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Abstract: The paper investigates the problem of automatically detecting equivalent mathematical formulas in scientific 

texts. The authors propose a novel hybrid approach that combines structural analysis of formulas (normalisation, Abstract 

Syntax Tree (AST) construction, and vectorisation) with deep semantic analysis of the surrounding publication text using 

transformer models such as SciBERT and Sentence Transformers. During the study, a software implementation was 

developed that uses cosine similarity to assess context proximity and a Siamese neural network for equivalence 

classification. Evaluated on a custom dataset of 12,500 formula-context pairs from academic papers, the proposed hybrid 

model achieved an F1-score of 0.88, significantly outperforming baseline models that rely solely on structural (F1: 0.71) 

or textual (F1: 0.59) features. The experimental results were further visualised using heat maps, dendrograms, and UMAP 

projections, confirming the model's ability to identify equivalent expressions even when their syntactic notation differs 

significantly. The proposed framework is promising for use in anti-plagiarism systems, intelligent search services, and 

digital scientific libraries. 

 

Index Terms: Mathematical formulas, semantic analysis, equivalence of formulas, publication context, vector 

representation (Embeddings), transformer models (SciBERT, MathBERT), machine learning, clustering, natural language 

processing (NLP) 

 

 

1. Introduction 

Automatic detection of equivalent mathematical formulas in scientific texts is one of the key and urgent tasks of 

modern information science, due to the rapid growth of electronic publications, the need to organise knowledge, the fight 
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against plagiarism, the search for scientific ideas, and even support for the educational process in higher educational 

institutions. The universalisation of access to large digital libraries, the increase in the number of publications with 

complex mathematical expressions and formulas, highlights the urgent need to create intelligent search systems that are 

able not only to find identical lexical or structural records, but also to recognise equivalent formulas regardless of how 

they are presented in the text. This task is critically important for analytical systems in science, education, and patents, as 

it increases transparency in scientific circulation and supports open access to knowledge.  

An analysis of existing approaches in this area demonstrates that most classical systems focus either on the syntactic 

analysis of formulas (i.e., on the transformation of mathematical expressions into trees or graphs with subsequent lexical 

or structural comparisons) or on the comparison of formulas after bringing them to a certain canonical form by means of 

symbolic calculations. Such technologies include structuring formulas in MathML, using AST (Abstract Syntax Tree), 

applying various normalisation algorithms (e.g., symbolic simplification in SymPy), and approaches based on substring 

matches or heuristic variable substitution. However, these methods have limitations: they often "do not see" the semantic 

proximity between, for example, different but equivalent entries (for example, a² + 2ab + b² and (a + b)²), do not take into 

account the context in which this formula was given, and do not "understand" the author's load of certain symbols or 

structure within a particular work. In many cases, changing the order of terms, notation, indices, or even the use of 

synonyms (e.g., x instead of a) causes formulas to be omitted as non-equivalent, even though they essentially mean the 

same thing. There is also another problem: a significant increase in accuracy often requires a deep semantic interpretation, 

which can be grounded in the meanings the formula acquires in a real-world context (e.g., physics or statistics) or in its 

role in the proof.  

The emergence of new approaches has marked recent years, focusing on the use of natural language processing tools 

and modern machine learning architectures, in particular, embeddings, transformer models, and multilevel mechanisms 

for combining text and structure. At the same time, the problem of taking context into account remains insufficiently 

addressed: a formula can be equivalent only within the theoretical framework or application described in the publication 

(for example, the same algebraic formula in physics and chemistry can have different meanings).  

That is why this work aims to develop and experimentally investigate a new approach to the automatic detection of 

equivalent mathematical formulas, combining semantic analysis of the formulas themselves with consideration of the 

contextual features of the publications in which they appear. To achieve this, the study sets itself the following main tasks: 

to analyse modern approaches to equivalence recognition, to develop a hybrid model that includes vectorisation of 

formulas along with embeddings of the surrounding text, to conduct an experimental comparison of different strategies 

for integrating context, to evaluate the quality and advantages of the new approach using classical metrics (accuracy, 

completeness, F1-measure) on open and specialised corpora. The expected scientific contribution is to prove the prospects 

of multicomponent analysis, which takes into account both the formal structure of formulas and their semantic space in 

the text, as well as to create a universal framework suitable for extension and use in problems of scientific search, 

automatic classification and assessment of plagiarism in mathematical texts.  

2. Related Work 

The current state of development of information technologies for processing scientific texts is characterised by a 

shift from purely syntactic methods to deep semantic analysis. The problem of identifying mathematical content covers 

several key areas: detecting expressions, analysing their internal structure, and checking for plagiarism. The main areas 

of research are the following tasks: 

 

1. Detection and segmentation of mathematical expressions 

2. Semantic equivalence and autoformalization 

3. Specifics of natural language processing and intellectual analysis 

4. Fighting plagiarism in the scientific community 

 

The first stage of processing is the correct separation of formulas from the general text. The paper [1] provides a 

comprehensive analysis of methods for segmenting images of mathematical expressions, a critical step in the digitisation 

of printed publications. At the same time, [2] presented FormulaNet – a reference dataset that sets standards for training 

formula detection models. 

The key task of our study is to recognise equivalent formulas. [3] propose an approach to autoformalization through 

a combination of symbolic equivalence and semantic consistency that correlates with your chosen strategy for using 

SymPy and BERT. The mathematical theory of semantic communication, described in [4], provides the fundamental 

foundation for the transmission and interpretation of the semantic load of complex systems. 

