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Abstract—The method of construction adaptive observers
for linear time-varying dynamical systems with one input
and an output is offered. Adaptive algorithms for identifi-
cation are designed. Adaptive algorithms not realized as
an adaptive system contains parametric uncertainty (PU).
Realized adaptive algorithms of identification parameters
system are offered. They on the procedure of the estima-
tion PU and algorithm of signal adaptation are based. The
algorithm of velocity change system parameters estima-
tion is proposed. Estimations PU and its misalignments
are obtained. Boundedness of trajectories an adaptive
system is proved. Exponential stability conditions of the
adaptive system are obtained. Iterative procedure of con-
struction a parametric restrictions area is proposed. Simu-
lation results have confirmed the efficiency of the method
construction an adaptive observer.

Index Terms—Identification, adaptive observer, time-
varying dynamical system, Lyapunov function, uncertain-
ty, vector combined equations of comparison.

I. INTRODUCTION

Construction of adaptive observers (AO) is one of the
rapidly developing areas of control theory. The basis of
theory AO for the linear class of dynamic systems has
been obtained in the end of past century [1-6]. The class
of the adaptive systems having special identification rep-
resentation in space "input-exit" has been proposed. De-
spite this, the research in this area continues. In particular,
attempts of construction AO for time-varying plants are
made. The majority of the approaches are based on the
generalization of the results which are obtained for linear
time-invariant dynamic systems.

Problem of combined identification and control of the
discrete dynamic system with time-varying parameters is
considered in [7]. It is supposed that parameters are
piecewise constant, and the modification time is deter-
mined by means of the Markov chain. Convergence of
adaptive algorithms is proved. The set of criteria allowing
minimizing an error of forecasting an output system, is
applied to improve efficiency of control. Such approach
complicates identification systems. Problem of adaptive
identification time-varying nonlinear plant is considered
in [8]. It is supposed that the plant state vector is meas-
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ured and description of a nonlinear part of the system is
known. The unknown vector of parameters system ap-
proximates Taylor series. The adaptive algorithm of iden-
tification is offered. Liders-Narendra adaptive observer
[9] is applied to stabilization of time-varying nonlinear
continuous system. Boundedness of trajectories in an
adaptive system is proved.

Methods of adaptive control dynamic systems with
variable parameters are proposed in [10]. It is supposed
that parameters have the restricted velocity of a change.
Boundedness of trajectories in an adaptive system is
proved. This approach improves the quality of transients
in an adaptive system. It on nonlinear time-varying sys-
tems can be generalized.

A multidimensional linear time-varying dynamical sys-
tem is considered in [11]. Matrix state and control has the
known function of time. It is supposed that the linear part
of the system depends on an unknown parameter vector.
The adaptive Kalman filter for a state estimation and sys-
tem parameters is offered.

Considered methods and algorithms do not allow to
ensure the unbiasedness of obtained estimations [12, 13].
Explain it to that the law of a change parameters is un-
known. Therefore, the majority of approaches on a quasi-
stationary hypothesis are based.

The solution of the adaptive identification problem
time-varying systems is based on application: i) various
methods of parameters approximation [8]; ii) compensat-
ing controls [9, 14]. Choice of the reference model in [14]
is realized on the basis of the prior information analysis.
The law of parameters modification under the priori un-
certainty is unknown. Therefore, the object as a system
with parametric uncertainty is considered.

AO application for control of the stationary uncertain
object is given in [3, 15]. The case when uncertainty is a
discrepancy of model to plant (structural disturbances) is
studied. Such disturbances are called non-modeling dy-
namics. Algorithms which ensure robustness to these
disturbances are designed.

Integrated algorithms of the identification parameters
vector of time-varying linear system are designed in [16].
The law of change unknown parameter drift system is
specified as a dynamic system with unknown constant
parameter vector. It is specified in the process of adapta-
tion. Dynamic system with a time-varying matrix of a
state is considered in [17]. The matrix is specified a priori.
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The problem is reduced to identification of unknown con-
stant parameter vector. The adaptive algorithm of tuning
is proposed.

So, the problem of identification time-varying systems
as before is actual. The problem of ensuring the asymp-
totic stability of the adaptive system in the output space is
not solved. The problem of system identifiability at non-
performance of excitation constancy data condition was
not studied.

We for linear time-varying dynamical systems propose
a method of construction AO with uncertainty in a loop
tuning. Algorithms of tuning parameters AO are devel-
oped. The dynamic system for estimation the velocity of
system parameters change is proposed. The system pa-
rameters are formed in the synthesis process of the esti-
mation system. The algorithm of signal adaptation for
compensation of non-modeling dynamics is developed.
Boundedness of trajectories adaptive system with AO is
proved. Conditions of an exponential stability adaptive
system are obtained.

