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Abstract—In this paper, the authors have proposed an
innovative approach for generating a pseudo random
ternary sequence by using a primitive polynomial, trace
function, and Legendre symbol over odd characteristics
field. Let p be an odd prime number, F p be an odd
characteristic prime field, and m be the degree of the
primitive polynomial f  x  . Let  be its zero and a
primitive element in F p . In the beginning, a primitive
m

polynomial f  x  generates maximum length vector
sequence, then the trace function Tr() is used to map an
element of the extension field F p to an element of the
m

prime field F p , then non-zero scalar A Fp is added to
the trace value, and finally the Legendre symbol  a p  is
utilized to map the scalars into ternary sequence having
the values, 0,1,and  1. By applying the new parameter
A, the period of the sequence is extended to its
maximum value that is n  pm  1. Hence, our proposed
sequence has some parameters such as p, m, and A. This
paper mathematically explains the properties of the
proposed ternary sequence such as period and
autocorrelation. Additionally, these properties are also
justified based on some experimental results.

Index Terms—Ternary sequence, finite field,
autocorrelation, primitive polynomial, trace function,
Legendre symbol.

I. INTRODUCTION
Pseudo random sequences have been widely employed
Copyright © 2017 MECS

in numerous applications in information security,
cryptography
[1],
[2]
and
spread
spectrum
communications [3]. The main strength of a pseudo
random sequence depends on unpredictable random
quantities during the sequence generation procedure [5],
[6]. Binary sequence intently related to the finite field
theory [4]. There is some other type of sequences whose
typical properties such as period and autocorrelation have
been already theoretically proven. Among them,
maximum length sequence (M-sequence) [7], [8] and
Legendre sequence (L-sequence) [9], [10] are wellknown. By applying the ideas of these sequences, the
authors have been trying to construct a sequence whose
properties can also be proven.
A. Previous Work
In the previous works [11], [12], the authors have
proposed an approach to generate the pseudo random
binary sequence. In brief, the previous generating method
was as follows:
In the beginning, it used a primitive polynomial of
degree m over odd characteristics field F p . Being a
primitive polynomial, it could generate all the vector
sequences as elements in F pm . Then, transformed all the
vectors to multi-valued scalars by using the trace function.
Next, multi-valued scalars were translated into
0,1, and  1 valued sequence after applying the
Legendre symbol. Finally, utilized a mapping function to
generate 0 and 1 valued pseudo random binary
sequence.
The previous sequence had some suitable properties
such as long period and very good linear complexity. It
had a major drawback such as, previous sequence held a
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shorter period of 2  p m  1

 p  1

and inconsistent

appearance of 0 and 1 values in each period. Our
previous work on pseudo random binary sequence was
represented with the parameters p and m, where p
represents the odd characteristics field and m represents
the degree of the primitive polynomial.
B. Related Works
In a related work [17], the authors considered a multivalued sequence and observed its period, autocorrelation,
and cross-correlation as important properties. In another
related work [18], the authors proposed an approach for
generating a multi-value sequence and evaluated its linear
complexity property. The authors discussed binary
sequence generation procedure along with its linear
complexity like crucial property [19]. All of these works
[17]-[19] utilized some nonlinear mathematical function
(such as trace function, Legendre symbol, and so on)
during the sequence generation procedure as like the
authors’ proposed work in this paper.
C. Our Contributions
In this paper a ternary sequence is proposed by the
authors having values 0,1, and  1. In this work, a new

is added to the trace value. Then, the Legendre symbol is
applied to map the scalars to 0,1, and  1 valued ternary
sequence. The previous works [11], [12] did not apply the
addition of non-zero scalar A before the Legendre
calculation. The period n of the sequence becomes
maximum by setting the parameter values p, m, and A.
In this approach, we have some parameters such as odd
characteristics prime p, degree of the primitive
polynomial m, and non-zero scalar A. This paper
interprets the generating procedure of the ternary
sequence, explains the above-mentioned feature based on
the experiment results and shows the mathematical proof.
D. Notations
Here are some notations, which are utilized throughout
this paper, p and q denote an odd prime number and its
power q  p m , respectively, where m is a positive
integer and it denotes the extension degree. Fq* denotes
the multiplicative group of F p , that is Fq*  Fp  0.
The ternary sequence means that each value in this
sequence is in the range of 0,1, and  1