Contextual similarity is also an important aspect [5-15]. The authors in [7] demonstrate the effectiveness of latent 

semantic analysis and cosine similarity for detecting borrowings. The authors in [10] focus on recognising formula 

concepts using machine learning, which allows the system to "understand" the purpose of the expression. The authors of 

[15] develop this idea by proposing LDA-based plagiarism detection systems that combine syntactic and semantic features. 

Since the formula's context is often presented in natural language, linguistic analysis plays a crucial role. The authors 



Context-Aware Semantic Fusion for Mathematical Formula Equivalence Detection 

Volume 18 (2026), Issue 4 – Page 83 

in [11-12] consider intelligent methods for processing Ukrainian content and mathematical models for decision-support 

systems for error correction, which are relevant to the localisation of such systems. 

The study [13] on detecting paraphrases via binary classification of text pairs closely mirrors your approach of using 

Siamese architectures to compare object similarities. 

The problem of "mathematical plagiarism" is more complex than the textual one. The authors in [8] propose a 

taxonomy of such plagiarism, emphasising the need to distinguish between identical entries and semantically equivalent 

ideas. Analytical studies in [10] confirm that traditional approaches are inferior to intellectual ones in identifying hidden 

borrowings. 

The analysis of the literature shows that combining symbolic calculations to verify formal identity with transformer 

models for analysing the textual environment is the most promising direction for developing systems for scientific search 

and for evaluating the originality of works. 

The relevance of the problem of automatically identifying equivalent mathematical formulas has led to the 

development of a wide range of methods for representing them in computer systems. There are three main paradigms in 

the literature: structural, symbolic and semantic. Structural approaches represent formulas as trees (parse trees, syntactic 

trees, or Directed Acyclic Graphs), where each node corresponds to an element or operation, and the tree explicitly 

preserves the hierarchy of operations.  

For example, the expression (a + b)2 after parsing is converted into a tree with an upper exponentiation operation 

and a subtree of addition a + b. In the structural approach, any comparison of formulas reduces to a comparison of tree 

isomorphisms. The standard for representing formulas in such systems is MathML or OpenMath. Table 1 compares 

classical approaches. 

Table 1. Examples of Presentation of Formulas by Standards 

Method  Submission format  Example  Feature  

Structural 

and  
MathML, AST  (𝑎 + 𝑏)2 → tree  Guarantees the preservation of the structure; sensitive to permutations and name changes  

Symbolic  Symbolic expression  (𝑎 + 𝑏)2 Allows canonical transformations; does not always distinguish between synonyms  

Semantic 

and  
Embedding, Earl  Formula vector  Takes into account meaning and context; needs ML/AI models  

 

Symbolic approaches focus on analysing the original notation or transforming the formula into a certain canonical 

form. Modern symbolic libraries (e.g., SymPy, Mathematica) operate with the rules of algebraic simplification, which 

allows you to unify non-standard notations. Symbolic simplification makes it possible to understand that a² + 2ab + b² = 

(a + b)²; however, it loses details of the structure of the view or local semantic nuances.  

Semantic approaches go beyond structural isomorphism: the formula is transformed into a multidimensional vector 

space, where proximity is determined not only formally but also by the context of use. Semantic proximity of two formulas 

𝑓1, 𝑓2 can be described in terms of the cosine distance between their vectors:   

 

 𝑐(𝑓1, 𝑓2) = (𝑓1 ·  𝑓2) / (||𝑓1|| ||𝑓2||). (1) 

 

At the same time, in modern research, the question of the semantic similarity of the textual part, i.e., the place where 

the purpose, proof, or use of the formula is described, is of increasing interest. Methods such as Sentence Transformers, 

SciBERT, and SBERT allow you to build vector representations of entire paragraphs or sentences and thus determine the 

proximity of the contexts of formulas. 

 

 s𝑖𝑚𝑐𝑜𝑛𝑡𝑒(𝐶1, 𝐶2) = 𝑐𝑜𝑠(𝑐1, 𝑐2) = (𝑐1 · 𝑐2) / (||𝑐1|| ||𝑐2||). (2) 

 

To adapt such approaches to mathematical formulas, preliminary vectorisation or syntactic breakdown of expressions 

is required. In the literature, there are hybrid methods where embedding is formed as a concatenation of the MathML 

structure and the text environment:   

 

 𝐹 =  [𝐸𝑚𝑏𝑒𝑑_𝑀𝑎𝑡ℎ𝑀𝐿(𝑓);  𝐸𝑚𝑏𝑒𝑑_𝐵𝐸𝑅𝑇 (𝐶𝑜𝑛𝑡𝑒𝑥𝑡𝑎𝑙𝑙𝑜𝑤𝑠)]. (3) 

 

Comparison of different approaches in Table 2 to see their effectiveness in typical problems. The analysis of 

scientific sources shows that structural-symbolic models perform well at finding identical records, but their flexibility 

decreases significantly when records vary or when notation changes. Conversely, modern semantic embeddings combined 

with context analysis enable the identification of chaotically stated formulas that are semantically equivalent, thereby 

making the search more robust to formal differences. However, even the best of the studied approaches face difficulties 

in a multidisciplinary context – the same formula can have different interpretations across different sciences or even 

within the same work. 