The paper has the following structure. Section 2 con-
tains the problem statement. The design of adaptive algo-
rithms is described in section 3. The Lyapunov functions
method is applied to obtaining of adaptive algorithms.
Obtained adaptive algorithms are unrealizable. Therefore,
we propose dynamic system for change velocity estima-
tion of initial system parameters. It is showed that this
system has linear form and depends on an unknown con-
stant vector of parameters. The design of an algorithm for
estimation of the unknown constant vector of parameters
is given in section 4. Choice of dynamic system parame-
ters for estimation of change parameters velocity of initial
system is given in section 5. Properties of the developed
adaptive identification system are researched in section 6.
The definition method of the guaranteed parameter esti-
mation area AO is described in section 7. It is based on
processing of experimental data set in "the vertical direc-
tion" (on range), and represents the intellectual procedure
of decision-making. Simulation results of the obtained
AO are presented in section 8. The final section contains
the review of obtained results and their discussion.

Il. PROBLEM STATEMENT
Consider dynamic system

X = A(t)X +B(®)r,

y=C'X @

where X e R™ is a state vector, reR, yeR is input

and output of system, Ae R™™ is matrix of state the
form

- PHT
Alt) =] At) : ——|,
® { 0 - }
AeG, < R" is vector of parameters, belonging restrict-
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ed, but a priori unknown area G, ; A e R™ ™ s sta-
ble diagonal matrix; Be G, < R™, G, is restricted, a
priori an unknown area; H e R™*, h =1 (i=1,m-1),
CeR™, C=[10K O]T. The pair (A, H) is controlla-
ble.

Assumptions.

Al. The input r(t) is a piecewise continuous bounded.

A2. A | <a, ||BOI<B, a=0, f20.

A3. The transitive matrix of the system (1) is uniformly
restricted on a time.

Apply model to identification of pair {A(t), B(t)}

X = A, (X —CCTX)+A®)y + BO)r,

>0 2)
y=C X,

where A, € R™"is the Hurwitz matrix of the form

—k HT
AclG |

k>0; AecR", BeR™ are vectors of adjusted parame-
ters; X e R™is state vector; § e R is model output.
For system (1) we have the information

1, ={y(), rt)ted}.

Problem: construct the model (2) and determine such
laws of tuning of vectors A(t) and B(t) on the basis of
the analysis I, for the system (1) satisfying to assump-
tions of A1-A3 that

lim| () -y(©)| <3, 5,20,

1. SYNTHESIS OF ADAPTIVE ALGORITHMS

Write the equation for the prediction errors. Subtract (1)
of (2) and obtain

E =A,E+5Ay+5Br,

; ®)
e=C'E,

where SA(t) = A(t)— At) , SB(t) = B(t)—B(t) are vec-
tors of parametric misalignments.
Apply to y(t) and r(t) auxiliary filters

P=AP +Hv,v=vy,r, 4)
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where P, eR™, P, eR™.

Let sD(t) =[SAT (t) 6B (t)]" is the vector of misa-
lignments parameters system (1), 6D e R*™, P eR*" is
the vector of the generalized input, P* =[y P/ r B'].

Lemma 1.

é¢=—ke+oD'P-Aw,, (5)
where Aw, R,
Aw, =Aw, (5D, P,t), 6D, =5D\{5a,, 5b}.
Proof. Obtain for e(t) the equation
¢=C'E=-ke+osay+sor+H'E,, (6)

where E" =[eE; |,
SAT =[5, 5A] |, 5B =[ b, 58] |,

Ez :(SImfl_A)_l(é‘Azy"'é‘Bzr)’ (7)

s=d/dt, I, e R™™D jsunity matrix.
Considering (4) and (7), H'E, transform to the form

HTE2=§A2TPy+5BZTR—Aa)2, (8)

where
Aw,(t) = j[sA; (t-7) 6B (t-0)][ P/ (=) P’ (T)T dr.

Substitute (8) in (7) and obtain (5).

We see from the equation (5) that the error e(t) de-
pends as on the unknown vector §D(t) , and a velocity of
its change (function Aw,(t)). SD@M)el, (1, is an a
priori information). Therefore, consider Aa, (t) as uncer-
tainty of the system (5). Aw,(t) does not reflect the ef-
fect of the change velocity parameters a, (t), b (t).

Integral algorithms of identification the vector D(t)
are designed in [16]. Here we are offered the new ap-
proach to estimation of the uncertainty Aw, (ADZ, P,t) in
system (3). We show, as on the basis of estimations
A, (t) to determine the parameter vector D(t) (D(t)
called drift parameters).