parameter A is added by the authors, which is a nonzero prime field element that is, A Fp . This new
parameter A extends the shorter period of our previous
sequence to its maximum value of p m  1. Each unique
value of A is responsible for generating completely
different sequence but it does not have any impact in the
calculation of autocorrelation. To evaluate the
autocorrelation properties of our proposed sequence, the
evaluation procedure is also modified. This new approach
can overcome the inefficiency of our previous work [11],
[12].
The authors in this paper have proposed an innovative
approach for generating the ternary sequence, which
extends our previous works [11], [12]. In this approach, a
non-zero scalar A Fp is added just before applying the
Legendre symbol. In brief, the procedure for generating
the ternary sequence is as follows:
Let, p be an odd characteristic prime and m be the
degree of the primitive polynomial f  x  over F p . It is
well-known that, using the polynomial f  x  , it is
possible to generate maximum-length vector sequence
over F pm . Let  be its zero, that is a primitive element
in F pm . Then, the sequence Tr  i   A
T  ti  , ti  
p




m
 for, i  0, 1, 2,, p  2,



II. PRELIMINARIES
This section explains some fundamental concepts of
finite field theory such as primitive element, Legendre
symbol, trace function, ternary sequence, and periodic
autocorrelation. The well-known and important properties
are briefly introduced here; see the details in [12].
A. Primitive Element and Primitive Polynomial
It is well-known that every finite field Fq has a
multiplicative primitive element, that is a generator of
non-zero elements in Fq* . In other words, let g be a
generator, every non-zero elements are represented by its
power g i for i  0, 1, 2,  q  2  . The minimal
polynomial of a generator is correspondingly called a
primitive polynomial.
The following property between Fq and F p hold (see
also Theorem 1.15 [4]).
Property 1: Let g be a generator of Fq* , g  q 1 /  p 1 is
a non-zero element in the prime field F p and is also a
generator of F p* .
(Proof) Since g is a generator of Fq* , its order is

q  1. Let i be a non-negative integer, the order of g i is
given by(1)

becomes a maximum-length sequence having a period of
p m  1, where Tr   is the trace function over F p . After
the trace calculation, an additional non-zero value A Fp
Copyright © 2017 MECS

55

q 1
.
gcd  q  1, i 

(2)

Therefore, the order of g  q 1 /  p 1 becomes p  1. It
means that g  q 1 /  p 1 is a generator of F p* .
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B. Legendre Symbol
The Legendre symbol  a p  for an arbitrary element

a in F p is generally defined as follows:

Thus, this property is shown.
Following important property is newly added in this
paper.
Property 4: Let a be a non-zero element in F p , then
the Legendre symbol holds the following relation:

 0 if a  0

(3)
 1 else if a is a non  zero QR
p 
1 otherwise a is a non  zero QNR,


 a p    a p .

 
a

1

(Proof) According to the property of Legendre symbol,

 1 p  1
 a.a p   1.

Legendre symbol is calculated by-

 a p  a

 p 1 / 2

 mod p  .

(4)

Basically, the Legendre symbol is used for checking
whether or not a is QR in F p as shown in the above
equation, where QR and QNR stands for Quadratic
Residue and Quadratic Non Residue, respectively. In this
paper, the Legendre symbol is used for translating a
multi-valued sequence over F p to a ternary sequence.
Above-mentioned QR and QNR in F p , holds the
following properties (see also Section 6.7 [13]).
Property 2: The number of QRs and that of QNRs in
*
F p are the same. In details, the number is,  p  1 2.
(Proof) Elements in F p* are the roots of x p 1 / 2  1
over F p without any duplicates. Since it is factorized as-







x p 1  1  x p 1 / 2  1 x p 1 / 2  1 ,

(5)

1

Property 3: Let a and b be the non-zero elements in
F p , then the Legendre symbol holds the following
relation:

 ab p   a p b p .