 



Context-Aware Semantic Fusion for Mathematical Formula Equivalence Detection 

Volume 18 (2026), Issue 4 – Page 84 

Table 2. Comparison of approaches  

Model/Study  Task  Context integration feature  Precision  
Recall /  

Completeness  

MathBERT  

(Peng et al.)  
Math search  Vectorisation of a formula and its text description  0.90  0.85  

Tangent-CFT  
Formula 

search  
Combination of structural and textual features  0.82  0.77  

Hybrid  

SymPy+BERT  
Equivalence  Canonical representation of a formula with context embedding  0.87  0.72  

Classic 

isomorph.  
tree  Structural only  

Only works with  

the structure of the formula without taking into account the 

context  

0.60  0.61  

 

While recent state-of-the-art models from 2024–2026, such as MathBERT and advanced contrastive learning 

frameworks, have significantly improved formula embeddings, they predominantly focus on internal token relationships 

within formulas. A critical limitation of these contemporary approaches is their shallow integration of the surrounding 

textual narrative. They often treat context as a secondary feature concatenated at the final layer, rather than employing a 

deep cross-modal attention mechanism to align mathematical variables with their explicit textual definitions dynamically. 

Overall, the literature review demonstrates a clear shift towards consolidating structural analysis with context-based 

semantics, yet the lack of deep alignment in recent works highlights the necessity for our proposed context-aware semantic 

fusion framework. 

3. Problem statement 

In modern scientific and educational information systems, there is an urgent need for automated detection of 

equivalent mathematical formulas that account not only for their structure but also for the publication context in which 

they appear. With this in mind, we formalise the task that we are exploring within the framework of this work.  

Consider a set of documents D ={d₁, d₂, ..., dn }, and each document contains one or more mathematical formulas. 

For each formula f, its structural or symbolic representation S(f) is determined, as well as the fragment d of the text 

(context) in which it appears. We designate it as C(f,d) – a sample of the surrounding text or section of the document in 

which the formula is located, f in document d. Let's set the problem as follows: for an arbitrary pair of formulas (di, dj) 

that may appear in the same or different documents, automatically determine whether they are equivalent given their 

context of use. Let feature matrices/vector representations be known for formulas Ef(f) (structural/symbolic embeddings) 

and for the EC(f) context (contextual embeddings, e.g., based on transformer models). Then a matching function or 

classifier is searched for: 

 

 𝐸𝑞𝑢𝑖𝑣:  (𝑓𝑖 , 𝑑𝑝), (𝑓𝑗 , 𝑑𝑞) ↦ {
1,   if the formulas are equivalent in their contexts

0,    otherwise
 (4) 

 

The function must take into account not only structural and symbolic identity, but also the semantic proximity of the 

surrounding text. The input data of the problem of automatic detection of equivalent formulas is a set of tuples:  

 

 F = (f, C(f, d)) ∣ f – formula, C(f,d) –  fragment of document text with f}, (5) 

 

where f is the formula itself (written in the form of LaTeX, MathML, symbol tree, etc.), and C(f,d) is the corresponding 

context, which can cover a sentence, paragraph, or section around the mention of a given formula in document d.  

To assess equivalence, pairs of elements with F: {((𝑓𝑖, 𝐶 (𝑓𝑖, 𝑑𝑝)), (𝑓𝑗, 𝐶 (𝑓𝑗, 𝑑𝑞)))}. 

The key criterion of equivalence is that even with different records (structures, notations, syntax or order of operands), 

formulas must have identical mathematical content within the given context. To determine this, a combination of 

structural/symbolic analysis is used in practice through simplification or normalisation and the calculation of semantic 

similarity between contexts using metrics such as cosine similarity of embedding vectors: 𝑠𝑖𝑚𝐶 = 𝑐𝑜𝑠(𝐸𝐶 (𝑓𝑖) ,  𝐸𝐶(𝑓𝑗) ). 

In some cases, an aggregate measure can also be measured, taking into account both factors: 𝑠𝑖𝑚𝑡𝑜𝑡𝑎𝑙 =  𝑠𝑖𝑚S + (1-) 

𝑠𝑖𝑚C, where simS – is structure-based similarity, simC is context-based, and  – is the weighting factor.  

The threshold function makes the equivalence decision: 

 

 Equiv((fi, C(fi)), (fj, C(fj))) = {1, if simtotal (fi, fj) ≥T; 0, if simtotal (fi, fj) < T}, (6) 

 

where T is an empirically selected threshold. 

Thus, the task of automatically detecting equivalent mathematical formulas, taking into account the publication 

context, is a classification or, in some cases, a ranking of pairs of formulas, combining structural, symbolic, and 

contextual-semantic features to achieve maximum accuracy and robustness to variations in writing and syntax.  
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4. Models and methods 

Mathematical formulas in a scientific text can be presented as strings (e.g., in LaTeX or MathML), Abstract Syntax 

Trees (ASTs), or vector representations. (embeddings), which facilitates machine interpretation. In this study, each 

formula f is initially normalised using symbolic computation libraries (SymPy and a MathML parser), where excess 

spaces are removed, and the notation and order of the members are unified, thereby achieving greater syntactic unity.  