Apply Lyapunov function V, =0,5E" (t)CC"E(t) for
algorithms design for tuning of parameters the model (2).
Derivative V, on the time note as
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V, =—ke? +e5D' P —eAw, . 9)
Obtain [18] from the condition V, <0
SD(t) = -Te®)P(t) , (10)

D(t) = D(t) -Te(t)P(t) , (11)

where T'=T" >0, I'e R*™*" is a matrix ensuring con-
vergence of algorithm.
The vector D(t) in (11) specifies the dynamic law of

the change parameters system (1) and it is a priori un-
known. Therefore, the law (11) is not realized. We will
estimate the vector D in the identification process. Write
algorithms (10), (11) in the form

D(t) = 2 (t) ~Te®)P(t) , (12)
SD(t) = SZ(t) -Te(t)P(t) , (13)

where Z e R®™ is an estimation of the velocity change
parameter vector D(t), Z(t) = D(t).

Name algorithm (12) realized. Adaptive identification
algorithms of time-varying systems in such form are con-
sidered for the first time. Most often, the vector D(t) is

estimated on the basis of Kalman filter [12]. We estimate
the drift of parameters as a state of some dynamic system.
Present the vector Z(t) as [18]

Z(t) =-LD(t) + Q)K , (14)

where LeR’™" s diagonal matrix with 1, >0

(i =m) Q e R*™" is matrix with known elements,
K € R" is an unknown vector with constant elements.
The matrix Q(t) we form a priori. It sets drift of the
change of the vector D(t), ie. q; €eQcd , where
D(t) ={p, (1)} is the set of given functions.
So, the law of the change vector D(t) the system (1) is

specified on set ® . Change D(t) depends on an un-

known vector K .
Write adaptive identification algorithms (12), (13) as

D(t) = -LD®) + QK () ~Te()Pt),  (15)
SD(t) = —LSD(@) + Q)SK () ~Te®P(t) . (16)

We have reduced the identification problem to the def-
inition of the law the estimation vector K .

The criterion V,(t) to synthesize identification algo-
rithm of the vector K does not allow. In the next section,
we proposed a method of estimation the vector K .

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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IVV. ALGORITHM OF ESTIMATION VECTOR K
We propose a method of the estimation vector K . It is

based on implementation of two stages. At first, we esti-
mate the unobservable variable Aw(t) = Aw(SD,t) . Next,

use estimation Aw(t) for the tuning of vector K . The

algorithm design for the tuning K is based on introduc-
tion of an auxiliary error. The auxiliary error is the basis
for variable estimation Aw(t) .

Describe the method of estimation the unobservable
variable Aw(t) = Aw(sD,t). Form criterion of algorithm
tuning synthesis of the vector K in (15) on the basis
Aow(t) .

Apply to the vector P(t) the auxiliary filter

P =—kP +P. 1
Lemma 2.
y=kp, +D'R -a,, (18)
e=6D"R, - Aw,, (19)
where p,, € R, is the first element of the vector P,
t .
&, (t) = j D' (t—7)P, (r)dr . (20)
ty
Proof. Consider the first equation of system (2)
y=—ke+ay+br+H'X,.
Transform it to the form
J=—ke+ay+br+W,(s) (Aly+Blr),  (21)
where W, (s)=(sl,,—A)"H is transfer function,

X=[y X1
Divide the left and right parts (21) on s+k, s=d/dt.
Apply (17) and obtain
§=kp, +D'P, -, (22)
9 = kp1,k + yk ) (23)

Where

=17 |&y-br, X;]T I(s+K), 1=[1H], (29)
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& (t) = j D' (t— )P, (r)dr .

to

(25)

Subtracting from (20), we obtain (19).
The proof of lemma 2 (see (23)) and (18) gives the fol-
lowing estimates

¥ =kp,, + Vi

y =D'R —a. (26)

¥, (t) is known for any t >t,. Therefore, obtain uncer-
tainty estimation from (26)

& (t)=D" ()R ()= % (1) Vt=t. 27)
Apply the following approach for obtaining a, (t) .
Designate u, (t)=a, (t) and (18) write in the form

y = kpl,lk + [A)T Pk — Uy, (28)

where u, e R is the compensating control. As at the
identification stage u, (t) = ¢, (t) almost vt >t,, we use
in (28) the designation §(t) instead of y(t).

Subtract y(t) from (28) and obtain the equation for
auxiliary error &(t)

&) =sD" RO -u M+, 1), (29)
where §=y-vy.
Define u, (t) from the condition
u, =argminV,,
and obtain
U = 7€, (30)
where V, (t) =0,56°(t), », >0.
Then the estimation for Aa, (t) is fair:
£(t) =@, (1) -y, (). (31)
£(t) is described with the differential equation
é=(-L6D+QSK ~TeP)' R,. (32)

Consider Lyapunov function V, (t) =0,5¢%(t) . Deter-

mine adaptation algorithm of the vector K in (15). Ap

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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ply (32) and write V,(t) as

V. =—¢R'L6D +£P’ Q5K —£eR TP . (33)
Then
SK =K =-,¢Q"P,, (34)

where T, eR™, T, =T} >0.

So, the adaptive identification system is described with
equations (3), (4), (16), (27), (30) - (32), (34).