(6)

(Proof) Let g be a generator in F p* . Then, let a and

b be represented as g i and g i , where ia and ia are
certain non-negative integers. According to Legendre
symbol, the following relations hold:
a

b

 ab p   1

ia  ib mod 2

 p
a

  1 a

i mod 2

,

(7)

(11)

Because of multiplicative nature of the Legendre
symbol,

 a p    a p   1.
1

(12)

 p  and   are 1 or 1,
a 1

Therefore, when both of a

p

it satisfies the above equation. Thus, this property is
shown.
C. Trace Function
In this paper, the authors have utilized the trace
function to map an element of the extension field
X  Fpm to an element of the prime field x  Fp asm 1

It is thus found that the number of QRs and QNRs in
F p* are the same, that is  p  1 2.

(10)

x  Tr  X   X p .
i

(13)

i 0

One crucial point is that, the trace becomes a scalar
value and the trace function has a linearity property over
the prime field F p as follows:
Tr  aX  bY   aTr  X   bTr Y  ,

(14)

where a, b  Fp and X , Y  Fpm .
The following property is important in this paper. (see
also Theorem 2.23 [4]).
Property 5: For each i  0, 1, 2,, p  1 Fp , the
number of elements in Fq whose trace with respect to F p
is i. It is given by q p  p m  1.
(Proof) Elements in Fq are the roots of the x q  x. It is
factorized over F p as follows:

,

(8)

xq  x  x p  x
m

 b p    1

ib mod 2

Copyright © 2017 MECS

p 1

,

(9)

   Tr  x   i 

(15)

i 0
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Since the degree of Tr  x  is p m 1 and Tr  x  does
not have any duplicate root, this property is shown.
Thus, the number of elements in Fq* whose trace

A. Definition
This paper proposes a ternary sequence as follows:

 Tr  i   A

T  ti | ti  
p





becomes zero is given by q p  1.
D. Dual Basis
In this paper, the dual basis is used for some proofs. It
is generally defined as follows:
Definition 1: Let A  0 , 1 ,  2 ,,  m1 be a basis

57



 ,




(20)

where p is an odd prime number as the characteristic of
F p ,  is a primitive element in F pm , A is a non-zero

in F pm , the basis B  0 , 1 , 2 ,, m1 is called the

element in F p . Then the period n of this sequence T is

dual basis of A such that-

given by-

1
Tr  i  j   
0

if i  j
otherwise,

(16)

The dual basis of an arbitrary basis is uniquely
determined in [4]. In this paper, the following property is
also important.
Property 6: Let A and B be a basis and its dual basis
in F pm respectively. Based on the definition of dual basis
and the linearity property of trace function, if  l is a
basis of A in F pm is a non-zero prime field element then,

1
Tr  l  j    l Tr   j   
0

if j  l
otherwise,

(17)

E. Ternary Sequence
In this paper, the ternary sequence T is denoted as,
(18)

where ti  0, 1,  1 and n is the period of the proposed

It is theoretically proven along with the following
autocorrelation property.
B. Autocorrelation
According to (15) the autocorrelation equation can be
modified, which can be written asn 1 
Tr  i  x   A
RT  x  
p

i 0 

 Tr  i   A

p




.



j  0,1, 2,3,, and i is mainly appeared at summations

F. Autocorrelation

B.1. The case of x  0

T is generally defined as follows:
n 1

(19)

i 0

(23)

The proof for each case of (23) is explained below. It
should be noted that, here nˆ   p m  1  p  1 ,
and holds the relation 0  i  n   p m  1 .

