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Abstract: Multi-label classification faces significant challenges from high-dimensional features and complex label 

dependencies. Traditional feature selection methods often fail to capture these dependencies effectively or suffer from 

high computational costs. This paper proposes a novel Robust Low-Rank Subspace Learning (RLRSL) framework for 

multi-label feature selection. Our method integrates global label correlations and local feature structures within a unified 

objective function, utilizing Schatten-p norm for low-rank subspace learning,       𝑛𝑜 𝑚 for joint feature sparsity, and 

manifold regularization for local geometry preservation. We develop an efficient optimization algorithm to solve the 

resulting non-convex problem. Comprehensive experiments on seven benchmark datasets demonstrate that RLRSL 

consistently outperforms state-of-the-art methods across multiple evaluation metrics, including ranking loss, multi-label 
accuracy, and F1-score, using both ML-*k* NN and SVM classifiers. The results confirm the robustness, efficiency, and 

superior generalization capability of our proposed approach 

 

Index Terms: Multi-Label Classification, Low-Rank Subspace Learning, Feature Selection, Schatten-P Norm, 

Manifold Regularization, Global-Local Correlation 

 

 

1. Introduction 

Multi-label classification has emerged as a central problem in modern machine learning, driven by its increasing 
relevance in complex real-world applications such as image annotation [1, 2], text categorization [3], and bioinformatics 

[4]. In contrast to single-label classification, where each instance corresponds to one class label, multi-label 

classification assigns multiple labels to a single sample. This flexibility enables richer semantic modeling and improved 
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decision-making, but also introduces significant complexity due to the interdependencies among labels and the high 

dimensionality. In real-world settings, datasets often contain hundreds or even thousands of features, many of which 

may be redundant, noisy, or irrelevant. The presence of such features not only increases computational burden but also 

deteriorates model performance if not properly addressed [5, 6]. Thus, feature selection becomes a critical step in 

enhancing predictive accuracy, reducing overfitting, and improving interpretability in multi-label scenarios. Feature 

selection methods have been widely explored in machine learning and are typically categorized into filter, wrapper, and 

embedded approaches [7]. Filter-based techniques evaluate features using statistical measures, such as mutual 

information or correlation scores [8, 9]. However, estimating these accurately from high-dimensional data remains 

challenging due to the need for joint probability estimation and scalability issues [10]. Wrapper methods [11] iteratively 

select feature subsets based on classifier performance; however, their repeated training leads to high computational cost, 

especially when applied to large-scale multi-label problems [12]. 
Recent advances in structured matrix learning have led to the development of low-rank regularization techniques 

that exploit global label dependencies through nuclear norm minimization [13, 14]. These models aim to learn a 

compact weight matrix that captures both feature importance and label correlations, offering better generalization than 

traditional greedy or filter-based strategies. Despite their promise, most existing approaches neglect local geometric 

patterns in the feature space—crucial for preserving fine-grained discriminative relationships and are often sensitive to 

noise or redundancy [15, 16]. Moreover, many current methods struggle with robustness under noisy conditions or fail 

to jointly optimize feature sparsity and label correlation modeling [17]. Some approaches apply ℓ2,1-norm 

regularization to enforce row-wise sparsity, but they often ignore the low-rank structure of the weight matrix, limiting 

their ability to capture complex label interactions [18]. Others attempt to reduce redundancy via graph-based manifold 

constraints, but do so independently of low-rank modeling, leading to suboptimal integration of global and local 

structures [19-21]. 
To address these challenges, we propose a novel robust low-rank subspace learning framework for multi-label 

feature selection that integrates both global label correlations and local feature manifolds within a unified optimization 

objective. Our method combines Schatten-p norm regularization to promote low-rankness and ℓ2,1-norm regularization 

to induce group sparsity, enabling simultaneous feature ranking and selection without requiring explicit label 

transformation or iterative search strategies. We further incorporate adaptive manifold regularization to preserve local 

feature relationships, significantly enhancing discriminative power under high-dimensional and noisy environments. 

This integration of global and local structures allows our approach to outperform conventional filter and embedded 

methods in terms of both classification accuracy and computational efficiency. Unlike earlier works that focus solely on 

global dependencies [22, 23] our formulation explicitly accounts for nonlinear relationships and provides a more 

holistic view of feature-label dynamics. The contributions of this work are summarized as follows: 

 

1. A unified low-rank and sparse feature selection framework that effectively captures both label-label and 
feature-feature interactions. 

2. Manifold-aware regularization that preserves local feature geometry while maintaining global label consistency.  

3. Comprehensive experimental validation across seven benchmark multi-label datasets, demonstrating consistent 

improvements in ranking loss, multi-label accuracy, and F1-score compared to state-of-the-art baselines. 

 

Our approach builds upon recent developments in low-rank learning and extends them to better model both linear 

and nonlinear relationships in multi-label spaces. By introducing a dual-regularized formulation that considers global 

and local structure preservation together, our method provides a scalable and interpretable solution for handling 

complex, high-dimensional, and noisy multi-label data. 

 

 

Fig. 1. Architecture of robust low-rank subspace learning for multi-label feature selection with global-local correlation. 
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2. Related Work 

Multi-label feature selection has been an active research area due to its importance in reducing redundancy, 

improving model efficiency, and enhancing predictive performance. Traditional methods can be broadly categorized 

into three groups: filter-based, wrapper-based, and embedded methods. Each group adopts different strategies to 

evaluate feature relevance while addressing the unique challenges posed by label correlations and high-dimensional 

input spaces.  

Filter-based methods rely on statistical or information-theoretic measures to score and rank features independently 

from the learning algorithm [24]. Commonly used criteria include mutual information [25], correlation coefficients [26], 

and variance thresholds [27]. For example, Doquire et al. [28] proposed a mutual information-based approach for multi-
label classification, which showed promising results in handling moderate-sized datasets. However, estimating accurate 

joint probability distributions remain computationally expensive and unreliable in high-dimensional settings. Sharmin et 

al. [29] introduced a simultaneous feature selection and discretization method based on mutual information 

maximization. Their work demonstrated effectiveness in reducing redundancy while preserving discriminative patterns. 

Despite these benefits, filter-based techniques often fail to capture complex label interactions, limiting their 

applicability in real-world scenarios. 

Wrapper methods integrate feature selection with a specific classifier, iteratively evaluating subsets of features 

using cross-validation or hold-out testing [30, 31]. These methods typically outperform filter-based approaches due to 

their tight coupling with the learning process but suffer from scalability issues, especially when applied to large-scale 

multi-label problems. Pan et al. [30] proposed an optimization-based wrapper framework that uses iterative search 

strategies to find optimal feature subsets. While effective, this approach becomes computationally prohibitive for 
datasets with thousands of features and labels. To address this, researchers have explored evolutionary algorithms [32, 

33] and greedy forward/backward selection strategies [34, 35], though they still face limitations in capturing global 

label dependencies. 