Remark 1. Approaches based on use of the expanded
error [19], do not allow to form criterion for the estima-
tion function Ag, (t) . Therefore, we have applied indirect
methods to the estimation of uncertainty. We define esti-
mation ¢(t) uncertainty Ag, (t) on the basis of the cur-
rent values of the model parameters D(t) and apply the
algorithm (34).

V. ABOUT CHOICE OF MATRIX Q(t) IN ALGORITHM (16)

The equation (14) describes dynamics of change vector
D(t) and has the general form. Its properties depend on

the choice of matrixes Q, L and the vector K . As a rule,
the structure of the adaptation law (matrix Q,L,K) is set
a priori. Matrix elements Q(t) can be set posteriori on
the basis of the preliminary analysis the set |, .

Let the frequent spectrum of signals y(t), r(t) is
known, i.e. is the set Q={Q, ,Q }. As the linear dynam-

ic system (1) is consider, frequency set for the vector
D(t) define as

Q,=Q,\Q,.

Specify ®(Q,) on the basis Q; and generate the ma-
trix Q(t).

V1. PROPERTIES OF ADAPTIVE IDENTIFICATION SYSTEM

We will consider properties of the proposed AO. The
system is complex and has several levels. We will apply
Lyapunov vector functions method to the proof of the
adaptive system stability.

Consider the condition of extreme nondegenerate (the
constancy of excitation) vector P(t) [20].

Lemma 3. The estimation for an informational matrix

P(t)PT (t) is fair
n {fD, ) <|P®P" ®)|<nir ) vt=o0, (35)
where P(t) e R*" is the generalized input of system (5);
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n<2m is the rank of matrix P(t)P"(t); D, (t) is the
largest nonzero principal minor of the matrix P(t)PT (t);
A7 (t) is maximum eigenvalue of the matrix P(t)P' (t);
||P(t) PT (t)|| is a norm of the matrix P(t)P (t).

Theorem 1. Let are fulfilled assumptions A1-A3 and
conditions: 1) all trajectories of system (1), (2) uniformly
are bounded on t ; 2) positive definite function
V (g, &,AA, A, t) satisfies condition

infV (e, e,6D,5K,t) — oo if H [e oD 5KT]” Sow;

3) the matrix Q(t) in (34) and vectors P(t), R, (t) are
extreme no degenerate and satisfy (35); 4) the matrix
LeR*™®" in (14) is the diagonal with I, >0 ; 5)
e(t)e(t) > a,e’(t), @, >0. Then all trajectories of sys-

tem (3), (4), (14), (16), (27), (30) - (32), (34) are restrict-
ed.
Lemma 4.

r,QTr'sD=4,Q"R,. (36)
Proof. Consider function
V,(t) =0,56D" (t)[*5D(t) . (37)
V,(t) has the form
V, =—6D'T'L6D+6D'T Q5K —esD'P. (38)

Obtain from the condition \/b.(t)so adaptation algo-
rithm for the vector oK(t)

SK =-T,Q'TsD, (39)
where ', e R™, I, =T} >0. Compare (39) and (19)

and obtain assertion of lemma 4.
Lemmab.

A, (t) =cle(t),

where $>0, 0<c<l1.
Proof. Aw(t) write as

Ao(t) =ce(r) ,

where 0<c(t) <1,

Aa(t) = jaDT (t-7)P(r)dr . (40)

b
Present P(t) as function from B, (t). Obtain from (17)

1.J. Intelligent Systems and Applications, 2017, 4, 1-13



6 Adaptive Observers with Uncertainty in Loop Tuning for Linear Time-Varying Dynamical Systems

at R (to) =0

t

R.(t) = jexp(—klzm(t ~7))P@)dz.
to
If the integration step At is small enough and assump-
tion Al is fulfilled, then
R =9"P(),

where 9 =k/(1-exp(—kAt)).

Determine P(t) from last equation and substitute it in

(40). Consider equality (31) and obtain assertion of the
lemma 5.
Proof of Theorem 1. Consider Lyapunov function

V(e,&,0D,5K,t) =V, (e,t) +V. (&,t) +
V, (5D, 1) +V, (5K, 1),

Where
V, (OK,t) =0,56K™ (t)(I + T, 1)SKT (1),
V,(e,t) =0,5¢(t), V. (e,t) =0,5¢°(t)

V;(6D,t) have the form (37). The time derivatives of the
function components V (t) described by the equations (9),
(33), (38) and

Vi ==6K™ (1, +TT,1)eQ'R, . (41)
Sum (9) and (38), (33) and (41):
V,, =V, +V, =—ke’ —eAw, —6D'T'LSD “2)
+5D' T Q5K '
V, =V, +V, =—¢PL6D—¢eR TP
e : (43)

-eoK'T'T,'Q"R,

Determine 6D from (36) and substitute it in (42). Ap-
ply the lemma 4 to last summand in (43). Then

V, =—&P LLP, —¢eP TP-6D'T'QSK, (44)
where L, =T(QQ")'QI','T,Q".