The autocorrelation R T  x  of the ternary sequence

(22)

Theorem 1: The autocorrelation of the ternary
sequence T is defined as follows:

ternary sequence such as n  p m  1.

R T  x   ti  x  ti ,

(21)

 p m  p m 1  1
if x  0

j 1
m 1
R T  x   (1) . p  1 else if x  nj .
1
otherwise


where, 0  l , j  m  1. Thus, when l  1, Tr  l   1.

T  ti  for i  0, 1, 2,, n 1,,

n  p m –1.

In this case, the autocorrelation of the ternary sequence
T is calculated as follows:
n 1 
Tr  i   A
RT  x  
p

i 0 

 Tr  i   A

p




.



(24)

The case that Tr  i   0 appears p m  1 times. When

where, x represents the shift value.

the shift value is equal to 0, Tr  i  x  and Tr  i  are
III. PROPOSED TERNARY SEQUENCE
This paper proposes a ternary sequence T . This
section introduces its definition and then mathematically
shows the autocorrelation property of this proposed
sequence.
Copyright © 2017 MECS

the same. The Legendre symbol returns only
0, 1, and  1 values. Based on this condition, all the
possible

values

become

 0  0  0, 11  1,

and
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 1 1  1

.

Depending

on

whether

or

not

Tr    A  0, (24) becomes as follows:



 



0

 

Tr  i  A  0

1

because

of

gˆ j Tr  i   A  0, thus Yi cannot be 0.

i

RT  x 

 X i  (  gˆ j   A 1  gˆ j  ,

 A 1  gˆ j  X i 1 does not become 0, thus Yi  gˆ j .

1

 X i  A, where Tr  i   0 appears

Tr  i  A  0

 pm1  0  ( pm  1  pm1 ) 1,

(25)

where, i  0  p m  2. Thus, the following relation is
obtained for the case of x  0,
R T  x   p m  1  p m1.

p

m 1

 1

times. Therefore, the case that Yi  1 appears

p

m 1

 1 times.

 The other cases, where Yi is the element of
Fp  0,1, g j  appears p m 1 times.

(26)
From the above conditions, following formula is
obtained:

ˆ
B.2. The case of x  nj

Let g be a generator of F p*m . Then g

 p 1 /  p 1

 

p 1

m

is a

Y
 ˆj 
R T  x     i   p m 1  g
 1p .
p
 p
Yi  0 

(31)

non-zero element in the prime field F p and is also a

 p 1 /  p 1
m

generator of F p* . Therefore, from here on g

will

be denoted as gˆ. Based on the linearity of the trace
function, the autocorrelation is calculated as follows:
n 1  ˆ j
g Tr  i   A
RT  x  
p

i 0 

 Tr  i   A

p




 . (27)



According to the Property 1 and (13), the above
equation can be rewritten asRT  x 



 

gˆ Tr   A  0
j

i

 gˆ jTr  i   A
 
p
gˆ j Tr  i   A  0 

 

0



 

Tr   A  0


.



(28)

Tr  i  A  0







1

 

Tr  i  A  0

(32)

B.3. The default case (otherwise)
In this case, the autocorrelation is calculated by-

 Tr  i   A

p




.



(33)

Here x is not divisible by n̂ and  x does not belong
to F p .
By using  x , consider the following basis W in
F pm :

Depending on the Property 3 and Property 4,
 gˆ j Tr  i  A Tr  i  A
 
 

RT  x 


gˆ j Tr  i   A  0


 ˆj 
R T  x    p m 1  g
 1
 p
 (1) j 1 p m1  1.

n 1 
Tr  i  x   A
RT  x  
p

i 0 

0

i

 Tr  i   A

p



According to the property of the Legendre symbol,
ˆ,
following relation is obtained for the case of x  nj


 . (29)
p 


W   x , 1,  2 , 3 ,,  m1.