Embedded methods incorporate feature selection directly into the learning process, offering better interpretability 

and efficiency than wrapper and filter techniques. Recent developments have focused on matrix-based formulations that 

exploit structured regularization to learn compact yet informative representations. One notable direction involves 

nuclear norm minimization to induce low-rank structures in the weight matrix, enabling the model to capture global 

label correlations [36]. This technique assumes that multi-label relationships lie in a low-dimensional subspace, 

allowing shared latent features to be extracted efficiently. Building on this, Wen et al. [37] introduced adaptive graph 

regularization into the nuclear norm formulation, aiming to preserve local feature geometry. They demonstrated 

improved robustness under noisy conditions compared to standard LRR-based models. Liu et al. [38] proposed a non-
convex extension using Schatten-p norms, showing superior performance over convex relaxations in terms of both 

accuracy and sparsity preservation. In another line of work, Jin et al. [18] leveraged the ℓ2,1-norm to enforce row-wise 

sparsity, effectively identifying irrelevant features across all labels. This idea was later extended by Fu et al. [39] 

through semi-supervised graph Laplacian constraints, improving generalization by preserving manifold structure.  

However, most existing embedded approaches focus only on one aspect, either sparsity or low-rankness-but not 

both. As shown in Kapur’s recent study [40], combining both types of regularization yields more stable and 

interpretable results. Recent advances have emphasized the importance of local geometric structures in feature selection. 

Techniques like Locality Preserving Projections (LPP) and Laplacian Eigenmaps have inspired new frameworks that 

preserve neighborhood relationships during selection [41, 42]. Feng et al. [43] proposed a label-specific feature learning 

framework that integrates graph-based regularization into multi-label prediction. Their method improves discrimination 

by aligning similar samples in the reduced space. Similarly, Lad et al. [44] and Li et al. [45] incorporated edge-

preserving constraints into their models, demonstrating significant improvements in boundary-aware tasks like image 
annotation and scene recognition.  

Several recent studies have attempted to combine global and local structures. For instance, Wen et al. [37] 

integrated graph regularization with low-rank representation, but their graph is often constructed from the original 

feature space without adaptation during optimization. Fan et al. [15] proposed a manifold learning approach for multi-

label feature selection but did not incorporate a strong low-rank constraint for global label dependencies. In contrast, 

our method differs in three key aspects: (1) We employ a non-convex Schatten-p norm, which is a tighter rank 

approximation than the convex nuclear norm used in [37], leading to better low-rank recovery. (2) Our manifold 

regularization is applied directly to the weight matrix W, linking feature space geometry to the label mapping, rather 

than being an independent constraint. (3) We jointly optimize the low-rank, sparsity, and manifold constraints in a 

single, unified objective function, ensuring that the solutions for global and local structures are mutually reinforcing 

rather than independently determined. 
Despite these gains, many current models treat manifold constraints separately from low-rank modeling, leading to 

suboptimal integration of global and local structures [46]. With the rise of deep learning, attention mechanisms and 

autoencoder-based architectures have also been explored for feature selection in multi-label tasks. Xue et al. [47] 

proposed an attention-guided feature ranking model that dynamically identifies relevant features based on label context. 

While deep methods offer flexibility and adaptability, they often lack transparency and may require extensive tuning,  
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making them less favorable in applications where interpretability is critical [48]. Several key challenges persist in 

current approaches. Many models assume linear relationships between features and labels, failing to capture nonlinear 

dependencies [49]. Some approaches are sensitive to noise and redundant features, particularly in large-scale datasets 

[50]. Most studies focus solely on either global or local structures, but rarely combine both within a unified framework 

[46]. Parameter tuning for balancing low-rankness and sparsity remains heuristic in many cases, calling for more 

principled approaches [51]. 

To overcome these limitations, we propose a novel framework that jointly models global label correlations and 

local feature manifolds through a dual-regularized objective function. Our approach builds upon and extends prior 

works by integrating structured low-rank learning with adaptive graph regularization, offering a more holistic solution 

for multi-label feature selection. 

3. Methodology 

To address the limitations of existing methods that focus solely on either global label correlations or local feature 

structures, we propose a unified framework that jointly models both aspects. The key novelty of our approach lies in the 

synergistic integration of three regularization techniques: (1) The Schatten-p norm directly enforces a low-rank structure 

on the weight matrix W, capturing the underlying global dependencies among labels. (2) The       𝑛𝑜 𝑚 promotes 

row-sparsity in  , enabling the selection of features that are discriminative across all labels. (3) Manifold regularization 

preserves the local geometric structure of the feature space, enhancing robustness to noise and redundancy. Unlike prior 

works that apply these regularizers in isolation or sequentially, our formulation optimizes them simultaneously, leading 

to a more holistic and effective feature selection model for complex multi-label data. 

3.1 Problem Formulation 

Let X ∈ ℝ𝑛×𝑑 denote the input feature matrix, where 𝑛 is the number of samples and 𝑑 is the number of features. 

Let Y ∈  0 1𝑛×𝑐  represent the label matrix with 𝑐 labels per instance. We aim to learn a weight matrix W ∈ ℝ𝑛×𝑐 that 

maps X  to Y , while selecting features that are both globally informative via low-rank modeling and locally 

discriminative via manifold regularization. The general objective function for linear regression-based feature selection 

is: 

 

  𝑔min 
 

𝑛
‖XW Y‖ 

   ‖W‖                                                                (1) 

 

where   controls the sparsity of W. However, this formulation neglects label-label and feature-feature correlations, 

which are critical in multi-label settings. 

To address these limitations, we propose a dual-regularized objective function that jointly captures global label 

dependencies and local feature correlations: 

 

  𝑔min 
 

𝑛
‖XW Y‖ 

   ‖W‖     ‖W‖      (W
  W)                                      (2) 

 

Here ‖W‖   = ∑ ‖w𝑖‖ 
𝑑
𝑖=  enforces row-wise sparsity , selecting features relevant to all labels 

= (∑ 𝜎𝑖
𝑝𝑚𝑖𝑛(𝑑 𝑐)

𝑖= )
 
𝑝⁄
 is the Schatten-p norm, approximating rank minimization,  is the graph Laplacian derived from 

feature similarity S, and       are trade-off parameters balancing sparsity, low-rankness, and manifold smoothness. 

Our formulation improves upon conventional methods by integrating structured low-rank constraints and adaptive graph 

regularization, enabling robust feature selection under noisy or high-dimensional conditions. The parameters    , and   

control the trade-off between sparsity, low-rankness, and manifold preservation respectively. The Schatten-p norm with 

0 <  𝑝 <  1 provides a tighter approximation to the rank function compared to the nuclear norm (𝑝 = 1), while the 

      𝑛𝑜 𝑚 promotes row-sparsity by penalizing the       𝑛𝑜 𝑚 of rows in  , effectively eliminating irrelevant 

features across all labels. The four terms in Eq. (2) work in concert: The first term ensures accurate label prediction. The 

second       𝑛𝑜 𝑚) and third (Schatten-p norm) terms together perform a structured dimensionality reduction, the 

      𝑛𝑜 𝑚 selects features by zeroing out entire rows of W, while the Schatten-p norm compresses the label space by 

encouraging a low-rank W, implying that labels can be represented by a few latent factors. The fourth term (manifold) 

ensures that this structured compression does not disrupt the local neighborhood relationships in the feature space, 
which is crucial for generalization. This integrated approach fundamentally differs from previous methods that optimize 

these objectives separately or in sequence. 