The structure of the formula is formalised through the construction of a tree of operations, in which each node 

corresponds to an operator (for example, +, *, ^), and leaf vertices correspond to operands or constants:  

 

 𝐴𝑆𝑇((𝑎 + 𝑏)2) ⟹ ^(+(𝑎, 𝑏), 2) (7) 

 

For further vectorisation, a set of features is formed: the frequency of operators, patterns of substructures, the 

uniqueness of the symbols used, and information about symmetry or generalisation. At the same time, embedding of 

formulas is carried out (for example, via MathBERT, FormulaNet) – that is, the transformation of the formula into a 

multidimensional vector to ensure insensitivity to variations in the notation and indices, but compliance with mathematical 

content. 

Mathematical formulas should be considered in an inextricable connection with the text surrounding them: a 

description of the formula's purpose, an explanation, an assumption, or a scientific motivation often carries essential 

information about whether the formulas are equivalent in a practical sense. To take this context into account, a fragment 

of text C = {w1, w2, ..., wm} is distinguished as a paragraph, sentence or an entire section around the position of the formula 

in the document. 

Contextual processing is performed using modern transformer language models specifically designed for scientific 

texts: SciBERT, Sentence Transformers, and MathBERT. Text context is passed through the model, and the output is an 

embedding context in the form of a vector: 𝑐′𝑖 . For example, for a paragraph, the 𝑐𝑖  embedding is defined as 𝑐′𝑖 =
𝐵𝐸𝑅𝑇(𝑐𝑖).  

To capture multi-granularity semantics, context embeddings are extracted simultaneously at multiple levels 

(sentence, paragraph, section). A special role is played by common words, terminological units, consonant theorems or 

quotes that the transformer analyses.  

At the stage of combination, the vectors f'struct and c' are formed. To determine how similar the two formulas are, it 

is necessary to combine both their mathematical structure and textual semantics. In this study, two approaches to 

combining information are proposed.  

The first approach is the concatenation of vectors: x' = [f'struct; c], that is, the creation of a single feature vector 

containing both the structure of the formula and the semantic information of the context.  

The second approach is aggregation/weighted averaging of similarities:  

 

 𝑠𝑖𝑚𝑡𝑜𝑡𝑎𝑙 = α * 𝑠(𝑓’𝑠𝑡𝑟𝑢𝑐𝑡,𝑖, 𝑓struct,j
′ ) + (1 - α) * 𝑠𝑖𝑚(𝑐’𝑖, 𝑐’𝑗), (8) 

 

where α is the weight coefficient, which is selected experimentally, and sim(⋅,⋅) is, for example, cosine similarity. This 

approach allows you to take into account both the "mathematical proximity" and the extent to which the formulas are 

applied in close scientific/methodological circumstances.  

To address the limitations of linear concatenation and simple weighted averaging, we implement a non-linear cross-

modal fusion layer based on a Multi-Layer Perceptron (MLP) with a gating mechanism. This architecture facilitates a 

deeper alignment between mathematical symbols (structural embeddings) and textual semantics (contextual embeddings). 

The joint representation 𝑥𝑓𝑢𝑠𝑖𝑜𝑛 is defined as: 

 

 𝑥𝑓𝑢𝑠𝑖𝑜𝑛 = 𝜎(𝑊𝑓 ∗ 𝑓𝑠𝑡𝑟𝑢𝑐𝑡
′ + 𝑊𝑐 ∗ 𝑐′ + 𝑏) (9) 

 

where 𝑊𝑓  and 𝑊𝑐  are learnable weight matrices for the formula and context representations, respectively, 𝑏 is a bias 

vector, and σ denotes a non-linear activation function (ReLU). This cross-modal alignment layer allows the network to 

dynamically weight the importance of specific mathematical symbols relative to their textual definitions, capturing non-

linear cross-modal interactions that traditional routine combinations fail to model. 

After the combined vectors are generated, pairs of formulas are passed to the input of the machine learning model to 

solve the classification (equivalent/non-equivalent) or ranking (degree of proximity) problem. This study looked at some 

models, including:  

 

– logistic regression and SVM for basic binary classifiers,  

– gradient boosts (e.g. XGBoost) for more flexible models with numerous features,  

– feed-forward neural networks that accept the input of the combined embedding of formulas and contexts,  

– Siamese architectures are specifically designed to compare the similarity of two input objects (formulas).  
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In the most efficient embodiment, a Siamese neural network is used to pass each pair of formulas and their contexts 

through the same subnets, then compute the distance between the resulting embeddings. It allows you to train the model 

using examples of similar and dissimilar formulas, taking into account both their structure and context.  

To guarantee scientific reproducibility while maintaining the confidentiality of the proprietary software 

infrastructure, we fully formalise the underlying mathematical network architecture and its hyperparameters. The Siamese 

framework consists of two identical subnetworks sharing a single set of weights. The base structural formula embeddings 

are generated with a dimension of 𝑑𝑠𝑡𝑟𝑢𝑐𝑡 = 768, while the contextual textual embeddings utilise 𝑑𝑐𝑜𝑛𝑡𝑒𝑥𝑡 = 384 via the 

'paraphrase-MiniLM-L6-v2' model. The non-linear MLP fusion layer projects these concatenated cross-modal vectors 

into a shared dense space of dimension 𝑑𝑓𝑢𝑠𝑖𝑜𝑛 = 512. To optimise the network for formula equivalence detection, we 

employ the Contrastive Loss function, mathematically defined as: 

 

 𝐿(𝑊, 𝑌, 𝑋1, 𝑋2) = (1 − 𝑌)
1

2
(𝐷𝑤)2 +

1

2
𝑌{max(0, 𝑚 − 𝐷𝑤)}2 (10) 

 

where 𝑊 represents the shared network weights, 𝑌 is the binary equivalence label 𝑌 = 0 for equivalent pairs, 𝑌 = 1 for 

non-equivalent pairs), 𝑋1and 𝑋2 are the input pairs, 𝐷𝑤 is the Euclidean distance between the output embeddings of the 

subnetworks, and $m$ is the margin parameter, empirically set to 1.0. 