The matrix Q(t) and vectors B, (t), P(t) satisfy con-
ditions 3) theorem 1, and matrix L satisfies to a condi-
tion 4) theorem 1. Matrixes I', T, and T, are symmet-

rical positive defined. Therefore, following inequalities
are fair

Copyright © 2017 MECS

PkT LL.R >4, PkTFP >u, (45)
where

#=|[Cly, min R @) min [P

LE

’ué‘ = ”L"min min mtln"Pk (t)" !
I 1l is lower boundary of norm matrixes L and L, .

Obtain from a condition of passivity of the adaptive
system

egzo,egz%ez,OSag. (46)
Apply (45), (46) and (44) write as
V, <—u.e*—ane®-sD'T'QSK .  (47)

Sum (42), (47)
V =—ke’ —eAm, —6D' T LoD — u.&* —a,ne’. (48)

Apply lemma 5 to Aw,. Then obtain for eAw, the es-
timation

eAm, > c, e, (49)
where ¢, =9a,C, C= mlin c(t).
Let A, (L) <||L| < A (L) . where A, (L)>0 ,

Avax (L) >0 are minimum and maximum eigenvalues of
matrix L. Then

SD'TLSD > 24, (L)V,. (50)
Apply (49), (50) and for V obtain the estimation
V < =2(KV, + Ao (L, + 2V ) (51)

where k =k +a,7+c, >0.
V is negatively definite on variables e, ¢, 5D . There-
fore, the estimation is fair

V(1) <V(t,) - o(t), (52)

o(t) = j 2(|Zve (2) + Ay (LI, (2) + 1.V, (r)) dr.
Functions V,(t), V;(t), V.(t) satisfy to the condition 2)

theorem 1, and function V (t) is positive definite Vt>t,.

Hence, we obtain from (52) boundedness of all trajecto-
ries in ehe identification system.

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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Definition 1 [20]. The non-positive quadratic form
W (Y, X) has s -property or W(Y, X) e M, if it is repre-
sentable as

WY, X) =—c, |¥|[ +c W, (Y, X),

ol

forany Y e R™, X eR" in limited area

QDz{YeRm,xeR"

I +IX[ <@ a0},

where |Y| is Euclidean norm of a vector Y , ¢, >0,
¢y 20, W (Y, X) is some function.

Definition 2 [20]. The non-positive quadratic form
W(Y,X) has s" -property or W(Y,X)eMm" , if it is
representable as

WY, X) =—¢, |V[[ e, X,

for any Y eR™, X eR" in restricted area Q,, where
c, 0.

M* -property is an indication of constructive com-
pleteness the quadratic form W (Y, X). It allows analysis
of properties W(Y, X) to reduce to the estimation of in-

dexes corresponding M -matrix.
Estimate asymptotic stability of the designed adaptive
system. Consider Lyapunov vector function

V(©) =[V.(0) V,(0) V. VO,

where V, (t) =0,55K" ()"oK (t) .
Set positive functions s (t) for V;(t) Vt>t,. s;(t) is
majorant for V, (t) , where s; (t,) >V, (t,).i=¢e,5,ek.

Lemma 6. Vector equations system of comparison for
v (t)

S=AS, (53)
%, k, 0 0
2 —k; 0 ky
A=k, 0 -k ki |- (54)
0 0 % v ke

where S=[s, s, s, 5] , s,()>0, v=(g 6, & K) ,
k.>0, k;>0, k. >0, k>0, kk;>2k,;, v>0,
3Kk, (Kks —2K,5 ) > 4 (KKK + KK Kes —2KosK i )1 i
exponential stable with the estimation

S =" s(t,),

Copyright © 2017 MECS

if for the principal minor A, (A,) of matrix A, are fair
inequalities (~1)' A, (A, )>0, i=14.
Proof. We have for the derivative V,(t) the equation

(9). Write the equations for derivative other elements of
the vector V (t)

V, =—6D'T'LSD+6D'T'QSK —esD'P,  (55)
V, =—¢R/LoD+&R Q5K — ez, (56)
V, =-&5K'QPR, (57)

where 1 =P'TP,.

We obtain from (9), (55) - (57) obtain thatV, e ¥,
V.gMm and V, ¢ M . We will ensure execution M -
properties for functions V'g and V, , and then we will
satisfy the condition V (t) e m".