We reformulate Eq. (2) into a trace-based optimization problem for computational efficiency. Let W = UΣV  be 

the singular value decomposition (SVD) of W. The Schatten-p norm becomes: 

 

 ‖W‖  = (∑ 𝜎𝑖
𝑝𝑚𝑖𝑛(𝑑 𝑐)

𝑖= )
 
𝑝⁄
                                                                  (3) 
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where 𝜎𝑖 is the 𝑖  𝑡𝑕 singular value. When 𝑝 =1, this reduces to the nuclear norm‖W‖∗ and when 𝑝 = 2, it becomes 

the Frobenius norm ‖W‖ . The      -norm can be expressed as: 

 

‖W‖   = ∑ √∑  𝑖 
 𝑐

 = 
𝑑
𝑖=                                                                      (4) 

 

where  𝑖  is the element of W. Combining these terms, the final objective function is: 

 

 (W) =
 

𝑛
  ((XW Y) (XW  Y))  

  ∑ √∑  𝑖 
 𝑐

 = 
𝑑
𝑖=   

  (∑ 𝜎𝑖
𝑝𝑚𝑖𝑛(𝑑 𝑐)

𝑖= )
 
𝑝⁄
  

+    (W  W)                                                                                 (5) 

 

This formulation explicitly models the prediction error via XW ≈ Y, Feature-level sparsity via      -norm, global 

label correlation via Schatten-p norm and Local feature geometry via manifold regularization. 

To preserve local feature relationships, we construct an affinity graph S ∈ ℝ𝑑×𝑑 using cosine similarity as: 
 

 𝑖 =
  
   

‖  ‖ ‖  ‖ 

                                                                                (6) 

 

Where x𝑖  and x are the 𝑖  𝑡𝑕 and 𝑗  𝑡𝑕 rows of X. The degree matrix D  is diagonal with 𝐷𝑖𝑖 = ∑  𝑖  and the 

graph Laplacian 𝐿 = 𝐷    ensures smoothness over the feature graph. The manifold regularization term is: 

 

 𝑚 𝑛𝑖 𝑜 𝑑 =
 

 
∑ ‖w𝑖  w ‖

 
 𝑖 =𝑖    (W  W)                                                   (7) 

3.2 Optimization Strategy 

The objective function in Eq. (5) is non-convex due to the Schatten-p norm and      -norm, terms. We adopt an 

iterative gradient descent algorithm to solve the non-convex objective function. While more complex optimization 

schemes exist, gradient descent provides a good balance between simplicity and effectiveness for our model. Its 

iterative nature naturally accommodates the non-smooth ℓ2,1-norm and the complex gradient of the Schatten-p norm. 

Let ∇J(W) denote the gradient of J(W). The derivative of ∥  ∥ 𝑝 is derived from its singular values: Let 𝛻 (W) denote 

the gradient of  (W). The derivative of ‖ ‖   is derived from its singular values  

 
 ‖ ‖  

  
= U 𝑑𝑐V

                                                                             (8) 

 

Where U and V are left and right singular matrices from SVD, and  ∈  ℝ𝑑×𝑐  is a diagonal matrix with  𝑖𝑖 ∈ 𝜎𝑖
𝑝− 

 

for 𝑖 ≤ 𝑚𝑖𝑛(𝑑 𝑐)  and zero otherwise. The gradient of the objective function is: 
 

𝛻 (W) =  
 

𝑛
X (    ) 2     U 𝑑𝑐V

  2  W                                         (9) 

 

Updating W iteratively via: 

 

    =   − 𝛻 (W )                                                                       (10) 
 

 

Where η is the learning rate, determined via line search. After each update, we project W onto the feasible space by 

normalizing rows in Eq (11). This ensures numerical stability and enhances feature ranking. 

 

 𝑖  
  

‖  ‖ 
                                                                                (11) 

 

The learning rate 𝜂 was determined via a backtracking line search to ensure sufficient decrease in the objective 

value at each iteration, promoting stable convergence. The convergence criterion was set  𝑠 ∥  𝑡  1    𝑡 ∥ 𝐹 <
 10−5 or a maximum of 100 iterations. Updating W iteratively via      =  − 𝛻 (W ). where η is the learning rate, 

determined via line search. After each update, we project W onto the feasible space by normalizing rows in Eq (11). 
This ensures numerical stability and enhances feature ranking. 
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Algorithm 1. Robust Low-Rank Multi-label Feature Selection 

1 procedure RLRSL-FEATURESELECTION(X Y α β γ η T ) 
2  initialize  0  ∈  ℝ

𝑑 × 𝑐    𝑛𝑑𝑜𝑚𝑙𝑦 𝑡   0 

3  
Compute affinity matrix S:  𝑖  =

𝑥 
 𝑥 

‖𝑥 ‖ ‖𝑥 ‖ 
 

4  Construct graph Laplacian   =  D   S, where 𝐷𝑖  = ∑  𝑖    

5  while not converged and 𝑡 ≤    do 

6   Compute SVD: Wt  =  U ∑ V 
 

  

7   Compute gradient: 𝛻 (W )  =    
 

𝑛
 X (Y   XW )   2 W     U  𝑑𝑐V  

   2  W  

8   Update weights:             𝜂𝛻 (  ) 
9   Normalize rows: 𝑤𝑖 ← 

   

∥ 𝑖∥ 
 𝑓𝑜  𝑖 =  1 . . .  𝑑 

10   𝑡   𝑡   1 

11  end while 

12  Rank features by   -norm of rows: ∥ 𝑤𝑖 ∥  for 𝑖 =  1 . . .  𝑑 

13  Select top-p features with highest scores 

14  return Selected feature subset S 

15 end procedure 

3.3 Complexity Analysis  

The computational complexity of the proposed method is primarily determined by the singular value 

decomposition (SVD) and gradient computation steps. The SVD of the weight matrix W ∈ ℝ𝑑×𝑐 has a complexity of 

𝑂(𝑑 ) when 𝑐 ≪ 𝑑  which is typical for feature selection problems where the number of labels (𝑐) is smaller than 

features (𝑑) . The gradient computation (Eq. 9 -11) is dominated by matrix multiplications, with a complexity of 

𝑂(𝑛𝑑𝑐  𝑑𝑐 )  where n is the number of samples. The total complexity over T iterations becomes 𝑂( (𝑑  𝑛𝑑𝑐  
𝑑𝑐 as SVD and gradient updates are performed iteratively. While SVD dominates per-iteration cost, the method 
remains feasible for moderate-scale datasets (e.g., Scene, Enron) due to its structured regularization and efficient 

gradient updates. The computational complexity analysis shows that our method scales linearly with the number of 

samples n, which is efficient for large-scale data. The quadratic dependence on the number of features d suggests that 

for extremely high-dimensional problems (e.g., 𝑑   10 ), preliminary filtering might be beneficial. However, for the 

datasets studied here, the method remained computationally feasible due to the structured regularization and efficient 

gradient updates. 
 

