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Abstract

The research of homoclinic orbits for Hamiltonian system is a classical problem, it has valuable applications in
celestial mechanics, plasma physis, and biological engineering. For example, homoclinic orbits rupture can
yield chaos lead to more complex dynamics behaviour. This paper studies the existence of homoclinic solutions
for a class of second order Hamiltonian system, we will prove this system exists at least one nontrivial
homoclinic solution.
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1. Introduction

The existence of homoclinic solutions for Hamiltonian systems and their importance in the study of the
behavior of dynamical systems have been already recognized from Poincaré1]. In the past decade, this problem
has been studied intensively by many mathematicians. Many authors have studied the existence of homoclinic
solutions for Hamiltonian systems via critical point theory and variational methods, see[2]-[5] and references
therein.

The purpose of this paper is to study the existence of homoclinic solutions for second order Hamiltonian
system

U—Au+V,(t,u)=0. 1.1

Wher t € R,u eR",V, (t,u) denotes the gradient of V (t,u) with respect to U .

2 n
<C (R.RY) of system (1.1) satisfies boundary value condition
U(3o0) = U(zo0) =0.

Definition 1.1 If the solution U®
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Then u(t) is called the homoclinic solution (to 0) of (1.1). If u(t)= 0, then u(t) is called the nontrivial
homoclinic solution .
1
Definition 1.2 ! €€ (B.R)
{1} jen

Is bounded and 1'(u;) —0 as j — +oo, possesses a convergent subquence in B.

is said to satisfiy the (PS) condition if any sequence ujbiv =B for which

To state the main result, we state the basic conditions on A(t) and V (t,u) :

() AeC(R,R”Z) is a symmetric and positive definite matrix for all t e R; there exists a continuous
function f : R — R such that

(AM)u,u) > FO*, V(tu)eRxR".
where f satisfies: f(t)>0forall teR,and f(t) —> -+ as ft| > +o.
From this condition, we see that there exists a constant b > 0 such that
(A®)u,u) >bu*, W(t,u)eRxR". (1.2)
(1) V(t,u) > 0forall (t,u) e RxR"and there exists constants K >0and M, >0 such that
V(t,u) < K|u|2, (tu) e RxR", Ju/ <My,
where 2K < b, with b is defined in (1.2).
(111) there exists function f, : R — R™, constant ¢, >2and M, > 0such that

V(t,u)> fo(Olu]™, v(t,u) e RxR", |u[ = M,.

(IV) there exists constants | >2 and ¢, with 0<¢, < I_TZ ,

such that
IV (t,u) — (V, (t,u),u) <c, (A(t)u,u), V(t,u) e RxR".
(V)V, (t,u) =O(|u)) as |u| - Ouniformly with respect to t € R.
(V1) there exists W € C(R", R) such that

M, tu) <W()|, V(tu)eRxR"

2. Preliminary knowledges

1 n p n
H(R.R) L*(R,R)(2 < p <+e0) as the Banach space of functions on R with value in

We donote and

R" under the norms
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1 1
o= Qs+l ul, = o] do®

Ju

Respectively.
Let

E={ue H'RR": [ U0 + (AQUE),u®)ldt <-+c},
then E is a Hilbert space with the inner product
x,y)= jR [(x(), y(1)) + (AM)x(), y(t)]dt,
and the corresponding norm is ||x||2 = (X, x). Note that for p €[2
,0), Ec H*(R,R") < L"(R,R") is continuous embedding.
In particular, for p = -+oo, there exists a constant C >0such that |u| <Cljul, vu eE.

Lemma 2.1[6] Suppose that A(t) satisfies condition (1), then E embedding into L*(R,R") is compact.

Lemma 2.2[6] Suppose that conditions (1),(V),(V1) are satisfied . If u, weakly convergence to u, inE, then
V, (t,u,) strongly convergence toV, (t,u,)in L*(R,R").

Now we difine the functional | : E > R as follows:

1) = [ L5 16007 + 2 (AU, u() -V (L u(o)]et

=2 - [ vt "
2 R

Lemma 2.3[7] Suppose that conditions (I)-(V1) are satisfied, then for all u,v € E, we have

I(u)v = L [(@(®), v(©) + (AU(®), v(1) = (V, (& u(t), v(t)]dt. (2.2)
From this we obtain

V@ =[u” - [ v, @ u@), uw)de (23)

Moreover, | is a continuously Fréchet-differentiable functional defined on E , namely, 1 e C*(E,R) and any
critical point u of | on E is a classical solution of (1.1) with u(#oc) =0 = U(F0).