The complete end-to-end operational logic of the proposed framework is structured and presented in Algorithm 1. 

 

Algorithm 1: Context-Aware Formula Equivalence Detection 

Input: Formula pairs (𝑓1, 𝑓2) with corresponding textual contexts (𝑐1, 𝑐2) Threshold 𝑇 

Output: Equivalence decision 𝐸𝑞𝑢𝑖𝑣 ∈ {0,1} 

1. Normalise formula syntax for 𝑓1 and 𝑓2 (remove whitespace, apply unified character notations) 

2. if 𝑒𝑥𝑎𝑐𝑡_𝑠𝑡𝑟𝑖𝑛𝑔_𝑚𝑎𝑡𝑐ℎ(𝑓1, 𝑓2) then return 1 (Heuristic Pre-filtering step) 

3. 𝑓𝑠𝑡𝑟𝑢𝑐𝑡1
′ , 𝑓𝑠𝑡𝑟𝑢𝑐𝑡2

′ ← 𝐸𝑥𝑡𝑟𝑎𝑐𝑡_𝐴𝑆𝑇_𝐸𝑚𝑏𝑒𝑑𝑑𝑖𝑛𝑠(𝑓1, 𝑓2)  

4. 𝑐1
′ , 𝑐2

′ ← 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑟(𝑐1, 𝑐2) 

5. 𝑥𝑓𝑢𝑠𝑖𝑜𝑛,1 ← 𝜎(𝑊𝑓 ∗ 𝑓𝑠𝑡𝑟𝑢𝑐𝑡,1
′ + 𝑊𝑐 ∗ 𝑐1

′ + 𝑏) 

6. 𝑥𝑓𝑢𝑠𝑖𝑜𝑛,2 ← 𝜎(𝑊𝑓 ∗ 𝑓𝑠𝑡𝑟𝑢𝑐𝑡,2
′ + 𝑊𝑐 ∗ 𝑐2

′ + 𝑏) 

7. 𝑠𝑖𝑚𝑡𝑜𝑡𝑎𝑙 ← 𝐶𝑜𝑠𝑖𝑛𝑒𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦(𝑥𝑓𝑢𝑠𝑖𝑜𝑛,1, 𝑥𝑓𝑢𝑠𝑖𝑜𝑛,2) 

8. if  𝑠𝑖𝑚𝑡𝑜𝑡𝑎𝑙 ≥ 𝑇 then return 1 

9. else return 0 

 

A significant advantage of this approach is its resistance to noise and variations in formula writing, as well as its 

ability to "read" scientific content even where formal equivalence criteria do not apply (for example, in cases of definitions, 

generalisations, or circular references).  

Building on this theoretical framework, the subsequent section details the experimental design and statistical 

evaluation used to validate the proposed equivalence detection model empirically. 

5. Experiments 

To evaluate the proposed methodology, a custom dataset of mathematical formula pairs alongside their contextual 

descriptions was constructed. The dataset comprises 12,500 pairs of formulas extracted from the institutional repository 

and academic database of Lviv Polytechnic National University, encompassing theses, dissertations, and departmental 

publications in computer science and applied mathematics. The data was partitioned into training (80%), validation (10%), 

and testing (10%) sets using stratified sampling to ensure a balanced distribution of mathematically equivalent and non-

equivalent pairs. All experiments and model training were conducted on a workstation equipped with an NVIDIA RTX 

5070 Ti GPU, an AMD Ryzen 9 9900X processor, and 64GB of RAM. The software stack included Python 3.10 and the 

PyTorch deep learning framework. The experimental corpus comprises mathematical expressions inherently linked to 

their corresponding English-language textual contexts. Crucially, certain formulas within this dataset exhibit 

mathematical equivalence despite distinct syntactic representations (e.g., 𝑥2 + 2𝑥 + 1 and (𝑥 + 1)2). This structural 

variance necessitates the proposed methodology, which evaluates deep contextual semantics rather than relying solely on 

superficial textual comparisons. The integration of high-quality English textual contexts allows the pre-trained NLP 

transformer models to map these mathematical expressions into semantically rich vector spaces. This hypothesis-driven 

design isolates the structural syntax from the semantic intent, enabling controlled evaluation of how contextual 

embeddings improve equivalence detection over baseline string-matching algorithms. 

During the context vectorisation phase, a specialised deep learning model, SentenceTransformer, is used with the 

'paraphrase-MiniLM-L6-v2' variant. This model converts textual information into fixed-dimensional numerical vectors, 

enabling you to compare and analyse text content in numerical space conveniently. This transformation enables a direct 

comparison of semantic meanings across different contexts involving mathematical formulas. 
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Each textual context from the input data set is fed to the input of the model, which, passing through numerous neural 

layers, creates a corresponding vector, which is a compact and at the same time informative representation of the content 

of this text. These vectors of numerical values reflect the semantic properties of texts in such a way that contexts similar 

in content are obtained by vectors that are similar in direction and length in multidimensional space. Once all contexts 

are converted to vectors, a cosine similarity matrix is computed for each pair of vectors. Cosine similarity is a numerical 

measure of how much the directions of two vectors coincide, and ranges from minus one to one. A value closer to 1 

indicates high similarity; that is, the contexts are very similar in meaning. In contrast, a value close to zero or negative 

indicates a lack of semantic affinity. Thus, this process transforms textual information into a form convenient for 

quantitative analysis, laying the groundwork for further steps – clustering, building heatmaps, visualisation, and other 

methods for investigating the semantic relationships between the contexts that accompany mathematical formulas.  