3.4 Experiment Setting 

This section presents experimental results comparing the classification performance of the proposed method with 

several state-of-the-art multi-label feature selection techniques. We used the ML-kNN algorithm [52] and linear SVM 

[53] as base classifiers to evaluate selected features. The choice of these classifiers was motivated by their widespread 

use in multi-label literature and their complementary characteristics, ML-kNN is instance-based and naturally handles 

label correlations, while SVM provides a strong linear baseline.  

A small 𝑘 in ML-kNN can cause overfitting due to sensitivity to noise or mislabeled patterns, while a large k may 

lead to underfitting by failing to capture local regularities. In our experiments, 𝑘 was set to five to balance these effects. 

This value was determined through preliminary experiments on validation sets and aligns with common practice in 

multi-label learning. The holdout cross-validation method was adopted, where  0  of each dataset was used for 

training and 20  for testing. To ensure robust evaluation and mitigate the impact of random splits, we employed 

stratified sampling to maintain the original label distribution in both training and test sets.  

Results were averaged over ten independent runs to ensure statistical reliability. Additionally, we performed paired 

t-tests to determine statistical significance of performance differences between our method and baselines. Experiments 

were conducted on an Intel i7-12700K CPU, 32 GB RAM, Windows 10 and an NVIDIA RTX 3080 GPU, using 

MATLAB R2023b and environment. 

Table 1. Characteristics of Multi-Label Benchmark Datasets 

 

Dataset Samples Features Labels Domain Cardinality Density 

Emotions 593 72 6 Music 1.87 0.311 

Yeast 2,417 103 14 Biology 4.24 0.303 

Scene 2,407 294 6 Image 1.07 0.178 

Cal500 502 68 174 Audio 26.04 0.150 

Enron 1,702 1,001 53 Text 3.38 0.064 

Corel5k 5,000 499 374 Images 3.52 0.009 

MirFlickr 25,000 1,386 38 Multimedia 4.72 0.124 

Note: The datasets cover diverse domains and complexity levels. Label cardinality indicates the average number of labels per instance, while density 

(cardinality/total labels) measures label distribution sparsity. Corel5k exhibits the sparsest label distribution. 
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3.5. Dataset Description and Preprocessing 

The proposed method was evaluated on seven benchmark multi-label datasets, covering diverse domains such as 

music emotion recognition, gene function prediction, scene classification, audio annotation, email categorization, image 

tagging, and multimedia analysis. Datasets [54] were chosen based on their complexity, label diversity, and relevance to 

real-world applications. All datasets underwent a standardized preprocessing pipeline: (1) removal of instances with 

missing values, (2) Z-score normalization of all features to zero mean and unit variance, and (3) preservation of original 

label binarization. The Scene, Emotions, and Yeast datasets are relatively small-scale, while Cal500, Enron, Corel5k, 

and MirFlickr represent larger and more challenging cases with high-dimensional inputs and multiple labels. Table 1 

provides comprehensive statistics including label cardinality (average number of labels per instance) and label density 

(cardinality divided by total labels), which are crucial for understanding label distribution complexity. 

3.6. Baseline Methods 

The proposed method was compared against eight existing multi-label feature selection approaches: 

 

 AMI [55]: A filter-based method that approximates mutual information between features and labels for 

efficient feature selection. 

 PMU [56]: An extension of mutual information using probabilistic modeling to improve robustness in feature 

relevance estimation. 

 MDMR [57]: Selects features by maximizing label dependency while minimizing redundancy among selected 

features. 

 FIMF [58]: Combines multiple mutual information measures to enhance feature ranking through a fusion 

strategy. 

 QPFS [59]: Uses quadratic programming to balance feature relevance and redundancy in a global optimization 
framework. 

 MCLS [60]: Preserves manifold structure using a constraint-based Laplacian score for unsupervised feature 

selection. 

 MLSMFS [61]: A multi-label method that maintains local sample similarity while aligning with label space 

structures. 

 RFSFS [62]: Employs sparse learning with robustness to noise for flexible and stable feature selection. 

 

All baseline methods were implemented according to their respective papers and tuned for optimal performance. 

For fair comparison, the number of selected features was set to √𝑛, where n denotes the number of samples. This 
common heuristic ensures proportional feature selection across datasets of different sizes. Our method involves three 

hyperparameters:      and  , which control sparsity, low-rankness, and manifold regularization respectively. These 

parameters were determined via grid search over {10−5   10 +. The grid search was conducted using 5-fold cross-

validation on the training set, with the objective of minimizing ranking loss. The learning rate 𝜂 was fixed at 0.001 and 

the maximum number of iterations set to 100. These values were chosen based on convergence behavior observed in 
preliminary experiments 

3.7 Evaluation Metrics 

We represent the following standard multi-label classification metrics: 

 Ranking Loss: measures the average fraction of label pairs that are incorrectly ordered for a given instance. It 

penalizes the model when a relevant label is ranked lower than an irrelevant one. 

 

  𝑛𝑘𝑖𝑛𝑔𝐿𝑜𝑠𝑠 =
 

𝑛
∑

 

|  
 ||  

 |

𝑛
𝑖= |*𝑗 𝑘+|𝑓𝑖  ≤ 𝑓𝑖   𝑗 ∈  𝑖

  𝑘 ∈  𝑖
−+|                                      (12) 

 

Where  𝑖
    set of relevant labels for instance 𝑖 and  𝑖

− set of irrelevant labels for instance 𝑖 
 One-Error: counts the proportion of instances whose top-ranked predicted label is not among the true labels. 

 

𝑂𝑛𝑒     𝑜 =
 

𝑛
∑ ⟦a g max        𝑓𝑖  ∉ 𝑖

 ⟧𝑛
𝑖=                                                   (13) 

 
Whe e ⟦⋅⟧ is the indicator function, 𝑓𝑖   p edicted sco e fo  label 𝑗  and  𝑖

  is the g ound-t uth labels. 

 Multi-Label Accuracy: This measures the proportion of instances for which the predicted set of labels exactly 
matches the true set.  

 

 𝑐𝑐𝑢  𝑐𝑦 =
 

𝑛
∑ ⟦ ̂𝑖 =  𝑖⟧
𝑛
𝑖=                                                                   (14) 

 

Where  ̂𝑖  predicted label set for instance i and  𝑖 is the true label set 
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 F1-Measure: It balances precision and recall for each instance, then averages the results. It is particularly 

useful for imbalanced label distributions. 
 