(34)

Again let B be the dual basis of W .

Let, X  Tr  i   A, then X  0, the above equation

B  0 , 1 , 2 ,, m1.

(35)

is rewritten as,





 gˆ j  A 1  gˆ j  X i 1


.
RT  x 

p


gˆ j Tr  i   A  0 


Assume that  i can be represented like this(30)

 

Tr  i  A  0

m 1

 i  ci ,l l .

(36)

l 0

Now, let ( gˆ j  A 1  gˆ j  X i 1 be denoted by Yi . Then

Then,  i  x is expressed by-

following conditions and facts should be noted:

Copyright © 2017 MECS
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m 1

 i  x  ci ,l l  x .

(37)

Let f  x  be x4  x3  x2  2 x  2, which a primitive
polynomial over F3 . Here, the period of the sequence T2

l 0

Based on the Property 6, the initial value of Tr( ) is
i

given by, Tr( i )  ci ,1. Hence W and B are the dual

becomes p m  1  80 and the sequence becomes as
follows:

T2  {01111111010110011111

basis to each other, then the value of Tr( i  x ) is given
by Tr(

ix

59

)  ci ,0 . Substituting the values of Tr( ) and
i

11100111110011111010
10000100101101110101
10111110001101110111}.

Tr( i  x ) in (33), the following equation is obtained:

(42)

n 1

 c  A  ci ,1  A 
R T  x     i ,0
.
p 
p 

i 0 

(38)

The autocorrelation of T2 is given as follows:
53

R T2  x   26
1


By considering all the cases inside the Legendre
symbol, the above equation can be rewritten asRT  x 

 ci ,0  A  ci ,1  A 

p 
p 

ci ,0  A  0 







0

ci ,0  A  0
ci ,1  A  0

ci ,0  A  0
ci ,1  A  0

0



0.

(39)

ci ,0  A  0
ci ,1  A  0

B. Analysis for p  7, m  3 and A  6
Let f  x  be x3  6 x2  6 x  2, which a primitive

Since  i cannot represent the zero vector, the number
of vectors such that ci ,0  0 and ci ,1  0 is one less than
that of the other combinations like ci ,0  0 and ci ,1  1.
Thus, the last subtraction is required in (40).

polynomial over F7 . Here, the period of the sequence T6
becomes p m  1  342 and the sequence becomes as
flows:

T6  {1011 1100 11110 11 1 1 1 11 1 11011 1 1 1 101

1111100100111010111110101011111111
1110111111111111011111011011111111
1111111110111111111111001111111111
1111111111111111111011111111111111
1111111111111111101101101111111111
1111101110011111111110111111111101
1111111101111111010111011111101111
011010111111110111111110111111111111}. (44)

  c  A  ci ,1  A  

   i,0 p 
p  

ci ,0  A  0  
ci ,1  A  0
p 1 p 1

  

2
.
p m  2   ab  A
p
p 
a 1 b 1 

(40)

According to the Property 2, the first part of above (40)
will become 0 . Thus, the following relation is obtained,

  ci ,0  A  ci ,1  A  
 1.

p 
p  

ci ,0  A  0  



(41)

The autocorrelation of T6 is given as follows:

ci ,1  A  0

 293
 48

R T6  x   
50
  1

Finally, the autocorrelation of the ternary sequence T
in (23) is proven.

IV. RESULT AND DISCUSSION

Copyright © 2017 MECS

if x  0
else if x  57,171, 285
else if x  144, 228
otherwise,

(45)

and Fig. 2 shows its autocorrelation graph.