Consider at first (56). Apply the lemma 4 and obtain

K 1

oD =¢FR,,

where F=T(QQ")*Qr,'T,Q", (QQ")* is pseudo in-
verse matrix. Then

gRLSD = &P LFP, . (58)

As
e 2
—,ueé‘:—,u[—-i-é‘) + 26 e, (59)
2 4
that applies (58), (59) and (56) present in the form
V. =—£’PTLFP, +£P] Q5K + %ez +us®,  (60)

eV en.
Let ,ul1 mtaxy(t) , ypg m[inPkTLFF’k , kgilup—,u1 .
Apply the inequality [21]

—az? b’

-az’ +bz<— +—,
2a

a>0, b>0,z>0 (61)

to first two summands in a right part (60) and obtain

TAT T
Y, £—£52+5K Q AR Q5K+ﬁv.
“T2 2k, 2

As

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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SK'Q'RRTQSK < 2k, V,,

that
V. <KV +k V. +k, V,, (62)

where Ky = A (T ) A (L ) A (QQT ), Ly =R,

So, V. e m*. Go now to (57). To obtain V, € M, we
will suppose that is true

eSKTQPR, =v(e® +5K'Q"R.R'QsK)

Jo<latt>>t,.
Apply the approach, stated in 86.3.1 [20]. Transform
V, to the form

V, < —%u&KTQT PP'QSK +cvsK'Q'P,. (63)

So, V, € M. Obtain from (63) the estimation for V,
ensuring V, € "

V, <k oV, + % wv,, (64)

Where

ke = %ﬂmin (fK )Amin (LT’ )ﬂmi“ (QQT )

Now identify the estimation for \/'e (9) ensuring prop-
erty V, e " . Apply lemma 5 and from (46) obtain

2
eAw, >c e,

where ¢, =c8a, >0. Then the condition V, € %" has
the form

V, <k V. +k,V,, (65)
A (Lp ) A (T
Where ke=k+Cw, kedzw’ I—p:PPT iS

e

the matrix, satisfying conditions lemma 3.
Consider (55). Ensure V, € M. As

2
—-esD'P :—(e+%5DTPJ +e’ +%5DT L.6D,

Copyright © 2017 MECS

that
V, <-5D'T'LSD

2 T-1 1 T (66)
+e°+6D I'"QoK +=6D L,6D.
4

Use inequalities

SD'T'LSD > 4

win (Lp)SD'T 6D,

1 T 1 Tl

ZéD L.6D széD T 76D A (Lp ) A (1)
and transform (66) to the form

V, <k, SD'T'6D+€* +|5D'T'QsK|,

where

k,= %(Mm (Lo )= 2 (Lp ) A (D)) -
Apply the inequality (61) and obtain
V, <K,V + 2V, +Ky, V. (67)
where

_ ﬂ’max (QTQ)ﬂmax (fk )
e I(:)'ﬂ’min (r) n

o |

Use results 6.2 [20] and obtain assertion of lemma 6.
The comparison system (53) is fair for V (t) . It has the
solution S(t) =e" s (t,).

Theorem 2. Let assumptions A1-A3 and conditions 1),
3)-5) theorem 1 are fulfilled. Let: (i) exists positive defi-
nite Lyapunov vector function

VR =[V.0) V0 V.0 VO]

components which assume an infinitesimal higher limit;
(ii) inequality (62), (64), (65), (67) and vector system of
comparison (53), (54) are fair for elements of the vector

V (t) . Then the system (3), (4), (14), (16), (27), (30) - (32)
is exponential stable with the estimation

S =e"""'s(,),

k,>0, k; >0, k., >0, k. >0, k.k; >2k,;, v>0,

ed !

3k k, (Koks —2K,5) > A(K KK +KsK eKes —2K5K i)

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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where corresponding factors are given in the proof of
lemma 6.

The proof of the theorem 2 directly follows from
Lemma 6.

Remark 2. The lemma 6 gives the estimation of the
parametric misalignment 6D(t) the vector D(t).

Remark 3. The matrix M in definition 2 for consid-
ered adaptive system has the form (54).

VIl. DOMAIN OF GUARANTEED ESTIMATION

Section 6 contains the properties description of the
adaptive identification system. We showed that the sys-
tem is asymptotically stable. We propose an approach
which confirms a boundedness of adaptive system trajec-
tories in parametrical space.

We will describe a method of obtaining the guaranteed
parametric estimation domain G, for system (1). It is

based on the processing of set I in “the vertical direc-

tion" (on the range). The idea of the approach is de-
scribed in [20]. We give its development on the given
class of systems.

Remark 4. We use the area designation G, to under-

line its difference from areas of parametric restrictions of
the system (1) for A(t), B(t).

Let on YxUxJ is specified the relation @ :

BcYxUxJ, JcJ. Present the definition range and
the range of values @ as

dom(a) £ {J“ |3(y® € Y)3(ut) e V) [(Y,U) e 3] }
(68)

mg(®) & {(Y,u) | 3(te3)[(Y.L) e@]} . (69)

Next, we consider not all range of values relation B,
and its contraction @, = {@ |Y c ij} :

dom(@y)={ 3| 30 ev) [(v.3) e, 3] }

C, =mg(s,) :{ (Y9)|3D[(Y.9)es, 3] }c R
Assumption. The set C, is restrictedly

|t|;1}‘Cy <o, S:Jpr <o, #C, <o,
where #C_ is cardinality of the set C, .

relation C, with the set

We associate the y

Iy:{yeR | y(t), tej gJ} , I, =1, . Therefore, we
will write Cy(ly).