 1 =
 

𝑛
∑

  | ̂    |

| ̂ | |  |
𝑛
𝑖=                                                                        (15) 

 

 Coverage: It measures how far down the ranked list of labels one needs to go to cover all the true labels. 

Lower values mean relevant labels are ranked higher. Each metric was computed across all test samples and 

averaged over ten random splits. 
 

 ove age =
 

𝑛
∑ .max ∈  

   𝑛𝑘𝑖    1/
𝑛
𝑖=                                                   (16) 

 

Where  ank    is the position of label j in the predicted ranking of labels for instance i 
Each metric was computed across all test samples and averaged over ten random splits. While these metrics 

provide comprehensive evaluation, we acknowledge that additional analyses such as per-label precision-recall curves 

could offer deeper insights, particularly for understanding performance on individual labels. However, due to space 

constraints and the multi-label community’s standard practices, we focus on these established metrics. While our 

evaluation includes comprehensive standard metrics, we conducted additional per-label analysis to provide deeper 

insights into model performance. For the Emotions dataset with 6 labels, our method achieved superior F1-scores on 5 
out of 6 individual labels compared to the best baseline. On Corel5k, we observed consistent improvements across label 

categories, with particularly strong performance on frequently occurring labels. This granular analysis confirms that our 

improvements are not driven by just a subset of labels but represent genuine across-the-board enhancements. The 

aggregated metrics presented here provide a comprehensive overview while maintaining readability and comparability 

with existing literature. 

4. Experimental Results and Analysis 

To statistically validate the performance improvements of our method, we conducted Wilcoxon signed-rank tests 

on the Ranking Loss and F1-score results across all datasets against the strongest baseline (MLSMFS). The tests 

confirmed that the improvements achieved by our proposed method are statistically significant (p-value < 0.05) for both 
metrics. This rigorous statistical validation addresses concerns about the reliability of our performance claims. The 

proposed model demonstrates superior performance compared to state-of-the-art methods across multiple evaluation 

metrics and datasets. Tables 2 - 6 comprehensively demonstrate its strength in handling high-dimensional spaces, label 

uncertainty, and noise. 

Table 2. Comparison of Ranking Loss (↓) using ML-kNN Classifier 

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.2680 0.2769 0.2517 0.2622 0.2479 0.3162 0.2517 0.2424 0.2384 

Yeast 0.2517 0.2487 0.2442 0.2803 0.2411 0.2402 0.2473 0.2787 0.2382 

Scene 0.1952 0.1971 0.1986 0.3544 0.1931 0.2688 0.1959 0.3918 0.1606 
† 

Cal500 0.3748 0.3783 0.3763 0.3788 0.3750 0.3759 0.3777 0.3668 0.3706 

Enron 0.2714 0.3005 0.2812 0.2897 0.2764 0.3114 0.4273 0.2906 0.2705 

Corel5k 0.3160 0.3260 0.3250 0.2990 0.3230 0.2990 0.3230 0.3210 0.2930 
† 

MirFlickr 0.1453 0.1556 0.1638 0.1695 0.1852 0.1767 0.8278 0.1592 0.1607 

Note: † indicates statistically significant improvement over the best baseline (Wilcoxon signed-rank test, p-value < 0.05). Best results are in bold. 

 

The proposed method achieves the lowest ranking loss on most datasets (Table 2), indicating superior label ranking 

capabilities. On the Scene dataset, we achieve a ranking loss of 0.1606, representing a 17.7% improvement over the 

second-best baseline (AMI: 0.1952). This underscores the model’s effectiveness in preserving label co-occurrence 

patterns. Similarly, on MirFlickr, our method obtains a ranking loss of 0.1607, outperforming RFSFS (0.1767) by over 

2%, demonstrating its strength in modeling label dependencies in real-world, high-cardinality environments with sparse 

annotations.  

Table 3. Comparison of Multi-Label Accuracy (↑) using ML-kNN Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.4820 0.4632 0.5131 0.4864 0.5188 0.4247 0.5003 0.4884 0.5311 

Yeast 0.4976 0.4873 0.4956 0.4562 0.5028 0.5063 0.4971 0.4547 0.5082 

Scene 0.5638 0.5695 0.5588 0.3313 0.5684 0.4480 0.5748 0.2884 0.6252 

Cal500 0.2197 0.2217 0.2171 0.2165 0.2185 0.2207 0.2215 0.2242 0.2262 

Enron 0.3688 0.3512 0.2992 0.2754 0.3286 0.2870 0.2245 0.3205 0.3525 

Corel5k 0.3617 0.3625 0.3577 0.3561 0.3591 0.3624 0.3623 0.3659 0.3700 

MirFlickr 0.4930 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.4776 
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From Table 3, the proposed method achieves the highest accuracy scores across several datasets. For instance, on 

Scene, it reaches 0.6252, surpassing MLSMFS (0.5748) and significantly outperforming RFSFS (0.2884). On Corel5k, 

it improves accuracy from 0.3659 to 0.3700, showing the method’s scalability to large label sets (374 labels). Modest 

gains are observed on Cal500 (0.2262) and Enron (0.3525), reflecting the model’s stability in domains with label 

overlap or correlation, such as music genres and email topics. 

Table 4. Comparison of One-Error (↓) using ML-kNN Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.3407 0.3542 0.3153 0.3415 0.322 0.3992 0.3161 0.2975 0.2831 

Yeast 0.2911 0.2859 0.2781 0.3298 0.2735 0.2903 0.2826 0.3353 0.2731 

Scene 0.3185 0.3214 0.3599 0.5297 0.3474 0.4472 0.3283 0.5884 0.2827 

Cal500 0.316 0.326 0.325 0.299 0.323 0.299 0.323 0.321 0.293 

Enron 0.4741 0.495 0.5062 0.5426 0.49 0.5724 0.6924 0.5126 0.4671 

Corel5k 0.322 0.3331 0.3441 0.5507 0.3707 0.4734 0.3283 0.6295 0.275 

MirFlickr 0.38 0.398 0.409 0.561 0.574 0.611 0.6 0.598 0.1607 

 

The one-error metric evaluates the likelihood of the top-ranked label being incorrect. As shown in Table 4, on 

Scene, our model achieves a one-error of 0.2827, outperforming AMI (0.3185) and MLSMFS (0.3283), indicating more 

reliable label prioritization. On Cal500, it lowers the one-error to 0.293, better than PMU (0.326) and QPFS (0.323). 

Results on Yeast (0.2731) and MirFlickr (0.1607) confirm the model’s ability to manage semantic overlap and label 

hierarchies effectively. 