6. Results and discussion 

The image shows a heatmap (Fig. 1.) that visualises the degree of semantic similarity between the contexts of 

mathematical formulas. It is a two-dimensional square matrix in which the same formulas are used along both the 

horizontal and vertical axes. Each cell displays a numerical value of the cosine similarity between the contexts 

accompanying the corresponding formula pair.  

Values in cells range from close to zero (meaning no or very weak connection) to values close to one (indicating 

high semantic similarity). The colour scale from blue (low similarity) to red (high similarity) helps you quickly navigate 

the relationships. On the main diagonal, the values are always equal to one (1.0), which is expected because each context 

is identical to itself. These diagonal cells are colored deep red.  

The formulas "x**2 + 2*x + 1" and "(x + 1)**2" have a value of 0.58, indicating the average similarity between the 

contexts. It is consistent with the mathematical equivalence of these formulas. A similar situation is observed between 

"𝑎2 + 𝑏2+ 2𝑎𝑏" and "(a + b)**2" – there is also a similarity between them at the level of 0.68. It is also worth paying 

attention to the relationship between "log(a*b)" and "log(a) + log(b)" (value 0.84), which indicates a high semantic affinity, 

presumably due to the mention of logarithmic identity in the texts. Formulas with values less than 0.3 are presumably not 

semantically related: either they come from different branches of mathematics, or they are considered in distant conceptual 

fields. In general, a heatmap allows you to discover clusters of formulas with similar textual explanations and, conversely, 

to identify formulas that are accompanied by unique or significantly different contexts. It is especially useful when 

analysing large corpora of mathematical texts, because it allows you to understand how the same mathematical 

construction is explained in different sources or how different formulas have the same applied interpretation.  

The graph presents a dendrogram (Fig. 2)  of hierarchical clustering of mathematical formulas based on contextual 

similarity. The tree is built using agglomerative clustering, in which each formula is initially treated as a separate cluster, 

and clusters are gradually merged based on their similarity. The vertical segments of the joins indicate the level (or 

"height") at which the clusters merged: the lower the merger point, the more similar the formulas' contexts are in terms 

of content.  

Several well-defined clusters are visible on the graph. One of them combines formulas of the form " (𝑎 − 𝑏)2 ", "𝑥2 

+ 2*𝑥 + 1" and "( 𝑥 + 1)**2". These formulas are mathematically equivalent or very similar in structure; presumably, 

their contexts in the texts are also similar (e.g., the explanation of binomial squares). Another cluster is formed around 

"a2 + b2 + 2ab", "(a + b)**2", "(y - 1)**2" and the like, which also apply to transformations of expression squares. Their 

union indicates similar semantics across contexts of explanation. Formulas with relatively unique contexts stand out, such 

as "y**2 - 2*y + 1", which joins other clusters only at a high level, indicating differences in the contextual environment. 

It is also possible to distinguish a cluster of logarithmic expressions: "log(a*b)" and "log(a) + log(b)", which merge at a 

low level and logically belong to the same topic (logarithm properties).  

In general, the dendrogram complements the heat map, allowing you to see the overall structure of relationships 

among formulas, grouped by the similarity of their textual contexts. It enables not only the identification of pairs of 

formulas with similar semantic explanations, but also the identification of topics or concepts around which mathematical 

expressions are grouped in educational and scientific texts.  

To quantitatively evaluate the quality and cohesion of the contextual clustering beyond qualitative visual inspection, 

we computed the Silhouette Coefficient for the semantic clusters. The hierarchical clustering yielded an average 

Silhouette score of 0.64. This statistically significant metric indicates a robust, mathematically sound cluster structure, in 

which formula contexts within the same cluster are highly cohesive yet distinctly separated from neighbouring clusters. 

This quantitative validation directly corroborates the qualitative observations derived from the dendrogram and provides 

a statistical foundation for the model's high classification accuracy. 
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Fig. 1. Heatmap of comparing formulas by context - contextual similarity between mathematical formulas 

The graph (Fig. 3.) visualises the results of reducing the dimensionality of the space of contextual vectors for 

mathematical formulas using the UMAP method. Each point with a caption denotes a separate formula, and its position 

in two-dimensional space is determined not by real coordinates but by the similarity of its content and context to other 

formulas. Formulas whose meaning or description is similar are located closer to each other, and those in the descriptions 

of which unique themes are found are found in remote parts of the plane. It can be seen that formulas such as x² + 2x + 1, 