Lemma 2.4 Suppose that conditions (I),(1V),(V),(V]) are satisfied, then | satisfies the (PS) condition.

Proof Assume that {u;},y —E is a sequence such that {I(u;)}, .y is bounded and 1'(u;) >0 as
j — +o0. Then there has a constant M > O such thatt

“wmﬁM,WWMLSM,jeN (2.4)

By (2.1),(2.3) and condition (1V), we have
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('5—1)||uj||2 —l(u,) - 1'(u,)y,
+ L (IV(t,u; (1) = (Vv (& U ()05 () dt

<ll(u,)-1'(u,)y, +02L(A(t)uj (), u. (O)dt (2.5)

Define

) = [ 2] + 52 —e)AQuE, ueNdt,
then we have

bJul” < a <1l (2.6)

where |1="72—c2,|2 :I_Tz.Thus, by (2.4),(2.5) and (2.6),

we obtain that
Lus| <) <) —1w)u; <M+ M| 2.7)

Since |, >0, then (2.7) shows that {u;},., is bounded in E. By lemma 2.1, the sequence {u;},., has a

subsequence, again denoted by {u;}

jen » @nd there exists u e E such that u; weakly convergence to u in E, u;

strongly convergence tou in L*(R,R").
Thus
(F(uy) = 1"(u)(u; —u) —>0.
By lemma 2.2 and Hdder inequality ,we have
L (V, (tu; (1) -V, (tu), u; () —u(t)dt — 0.

if j — +oo. On the other hand, an easy computation shows that

(F(up) = 1'(u),uj —u)

2
=y — v~ J, v (o @) -V (. uc®), v @) - u)at.

Hence, ||uj —u||—>0 as j — +o. Namely, | satisfies the (PS) condition.

Lemma 2.5[8] Let B is a real Banach space and | € C'(B, R) satisfying the (PS) condition, suppose that
1(0)=0and

(Hy) there exists constants p,a>0suchthat I, >a;

(H,) there exists e e B\ B, suchthat 1(e) <O0.

Then | possesses a critical value ¢ >a > 0given by
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c= Igrg max | (9(s))-

Where
I'={g C([01],B): g(0) =0, g(1) =€}

3. Main Result

Theorem 3.1 Suppose that conditions (1)-(V1) are satisfied, then the Hamiltonian system (1.1) possesses at
least one nontrivial homoclinic solution.

Proof By condition (ll), we know 1(0)=0. On the other hand, by lemma 2.3 and 2.4, we know
| e C*(E,R) satisfies the (PS) condition.

Assume that u € E, 0<ul|_ < M,, then by (1.2)and condition (II), we have

2 _K
[Vt u@dt<K] ufde<Kluf < E||u||2.

Combining (2.1), we have

Ty Kyppe 1 2K 2

= — —_—— = —_— —_—— . 2.
1> 2l - Sl = S a- 2l @8)

Condition (1) implies 1—% > 0. Let

M (b—2K)M?

=—150; a= >0. 2.9
P=C 2bC? @9

Then there exists o >0 and a>0such that I‘(?B’ >a (by (2.8). Namely, | satisfies the condition (H,) of
lemma 2.5.

By (2.1), for every me R\{0}and u € E\{0}, we have
I(mu) = m—2||u||2 - j V(t, mu(t))dt
2 RO '

Take some U e E such that |U||=1. Then there exists a subset Q of positive measure of R shuch that
U(t) =0 for teQ.. Let m>0 suchthat mU (t)| > M, for t e Q.. Then by conditions (11) and (111), we have

I(mU) < m; —m® L f U @) dt. (2.10)

Since f,(t)>0,c, >2, then (2.10) implies that I(mU) <0 for some m>0 such that mU ()| > M, for t e Q
and |mU| > p, where pis defined in (2.9). Namely, | satisfies the condition (Hp) of lemma 2.5. Then by
lemma 2.5, | possesses a critical value ¢ >a > 0given by

c= Ign; max | (9(s))-
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Where

I'={g C([0], E): g(0) =0,9(1) =mU }.

Hence, there exists u € E such that

Iu=c, I'(u)=0.

By lemma 2.3, hamiltonian system (1.1) possesses at least one nontrivial homoclinic solution. So we finish the
proof of this theorem.
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