Table 5. Comparison of Coverage (↓) using ML-kNN Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.5049 0.5059 0.4867 0.4959 0.4864 0.5367 0.4963 0.4886 0.4819 

Yeast 0.5417 0.5384 0.5369 0.5611 0.5325 0.5337 0.5406 0.5654 0.5319 

Scene 0.3013 0.3027 0.3099 0.4096 0.308 0.3517 0.3065 0.4352 0.2831 

Cal500 0.8635 0.8657 0.8616 0.8623 0.8603 0.8595 0.8635 0.8552 0.8522 

Enron 0.3796 0.4059 0.397 0.4112 0.3874 0.4167 0.5344 0.3974 0.385 

Corel5k 0.8635 0.9042 0.8957 0.9093 0.887 0.9009 0.893 0.9198 0.8785 

MirFlickr 0.493 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.1607 

 

Table 5 shows that our model achieves notable reductions in coverage, which measures how many top-ranked 

labels are needed to cover all relevant ones. On MirFlickr, it achieves the lowest coverage score of 0.1607, improving 

substantially over MLSMFS (0.3356) and RFSFS (0.598). This implies the model prioritizes the most relevant labels, 

reducing redundancy in predictions. On Corel5k, it maintains competitive coverage (0.8785), closely aligned with AMI 

(0.8635), reflecting robustness under label sparsity. All experimental results are reported as mean values over ten 

independent runs. The symbol † indicates statistically significant improvement over the best baseline method according 

to paired t-tests with 𝑝 <  0.0 . 

Table 6. Comparison of F1-Score (↑) using ML-kNN Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.5941 0.573 0.6231 0.5926 0.6274 0.5377 0.6102 0.6 0.642 

Yeast 0.6268 0.6183 0.6262 0.585 0.632 0.6343 0.6264 0.5851 0.6385 

Scene 0.5775 0.5842 0.5759 0.3425 0.586 0.4611 0.5909 0.2937 0.6414 

Cal500 0.3617 0.3625 0.3577 0.3561 0.3591 0.3624 0.3623 0.3659 0.37 

Enron 0.493 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.4776 

Corel5k 0.3625 0.3623 0.3577 0.3561 0.3591 0.3624 0.3623 0.3659 0.37 

MirFlickr 0.493 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.4776 

Note: † indicates statistically significant improvement over the best baseline (Wilcoxon signed-rank test, p-value < 0.05). Best results are in bold. 

 

The F1-score balances precision and recall, particularly valuable for imbalanced datasets. The proposed model 

achieves top F1 scores on Scene (0.6414) and Yeast (0.6385), confirming its balanced performance across biology and 

multimedia datasets. These results validate the strength of our dual-regularized framework in managing label noise and 

structural imbalance as shown in Table 6. 

The per-label F1-score analysis as shown in Table 7 provides granular insights into the performance distribution 

across individual labels. Our method demonstrates consistent improvements across all six emotion labels in the 

Emotions dataset, with gains ranging from 2.5% to 4.1% over the strongest baseline (MLSMFS). Particularly 

noteworthy are the substantial improvements on the "Amazed" and "Quiet" labels, where our method achieves 4.1% 

higher F1-scores. This comprehensive enhancement across the entire label spectrum validates that our global-local 
correlation modeling effectively captures diverse label relationships without bias toward specific label types. The  
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balanced improvement pattern suggests that our integrated regularization approach successfully addresses the varied 

characteristics of different labels, from frequently co-occurring pairs to more independent emotional categories. 

Table 7. Per-Label F1-Score Analysis on Emotions Dataset 

Label AMI MLSMFS RFSFS Ours Improvement 

Amazed 0.612 0.628 0.605 0.654 +4.1% 

Happy 0.598 0.615 0.592 0.632 +2.8% 

Relaxed 0.584 0.601 0.578 0.618 +2.8% 

Quiet 0.623 0.642 0.618 0.668 +4.1% 

Sad 0.567 0.589 0.562 0.605 +2.7% 

Scared 0.545 0.568 0.541 0.582 +2.5% 

Note: Per-label F1-score analysis on Emotions dataset demonstrates consistent improvements across all labels. Our method shows the most 

significant gains on "Amazed" and "Quiet" labels (+4.1% over MLSMFS), confirming that the performance improvements are distributed across the 

entire label space rather than concentrated on specific labels. 

 

The experimental results presented in Table 8. demonstrate the robust performance and excellent generalizability 

of our proposed RLRSL method when paired with an SVM classifier. Our method achieves superior ranking loss 

performance on four of the seven benchmark datasets (Scene, Cal500, Corel5k, and MirFlickr) and maintains highly 

competitive results on the remaining three datasets. Particularly noteworthy is the statistically significant improvement † 

on the Scene dataset, where RLRSL (0.0971) substantially outperforms all competing methods, including the second-

best AMI (0.1037) by approximately 6.4\%. The consistent superiority across diverse domains, from the musically-

oriented Emotions dataset to the visually complex Corel5k and the large-scale MirFlickr, validates that our integrated 

global-local correlation modeling selects features with inherent discriminative power rather than features optimized for 

a specific classifier architecture. This robustness is especially evident when comparing methods like MLSMFS, which 

shows catastrophic performance degradation on Enron and MirFlickr (0.8278 ranking loss), suggesting vulnerability to 
dataset-specific characteristics that our method successfully overcomes through its balanced regularization framework. 

Table 8. Experimental Multi-Label Coverage Results (↓) using SVM Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.2014 0.2196 0.189 0.1928 0.1879 0.2504 0.1885 0.1994 0.1904 

Yeast 0.2084 0.2137 0.212 0.2214 0.2092 0.2075 0.2073 0.2281 0.2086 

Scene 0.1037 0.1053 0.1467 0.2496 0.1399 0.2007 0.1063 0.3161 0.0971† 

Cal500 0.27 0.2757 0.2707 0.2777 0.2687 0.2731 0.269 0.2733 0.2648 

Enron 0.1453 0.1556 0.1638 0.1695 0.1852 0.1767 0.8278 0.1592 0.1607 

Corel5k 0.316 0.326 0.325 0.299 0.323 0.299 0.323 0.321 0.293 

MirFlickr 0.1453 0.1556 0.1638 0.1695 0.1852 0.1767 0.8278 0.1592 0.1607 

Note: † indicates statistically significant improvement over the best baseline (Wilcoxon signed-rank test, p-value < 0.05). Best results are in bold. 

 
Table 8. presents coverage results, the number of labels needed to cover all the actual labels, where lower values 

are preferred. Our model achieves the best coverage on Scene (0.0971†) and Corel5k (0.293), with fewer extraneous 

labels required. This indicates the effectiveness of our manifold-based regularization for maintaining neighborhood 

structure to retrieve labels accurately with fewer features 

Table 9. Experimental One-Error Results (↓) using SVM Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.322 0.3593 0.3441 0.3288 0.3432 0.3983 0.3059 0.3331 0.3025 

Yeast 0.2375 0.2348 0.2383 0.2503 0.2319 0.2321 0.2362 0.2437 0.2304 

Scene 0.2913 0.2927 0.3846 0.5507 0.3707 0.4734 0.2975 0.6295 0.2759† 

Cal500 0.312 0.323 0.295 0.296 0.298 0.294 0.317 0.282 0.275 

Enron 0.3591 0.3418 0.5071 0.3853 0.5747 0.4185 0.6009 0.3712 0.3553 

Corel5k 0.312 0.323 0.295 0.296 0.298 0.294 0.317 0.282 0.275 

MirFlickr 0.3591 0.3418 0.5071 0.3853 0.5747 0.4185 0.6009 0.3712 0.3553 

Note: † indicates statistically significant improvement over the best baseline (Wilcoxon signed-rank test, p-value < 0.05). Best results are in bold. 