(x + 1)², (a + b)², a² + 2ab + b² form compact groups, while, for example, "log(a) + log(b)" and "log(a*b)" are closely 

located side by side as similar objects. At the same time, individual points, such as the formula "sin(x)**2 + cos(x)**2", 

are farther away from the clusters, indicating their unique context compared to most other descriptions. Thanks to this 

arrangement, it is possible to identify groups of similar formulas and get a visual idea of the thematic diversity of the 

collection: some groups of formulas clearly gravitate towards each other, forming a kind of "islands" on the plane, while 

other formulas occupy an isolated position, emphasising their difference. The image shows a graph of similarities between 

mathematical formulas based on their textual contexts. Each vertex (labelled, for example, as F1, F2, etc.) corresponds to 

a separate formula, and the edges between the vertices indicate the presence of semantic similarity between the contexts 

of these formulas that exceeds a certain threshold. The arrangement of nodes in space is the result of a graph visualisation 

algorithm (probably force-directed layout), which seeks to minimise visual intersections and emphasise the structure of 

relationships.  
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Fig. 2. Dendrogram of a given dataset – hierarchical clustering of formula contexts 
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Fig. 3. UMAP-projection of formula contexts  

A graph (Fig. 4.) consists of several components: a central grouped cluster and several isolated nodes. The most 

tightly coupled cluster includes nodes F1, F2, F12, F14, and several others, all connected by numerous bonds. It indicates 

high similarity in the formula contexts within this group: these formulas are likely described in similar educational or 

scientific environments, perhaps belonging to the same mathematical topic (e.g., square transformations or elementary 

algebraic identities). Central to this structure is the formula F14, which has the most connections with other vertices. It 

may indicate that its context is the most general or that it often occurs in combination with other formulas. Instead, nodes 

F5, F6, F7, F8, F15, and F16 do not have any connections to other formulas. Their isolation may indicate unique contexts, 

a lack of meaningful intersection with other expressions, or a limited presence in the corpus. It is an interesting observation 

for further analysis: perhaps these formulas are used in highly specialised topics or atypical situations. Thus, the graph 

provides a visual representation of the network of semantic relationships among formulas, allowing you to identify both 

dense clusters of interrelated contexts and individual cases that warrant special attention.  

The graph (Fig. 5.) shows the distribution of the number of mathematical formulas across different semantic clusters, 

obtained by clustering the embeddings of the formula contexts. The X axis displays the identifiers of the clusters, and the 

Y axis displays the number of formulas that fall into each of them. The largest number of formulas ended up in the first 

two clusters – six each, while the third cluster contains only three formulas, the fourth – two, and the fifth – only one. 

Such a structure indicates that the descriptions or content of many formulas are most similar in clusters 0 and 1, i.e., these 

groups are contextually the closest in meaning. At the same time, formulas from clusters 3 and 4 have a more unique 

context or are significantly different from others, so there are fewer of them. In general, the graph illustrates the apparent 

dominance of several major groups, while the remaining cases are isolated or rare.  

The graph (Fig. 6.) shows the distribution of cosine similarities between formulas within the same semantic clusters. 

Along the horizontal axis, similarity values from about 0.2 to more than 0.8 are plotted, and the vertical axis shows how 

often certain values of this similarity occur for pairs of formulas from the same cluster. It is the histogram that allows you 

to see in what range the similarity between semantically close descriptions most often occurs – in this case, most pairs 

have similarities in the region of 0.5, that is, noticeable, but not too high proximity in the content. The graph also shows 

both completely different pairs within the same cluster and pairs with a very high similarity index (up to 0.8), but there 

are far fewer such cases. Such a picture suggests that even within the same cluster of formulas, there is considerable 

diversity in the degree of convergence across contexts or descriptions. Still, there is a strong central tendency – clustering 

"groups" not only perfectly close together but also with relatively similar formulas.  
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Fig. 4. Graph of relationships of dataset formulas  

 
Fig. 5. Histogram of the distribution of formulas into semantic clusters  

The graph (Fig. 7) shows which words are most commonly found in texts describing mathematical formulas, that is, 

in the so-called contexts. Along the horizontal axis, there are words that, after automatic analysis, were identified as key 

for these descriptions. The vertical axis displays the number of times each word appears across all contexts. Most terms 

show the same or similar frequency, forming a wavy "line" at about the level of two or three occurrences, but the word 

"square" stands out sharply and occurs noticeably more often - seven times. It shows that in your sample of formula 

descriptions, this topic occurs more often than any other, probably because contexts often refer to square, elevation to 

square, or formulas with this concept. The word "used", which occurs four times, also stands out, emphasising its 

importance in explanations of formula use.  
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Fig. 6. Distribution of similarity values between formulas  (similarity scores within clusters) 

  
Fig. 7. Histogram of the frequency of use of the top 20 keywords in contexts 

The rest of the keywords refer to basic mathematical concepts, from "algebra", "binomial", "expansion" to "sum", 

"trigonometric" and "value", which once again confirms the subject matter of the corpus as one that revolves around 

classical algebra, identities, transformations and trigonometric relations. The overall picture shows which concepts and 

terms constitute the "core" for the analysed collection of contexts and what their content revolves around.  

To systematically evaluate the contribution of the context module and justify the need for the proposed hybrid 

architecture, an ablation study was conducted. We compared the performance of three distinct configurations: (1) 

Formula-only configuration, which relies exclusively on the structural analysis and AST embeddings; (2) Context-only 

configuration, which evaluates the similarity based solely on the surrounding natural language text; and (3) the proposed 

Hybrid Fusion framework. 

Table 3 summarises the comparative results using standard classification metrics (Precision, Recall, and F1-score) 

evaluated on our core formula dataset. 