Copyright © 2017 MECS

Remark 5. The set Cy can be both continuous, and

discrete.
Describe procedure of obtaining the estimation of the
area G,(I,) onset C, . Let the problem of the parametric

estimation on the interval J(t) =[t,,t] is solved and are
obtained the sets

E={eeR|e(t) Vter(t)}, (70)

A:{AeRm

At) Vt e Jp(t)} .

Consider an interval J. =[L,t]ch(t) where t, >t,
is the time since which the error e(t) belongs to a neigh-
borhood O(0,4,), &, >0.

Fix any element c‘; eCy(Iy) where k corresponds to
a number of an element of set C (I,) . We suppose that

k e Kc Z is the integer set and #K <oo. Find intersec-
tion of the set I, with C; . It is cross-section [47] of the

set @, level y(t)=c;
3 ={ted c,0p(c ec,) (v =¢)[ (v es, ]}

Jk:Jk(Ck). (71)

y y y

k

y.jron which

The set J§ is combination of segments J
y(t)=cy,ie.

k k
3y =ud, ..
Form set of the estimations Al = A (J‘;)

A:={AeR"

A)v(tedk)& (v =c! )} (72)

on the segment J¥ , obtained from (71). Apply to ele-
ments of the set A} function f:R"xJS >R . Its de-
fines Euclidean norm of elements A'; . Obtain set

P(A})={AcR"

A(t)” v(tell)&
. (73)
(v =¢))&(cy <C,)}

Designate

B =inf P(AY), B, =supP(A}). (74)

k
tedy ted ;

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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Obtain local estimation of the area G, for set A‘;
(vte J‘y‘)&(e cE(J} )) on the basis of (71) - (74). Des-
ignate this estimation as G, (C, ) =G, (c,,A}).

Let the set G, (c, ) is an initial estimation of area G,
for the system (1). Designate it as G} =G, (C,,A}).

Here upper index is the iteration number. It specifies that
the estimation is determined on the basis of processing

the set C, for A[.
So, present the initial estimate G{(1,)=G,(c,,AY)
for G, as

ég(ly):{AeRm

 <[Aw) < B° VA e AX } . (75)

where ° =3, B =A..
Assume k=k+1, where (k+1) K is any element
from K. It does not coincide with the previous value.

Generate for the element ct“ €C, (Iy) of set (71) - (73)

and estimations (74). Obtain for set A§*1 local area

Gy =Ga(1, Ay*) ={ AcR"|
Bros <[A0]< B vA< AL

Apply algorithm to determine of the estimation area
G, ontheset JfUJ;*

&°(1,)=610,)US,(LA7). @)

The algorithm is fair for almost Vk e K and i e K.
Interpret GA(Iy,A‘;*l) in (76) by analogy to adaptive

algorithms as the current data. We specify to this data of
the estimation of the area G, . The equation (76) is fair

for VteJ. < J,(t).
Designate neighborhoods of points A and /?‘ as
O(ﬁi,5ﬂ), O(,é‘ﬁﬂ), where &, >0 is some number.

Introduce set

A, ={[f R, B e R‘ (Bc0(4'.5,))&
(Beie0(B',))).

Write the algorithm (76) in the form

Copyright © 2017 MECS

(77)

where G, =G, (1, ).
Other approaches to the formation of the area the guar-

anteed estimation can be applied. The estimation (77) is
the projection of area G, to space R . Design of algo-
rithm the construction set G, in space (A, J) is compli-
cated problem.

Remark 6. If the area is formed for Vt>t, apply an
algorithm based on the intersection of sets.

Theorem 3. Let conditions of the theorem 1 are satis-
fied. Then the algorithm (77) gives the restricted estima-
tion of area G,

A A

G, =GA(Iy,Ay)={Ae R"

B s“A(t)“g B vAe Ay}

= ~ A

and diameter G, is D, = fi— f#, where B=min ',

fi=max j'.
The proof of the theorem 3 follows from the stability
of the adaptive system.

VIIl. EXAMPLE

Consider dynamic system (1) second order with time-
varying vector A(t) . System parameters

A(t) =[4.125+0.375sin(0.1xt); ~1+0.2sin(0.025x1)]

B=[L512] A=-12.

The input is r(t) =2.5+0.25sin(0.1zt) . Entry condi-

tions for X(t) are X(O):[Z.S;l]T .The parameter k in

(2) is 1.3. The integration step is 0.1. Drift parameters in
(14) are determined as

K =[-1.97; 0.2; -0.9; 0.18]" , L = diag(0.5 1) .
We have performed spectral analysis of the system

output (1) for determining of parameters matrix Q in (15)
(Fig. 1) and have received

|1 sin(0.05zt) 0 0
o 0 1 sin(0.025xt) |’

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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f

Fig.1. Frequent spectrum of the system output (1) with m=2 (|R] -
amplitude).