This section experimentally shows the autocorrelation
property of the proposed ternary sequence with some
examples. The notation T2 , denotes the proposed
sequence with the parameter A  2. Throughout this
section, 1 is represented by 1 .
A. Analysis for p  3, m  4 and A  2

(43)

and Fig. 1 shows its autocorrelation graph.

ci ,1  A  0



if x  0
else if x  40
otherwise,

C. Analysis for p  11, m  2 and A  5
Let

f  x

be

x2  5x  2,

which

a

primitive

polynomial over F11 . Here, the period of the sequence
T5 becomes p m  1  120 and the sequence becomes as
follows:

I.J. Computer Network and Information Security, 2017, 9, 54-63

60

Pseudo Random Ternary Sequence and Its Autocorrelation Property Over Finite Field

D. Analysis for p  13, m  2 and A  10

T5  {101111110110111111111111111111

111111111111111111110111111111
111110111101111111111111111001
111111011111111111111111101011}. (46)

f  x

Let

be

x2  4 x  11,

which

a

primitive

polynomial over F13 . Here, the period of the sequence
T10 becomes p m  1  168 and the sequence becomes as
follows:
T10  {1110111111010111111111111111

1111111111101111111011011111
1111111111111111111111111111
1111111111111111111111101111
1011111111111001110111111111
1111110111111111011111111111}. (48)
The autocorrelation of T10 is given as follows:

Fig.1. R T2  x  with p  3, m  4 and A  2.

R T10

if x  0

 155
 12
 x   
14
  1

else if x  14, 42, 70,98,126,154
(49)
else if x  28,56,84,112,140
otherwise,

and Fig. 4 shows its autocorrelation graph.
E. Analysis for p  17, m  2 and A  8
Let

f  x

be

x2  15x  12, which a primitive

polynomial or F17 . Here, the period of the sequence T8

Fig.2. R T6  x  with p  7, m  3 and A  6.

becomes p m  1  288 and the sequence becomes as
follows:
T8  {11111111111011101111111111111111

11111111111111111111111111111111
11101111001111111111111110111111
11111111111111111111110111111111
11110111111111111111111111111111
11111111111111111111111111101111
11111111110111111111111111111111
11110111111101111111111111111110
11111111110101111110110111111111}. (50)

Fig.3. R T5  x  with p  11, m  2 and A  5.

In this sequence 0,1,and  1 appears 11, 54, and 55
times, respectively. This also ensures the identical
appearance of 1 and 1 in the whole sequence. The
autocorrelation of T5 is given as follows:

 109
 10

R T5  x   
12
  1

if x  0
else if x  12,36, 60,84,108
(47)
else if x  24, 48, 72,96
otherwise,

and Fig. 3 shows its autocorrelation graph.
Copyright © 2017 MECS

The autocorrelation of T8 is given as follows:
 271
 16

R T8  x   
18
  1

if x  0
else if x  18,54,90,126,162,198, 234, 270
else if x  36,72,108,144,180, 216, 252
(51)
otherwise,

and Fig. 5 shows its autocorrelation graph.
F. Features of the sequence
By observing all the above autocorrelation graphs, it is
found that the period n of the sequence becomes

I.J. Computer Network and Information Security, 2017, 9, 54-63
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maximum by setting the parameters p, m, and non-zero
A . The autocorrelation of the proposed sequence has
been mathematically shown in (23). This equation also
theoretically guarantees the maximum period.

61

V. CONCLUSION AND FUTURE WORKS
In this paper, the authors have proposed an approach to
generate a ternary sequence by utilizing a primitive
polynomial, trace function, Legendre symbol, and a nonzero scalar A over the odd characteristic prime field
F pm . Choosing the parameters p, m, and A, the number
of peaks and the length of the sequences are appropriately
controlled. In addition, the mathematical proof of typical
features like the period and autocorrelation are also
explained in this paper. Furthermore, these properties of
the proposed sequence are also observed based on some
experimental results.
As future works, the authors will evaluate the linear
complexity of their proposed pseudo random ternary
sequence. In addition, more efficient calculation
procedure will be introduced. Furthermore, the evaluation
of the cross-correlation property of the proposed
sequence will be one of their important future works.

Fig.4. R T10  x  with p  13, m  2 and A  10.
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