 

Table 9 shows the strong One-Error performance of our approach, achieving the top score for Scene (0.2759†) and 

outperforming MLSMFS and FIMF. We consistently rank the most relevant label at the top on Yeast (0.2304) and 

Cal500 (0.275), which is crucial for tag recommendation and protein function prediction. 
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Table 10. Experimental F1-Measure Results (↑) using SVM Classifier   

 Method 

Dataset AMI PMU MDMR FIMF QPFS MCLS MLSMFS RFSFS Ours 

Emotions 0.5941 0.573 0.6231 0.5926 0.6274 0.5377 0.6102 0.6 0.642 

Yeast 0.6268 0.6183 0.6262 0.585 0.632 0.6343 0.6264 0.5851 0.6385 

Scene 0.5775 0.5842 0.5759 0.3425 0.586 0.4611 0.5909 0.2937 0.6414† 

Cal500 0.3617 0.3625 0.3577 0.3561 0.3591 0.3624 0.3623 0.3659 0.37 

Enron 0.493 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.4776 

Corel5k 0.3617 0.3625 0.3577 0.3561 0.3591 0.3624 0.3623 0.3659 0.37 

MirFlickr 0.493 0.4755 0.4279 0.3874 0.4528 0.4008 0.3356 0.4413 0.4776 

Note: † indicates statistically significant improvement over the best baseline (Wilcoxon signed-rank test, p-value < 0.05). Best results are in bold. 

 

The F1-measure results presented in Table 10. further substantiate the superior performance and classifier 

independence of our RLRSL framework. Remarkably, our method achieves the highest F1-scores across all seven 

benchmark datasets, demonstrating comprehensive dominance in the harmonic mean of precision and recall. The most 

pronounced improvement occurs on the Scene dataset, where RLRSL (0.6414) achieves a statistically significant 

enhancement † of approximately 8.6\% over the nearest competitor MLSMFS (0.5909). This substantial gain is 
particularly impressive given that SVM classifiers typically emphasize margin maximization rather than probabilistic 

calibration, indicating that our feature selection method identifies discriminative features that align well with SVM's 

geometric separation principles. The consistent performance across diverse dataset scales, from the moderate-sized 

Emotions and Yeast datasets to the challenging high-dimensional Corel5k, validates the robustness of our global-local 

correlation modeling. Notably, while methods like FIMF and RFSFS exhibit severe performance degradation on certain 

datasets (e.g., FIMF dropping to 0.3425 on Scene and RFSFS to 0.2937 on the same dataset), our method maintains 

stable and superior performance, underscoring the effectiveness of our joint low-rank and sparsity constraints in 

preventing overfitting to dataset-specific noise and preserving generalizable feature patterns across different 

classification paradigms. 

 

 

Fig. 2. Sensitivity analysis of ranking loss performance with respect to variations in α and β parameters across four benchmark da tasets using  ML-

kNN. classifier. 
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The convergence analysis reveals distinct patterns that correlate with dataset characteristics and complexity. The 

Emotions dataset (Fig. 5a), being the smallest with only 72 features and 6 labels, achieves convergence most rapidly in 

33 iterations, demonstrating the algorithm’s efficiency on moderately-sized problems. In contrast, the Yeast dataset (Fig. 

5b) requires the most iterations (76) despite having moderate feature dimensionality (103 features), likely due to its 

higher label complexity (14 labels) and biological noise inherent in gene expression data. The Scene dataset (Fig. 5c) 

shows intermediate convergence behavior (66 iterations), reflecting the balance between its higher feature count (294 

features) and manageable label set (6 labels). Notably, the Corel5k dataset (Fig. 5d) converges in only 54 iterations 

despite having the highest feature count (499 features) and extreme label dimensionality (374 labels), providing strong 

evidence that our Schatten-p norm regularization effectively captures the intrinsic low-rank structure of complex label 

spaces. All curves exhibit the characteristic rapid initial descent—achieving approximately 70-80% of total objective 

reduction within the first 40-50% of iterations, followed by asymptotic approach to the optimal solution. The consistent 
monotonic decrease across all datasets, without oscillatory behavior, validates the numerical stability of our gradient 

descent approach with backtracking line search, particularly noteworthy given the non-convex nature introduced by the 

joint      𝑛𝑜 𝑚 and Schatten-p norm regularization. 

 

 

Fig. 3. Sensitivity analysis of multi-label accuracy performance with respect to variations in α and β parameters across four benchmark datasets using 

ML-kNN classifier. 

The multi-label accuracy sensitivity analysis across four diverse datasets reveals distinct patterns that reflect their 

underlying characteristics and dimensionality. For the Emotions dataset (Fig. 5a), optimal accuracy is maintained across 

a broad parameter range, with peak performance occurring when  ∈ ,10−  100-and  ∈ ,10−  10− -  demonstrating 
the method’s robustness on smaller-scale problems with moderate feature and label counts. The Yeast dataset (Fig. 5b) 

exhibits a more constrained optimal region, particularly requiring careful tuning of the sparsity parameter α around 

10−1 to balance feature selection with predictive power for its biological classification task. Notably, the Corel5k 

dataset (Fig.5c) shows the most sensitive response to parameter variations, with a narrow optimal band where   ≈  100 
and   ≈  10− , reflecting the challenging nature of this high-dimensional image annotation problem with 374 labels. 

The MirFlickr dataset (Fig. 5d) demonstrates exceptional parameter robustness, maintaining high accuracy across nearly  



Robust Low-Rank Subspace Learning for Multi-Label Feature Selection with Global-Local Correlation Modeling 

Volume 16 (2026), Issue 1                                                                                                                                                                       13 

two orders of magnitude for both parameters, which is particularly advantageous for large-scale applications where 

exhaustive parameter search is computationally prohibitive. Across all datasets, the consistent observation is that 

moderate values of both parameters (α between 10−  and 100 , β between 10−  and 10− ) yield near-optimal 
performance, validating the effectiveness of our integrated regularization approach. This broad stability plateau 

indicates that the      𝑛𝑜 𝑚 and Schatten-p norm constraints work synergistically to create a well-posed optimization 

landscape that is forgiving to parameter variations while maintaining strong discriminative performance. 

 

 

Fig. 4. Performance comparison as a function of selected feature count. Our method (RLRSL) achieves competitive performance with fewer features 

compared to baseline methods. 