125
100

e, %
751

50

25

o°

JANAN
\/50‘\/10b/ 150 200 250 300 35

-25

t

Fig.2. The relative error e(t) .

Matrixes T, I', and the parameter y, in (14), (34), (30)
have the form: y, =0.5,

I" = diag(0.0; 0.1; 0.0069; 0.024),

[, =diag(0.01;15; 0.01;17; 0.022; 0.1)s.

%)

)

1
e

-4,0 4

-4.,5 a,
-5,0 T T T T
0 50 100 150 200 250
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511,75—

b,

1,703

1,551 b

/bl 1

o LN AL
\/1

1,45 ‘
0 50

100 150 200 250 300 350
t
Fig.3. Results of the estimation vector A(t) of system.

Results of modeling the adaptive observer are shown in
Fig. 2 - 5. Fig. 2 represents the relative forecast error of
output (1), Fig. 3 shows results of parameters estimation
of the system (1). Tuning of parameters drift the vector

A(t) is shown in Fig. 4. The Fig. 5 shows the estimation
of uncertainty w(t) . It is obtained on the basis of the
equation (27) and algorithm (30).

0,625
0500\ p
0,375 2
0,250 K,
0,125

10,000 x x x : x :
KK ogs® 25 50 75 100 125 150 75
i1"-087
-1.04 ‘
21,21
1,4 3
.1’6A

184 Kk

-2,0 1 =

22 A/\ k
1

2,41

Fig.4. Tuning of parameters drift the vector A(t) .

-2,5

-3,0
-3,5
Uy » CE\)k4,() i
4,5
5,0
5,5
-6,0
-6,5

-7,0 T T T

0 25 50 75, 100 125 150

Fig.5. Estimation of the uncertainty (t) .
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-1 — 1,0
2 N e os
% 10,0
o ~ l|5A]
&, & 1-05
44
A 1-1,0
0 1.
RN 5 ) 1,5
-6 - 420
7 : : : — 125
0,5 0,0 0,5 1,0 1,5 2,0

Fig.6. Estimation of uncertainty @ and change &(e), [SA(e)| -

Change of the estimation w(t) as function e(t) is
shown in Fig. 6. We present in Fig. 6 also estimates for
Aw and |SA|. We note that around the point e =0 are

fluctuations functions |5A(e)| and £(e) . They are result
of the vector change A(t) of the system (1).

-3,0

454

Fig.7. The framework reflecting the quality of tuning parameter &, of
the model (2).

-0,7
-0,84
éZ -0,94
a,-1.01

41,14

21,2

-1,3
-1,250

1,000  -0.875

2

1,125 -0,750

Fig.8. The framework reflecting the quality of tuning parameter &, of
the model (2).

We introduce additional criteria of work performance
adaptive algorithms. They reflect the effectiveness of

tuning parameters 4, , 4, the vector A(t) of model (2)

and supplement results in Fig. 6. Criteria have the form of
framework (Fig. 7, 8). Models s, , s, correspond to

Copyright © 2017 MECS

frameworks and reflect quality of adaptive algorithms.
They have the form

SH 4 =0.6+1.14a, réjal =0.95, (78)
s, 14, =-0.002+a,, 1, =099, (79)
where r2 _, r? . are coefficients of determination mod-

&, ' 4,8

els (78), (79).
We see that tuning accuracy of the parameter &, is
high. The estimation &, has the lower accuracy of ap-
proximation of the parameter a, the system (1). Figures
reflect results for t > 0. If to eliminate the initial area of
tuning parameters, then the quality of tuning raises. Such

analysis is applicable for estimations of the vector B the
system (1).

||5A5:0_ G,
GA4'5' l|5A| //%//

t

Fig.9. Estimation of the parametric restrictions area G, .

Show on Fig. 9 estimation of the area G, obtained by

means of algorithm (77).
So, results of modeling confirm efficiency of the pro-
posed method of the design the adaptive observer.

IX. CONCLUSION

The method of design the adaptive observer for the lin-
ear dynamic system with time-varying parameters is pro-
posed. The information on an input and output of a sys-
tem is accessible. The method of design adaptive algo-
rithms identification on the basis of Lyapunov second
method is proposed. Obtained algorithms are not realized
as depend on parametric uncertainty. The realized adap-
tive algorithms of identification parameters the system is
developed. They are based on the procedure of the esti-
mation PU and algorithm of signal adaptation. Such ap-
proach has allowed us to obtain estimations as for PU,
and its misalignments. Boundedness of trajectories of
adaptive system is proved. Conditions of the exponential
stability adaptive system are obtained. The method of
construction the area parametric restriction is proposed
under uncertainty. Simulation results have confirmed the
performance of the proposed method of synthesis the

1.J. Intelligent Systems and Applications, 2017, 4, 1-13
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adaptive observer.
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