Table 3. Ablation Study Results for Different Module Configurations 

Configuration Precision Recall F1-Score 

Formula Structure Only (AST) 0.74 0.68 0.71 

Publication Context Only (SciBERT) 0.61 0.58 0.59 

Proposed Hybrid Fusion Framework 0.91 0.86 0.88 
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The results clearly demonstrate that relying solely on structural notation yields sub-optimal performance due to 

syntactic variations of equivalent formulas. Conversely, the context-only approach suffers from linguistic ambiguities. 

The proposed hybrid fusion framework outperforms both isolated baselines, achieving an F1-score of 0.88. This 

substantial improvement provides empirical verification of the necessity of the context module and demonstrates that the 

deep non-linear alignment layer successfully synthesises structural and semantic features. 

7. Conclusions 

As a result of the study, an approach has been developed and tested that combines semantic analysis of the structure 

of mathematical formulas with analysis of the publication context to identify equivalent mathematical expressions in 

scientific texts automatically. Based on the evaluation of 12,500 formula-context pairs, the proposed hybrid framework 

achieved an F1-score of 0.88, demonstrating a tangible quantitative performance gain over isolated baseline structural 

(F1: 0.71) and context-only (F1: 0.59) models. Furthermore, quantitative clustering analysis (yielding a Silhouette score 

of 0.64) confirmed the model's ability to cohesively group mathematically equivalent expressions despite significant 

differences in their syntactic notation. Thus, the proposed approach effectively combines the advantages of structural 

analysis and semantic text search within the boundaries of our experimental corpus. Despite these promising results, the 

current methodology operates within specific validated limitations. The contextual analysis is heavily dependent on the 

quality, length, and presence of the surrounding English narrative. Mathematical expressions lacking sufficient textual 

explanation, or those embedded in multilingual or highly fragmented documents, may experience degraded semantic 

alignment. Additionally, the 𝑂(1) heuristic pre-filter, while computationally efficient, restricts the initial screening to 

exact morphological matches, potentially requiring heavier reliance on the neural layers for complex symbolic 

permutations. Acknowledging these boundaries, the results obtained open up several prospects for further development 

of the work. The results obtained open up several prospects for further development of the work. Expanding the data 

corpus to include multi-genre and multilingual sources will increase the model's versatility and resilience to new types of 

formulas and contexts. Especially relevant are the areas of automatic learning on partially marked or unstructured data, 

the introduction of multilevel attention mechanisms to weigh individual elements of the formula and the surrounding text, 

and the integration of specialised mathematical knowledge (frameworks) to deepen understanding of applied features. 

The combination of semantic analysis with information on citations, references, and scientific relationships among 

publications is also promising. The practical significance of this study lies in the creation of a universal methodological 

basis for developing intelligent formula-search systems in electronic libraries, platforms for evaluating scientific papers, 

anti-plagiarism services, and educational systems. The proposed technologies open opportunities for the automated 

creation of knowledge maps, improved access to mathematical results, enhanced peer-review mechanisms, and the 

discovery of original ideas within the scientific community. Thus, the proposed approach can serve as a basis for future 

research on the mathematical analysis of knowledge and information integration in modern science.  
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    x  f u s i o n = 𝜎 (   W  f ∗   f  s t r u c t ′ +   W  c ∗   c ′ + b )


    W  f


    W  c


  b


  σ


    d  s t r u c t = 768


    d  c o n t e x t = 384


    d  f u s i o n = 512


  L  ( W , Y ,   X 1 ,     X 2 ) =  ( 1 − Y )  1 2   (   D  w ) 2 +  1 2 Y   { max ⁡ ( 0 , m −   D  w ) } 2


  W


  Y


  Y = 0


  Y = 1


    X 1


    X 2


    D  w


  (   f 1 ,   f 2 )


    ( c 1 ,   c 2 )


  T


    E  q u i v ∈ { 0 , 1 }


    f 1


    f 2


  e x a c t _ s t r i n g _ m a t c h (   f 1 ,     f 2 )


    f  s t r u c t 1 ′ ,     f  s t r u c t 2 ′ ← E x t r a c t _ A S T _ E m b e d d i n s (   f 1 ,     f 2 )


    s i m  t o t a l ≥ T


    c 1 ′ ,     c 2 ′ ← S e n t e n c e T r a n s f o r m e r (   c 1 ,     c 2 )


    x  f u s i o n , 1 ← 𝜎 (   W  f ∗   f  s t r u c t , 1 ′ +   W  c ∗   c 1 ′ + b )


    x  f u s i o n , 1 ← 𝜎 (   W  f ∗   f  s t r u c t , 1 ′ +   W  c ∗   c 1 ′ + b )


    x  f u s i o n , 2 ← 𝜎 (   W  f ∗   f  s t r u c t , 2 ′ +   W  c ∗   c 2 ′ + b )


    x  f u s i o n , 2 ← 𝜎 (   W  f ∗   f  s t r u c t , 2 ′ +   W  c ∗   c 2 ′ + b )


    s i m  t o t a l ← C o s i n e S i m i l a r i t y (   x  f u s i o n , 1 ,     x  f u s i o n , 2 )


    s i m  t o t a l ← C o s i n e S i m i l a r i t y (   x  f u s i o n , 1 ,     x  f u s i o n , 2 )


    x 2 + 2 x + 1


    ( x + 1 ) 2


    a 2


    b 2


  2 a b


      ( a − b ) 2


    x 2


  x


    x


  O ( 1 )