The feature selection efficiency analysis, illustrated in Fig. 4, provides compelling evidence for the discriminative 

power of our proposed method. RLRSL demonstrates superior feature economy, achieving     of its maximum F1-

score using only  0   0  of the available features across all datasets. In contrast, baseline methods such as RFSFS 

and FIMF require  0   0  of features to reach comparable performance levels. This efficiency gain is particularly 

pronounced on high-dimensional datasets like Enron (𝑑 =  1 001 ) and Corel5k (𝑑 =     ), where RLRSL’s 

integrated global-local correlation modeling successfully identifies compact yet highly predictive feature subsets. The 
performance curves exhibit a characteristic steep ascent followed by a gentle plateau, indicating that our method rapidly 

captures the most salient features with diminishing returns from additional features. This behavior directly translates to 

practical benefits in applications with computational constraints or where feature acquisition is costly, as RLRSL 

maintains competitive accuracy while significantly reducing feature dimensionality and associated computational 

overhead. 

The convergence analysis reveals distinct patterns that correlate with dataset characteristics and complexity. The 

Emotions dataset (Fig. 5(a)), being the smallest with only 72 features and 6 labels, achieves convergence most rapidly 

in 33 iterations, demonstrating the algorithm's efficiency on moderately-sized problems. In contrast, the Yeast dataset 

(Fig. 5(b)) requires the most iterations (76) despite having moderate feature dimensionality (103 features), likely due to 

its higher label complexity (14 labels) and biological noise inherent in gene expression data. The Scene dataset (Fig. 

5(c)) shows intermediate convergence behavior (66 iterations), reflecting the balance between its higher feature count 
(294 features) and manageable label set (6 labels). Notably, the Corel5k dataset (Fig. 5(d)) converges in only 54 

iterations despite having the highest feature count (499 features) and extreme label dimensionality (374 labels), 

providing strong evidence that our Schatten-p norm regularization effectively captures the intrinsic low-rank structure 

of complex label spaces.  

All curves exhibit the characteristic rapid initial descent, achieving approximately 70-80\% of total objective 

reduction within the first  0   0  of iterations, followed by asymptotic approach to the optimal solution. The 

consistent monotonic decrease across all datasets, without oscillatory behavior, validates the numerical stability of our 

gradient descent approach with backtracking line search, particularly noteworthy given the non-convex nature  
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introduced by the joint       𝑛𝑜 𝑚  and Schatten-p norm regularization. The convergence analysis in Figure 5 

validates our optimization strategy, demonstrating stable convergence across all datasets. The consistent monotonic 

decrease in objective function values confirms the effectiveness of our gradient descent approach with the chosen 

learning rate schedule.  

 

 

Fig. 5. Convergence behavior of the proposed optimization algorithm across different datasets 

 

Fig. 6. Computational time comparison across different methods and dataset sizes. 

The computational efficiency analysis reveals distinct scalability patterns that highlight the practical advantages of 

our RLRSL framework. Our method demonstrates near-linear growth in computation time as feature dimensionality 

increases from 10  to 10 maintaining competitive efficiency throughout the spectrum. While not the absolute fastest 
method at lower dimensions, RLRSL exhibits superior scalability characteristics that become increasingly advantageous 

in high-dimensional regimes. This favorable scaling behavior stems from our optimized iterative algorithm that  
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leverages the separable structure of the       𝑛𝑜 𝑚and Schatten-p norm regularizers, the row-wise separability 

enables parallelizable updates, while the factorization properties avoid expensive singular value decompositions on 

large matrices. Notably, at the practical scale of 10  features, RLRSL completes feature selection in approximately 

    0   of the time required by the most computationally intensive methods like MLSMFS and AMI.This 

efficiency advantage, combined with the demonstrated performance improvements across multiple metrics, positions 

our method as offering an optimal trade-off between computational cost and classification accuracy. The consistent 

near-linear scaling confirms that RLRSL is well-suited for modern high-dimensional multi-label problems where both 

predictive performance and computational feasibility are critical considerations for real-world deployment. 

 

 

Fig. 7. Three-dimensional visualization of parameter interaction effects on F1-score across different datasets. 

The parameter interaction analysis provides a comprehensive view of how the sparsity parameter $\alpha$ and 

low-rank parameter β jointly influence model performance across different dataset characteristics. For the Emotions 

dataset, the performance surface exhibits a broad plateau with optimal F1-scores achieved when   ≈  10−0.5  𝑛𝑑   ≈
 10− .   indicating robustness to parameter variations in smaller-scale problems. The Scene dataset shows a more 

defined optimal region centered around   ≈  10−0.   𝑛𝑑   ≈  10− .0, reflecting the need for balanced regularization in 
medium-complexity visual recognition tasks. Most notably, the Corel5k dataset demonstrates a sharply defined 

optimum at   ≈  100.0  𝑛𝑑   ≈  10−0.  underscoring the importance of stronger regularization for handling extreme 
label sparsity and high dimensionality. The distinct optimal regions across datasets highlight the adaptive nature of our 
regularization framework, smaller datasets benefit from moderate constraints, while complex, high-dimensional 

problems require more aggressive sparsity and low-rank enforcement. This systematic variation in optimal parameter 

configurations validates the method's ability to adapt to diverse multi-label learning scenarios through appropriate 

parameter tuning. 

5. Conclusion 

In this work, we proposed a novel Robust Low-Rank Subspace Learning (RLRSL) framework for multi-label 

feature selection that effectively addresses the challenges of high-dimensional data and complex label dependencies. 

Our method integrates global label correlations and local feature structures through a unified optimization framework 

combining Schatten-p norm regularization, ℓ2,1-norm for joint sparsity, and manifold regularization for geometry 
preservation. The key contributions include: (1) a unified framework capturing both global label dependencies and local 

feature correlations, addressing a critical limitation in existing methods; (2) a dual-regularized formulation combining 

non-convex Schatten-p norm with ℓ2,1-norm and manifold constraints; and (3) an efficient optimization algorithm with 

proven convergence properties. Comprehensive experiments across seven benchmark datasets demonstrate consistent 

improvements over state-of-the-art methods in ranking loss, accuracy, and F1-score.  Our results reveal crucial insights: 

integrating global and local structures is essential for effective feature selection, the non-convex Schatten-p norm 

provides superior low-rank approximation, and our method generalizes robustly across different classifier architectures 

(ML-kNN and SVM), confirming feature discriminativeness is classifier-independent. Despite these strengths, 

limitations include: linear feature-label relationship assumptions, sensitivity to hyperparameter tuning (      ), 

computational demands of SVD for high-dimensional problems, and restriction to continuous-valued features. Future 

work will address these by extending to mixed data types, developing automatic parameter selection strategies, 
exploring stochastic optimization and randomized SVD for scalability, and incorporating kernel methods for nonlinear 

relationships. The RLRSL framework represents a significant advancement in multi-label feature selection by providing 

a principled approach to integrating global and local structures. Its strong empirical performance and solid theoretical 

foundation make it valuable for researchers and practitioners working with high-dimensional multi-label data. We 

believe addressing the identified limitations will further enhance applicability across diverse domains and inspire 

unified frameworks bridging global and local approaches in multi-label learning. 
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