies all conditions (A), (B) and (C). Therefore,
¢ M,. DefineA, B,Sand T by

AiX =Ax =1,

1 xeQ 1 xeQ
S(x)=<2 , T(X)=11
(x) 2 Y20, () : X2

and M(X,y,t)= "

vt
+[x-y]

, 1
2 ) and t>0.Then with sequences {X, ==/ and

{yn = _—1} in X, we have
n

limAx, =1limSx, =limAyy, =limTy, =1 in

n—o0

forall x,yin X =0,

which shows that pairs (A;, S) and (Ao, T) share the
common (E.A.) property. By a routine calculation, one
can verify the condition (3.2). Thus, all the conditions
of Theorem 3.1 are satisfied and x = 1 is the unique

common fixed point of A;, Ag, Sand T.
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