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Abstract: For any graph G = (V, E),the line graph L(G)of a graph G is a graph whose set of vertices is the union of set
of edges of G in which two vertices of L(G) are adjacent if and only if the corresponding edges of G are adjacent. A
dominating set D; < V[L(G)] is called coregular perfect dominating set, if the induced subgraph < V[L(G)] — D; > is
regular. The minimum cardinality of vertices in such a set is called coregular perfect domination number in L(G) and is
represented by ¥, [L(G)].

In this Article, we study the graph theoretic properties of y,,,[L(G)] and many bounds were obtained in terms of
elements of G and its relationship with other domination parameters were found .Our investigation on this work is to
establish the application oriented standard results in the field of domination theory for several kinds of new concepts
which are playing an important role of application.

Index Terms: Graph, Line graph, Co- regular perfect dominating set , Co-regular perfect domination number.

1. Introduction

The theory of graph is an extremely useful tool for solving combinatorial problems in different areas such as
geometry,algebra, number theory,topology, operations research ,and computer science. Graphs serve as mathematical
models to analyze many real world problems successfully. Some problems in physics, chemistry, communication
science, computer technology, genetics , psychology , and sociology can be formulated as problems in Graph theory.

In this Article the graphs considered here are finite and simple. In general we follow the notations of Harary [7].

Let G = (V,E) be a graph of order |[V| = p and |E| = q. For any vertex v € V, the open neighborhood of v is the
set N(v) = {u € V/uv € E} and the closed neighborhood is the set N[v] = N(v) U {v}. In general we use (X ) to
denote the subgraph induced by the set of vertices X.The notations a,(G) [a;(G)] is the minimum number of vertices
(edges) in a vertex (edge) cover of G. Also B,(G) [B,(G)] is the maximum number of vertices (edges) in a maximal
independent set of vertex (edge) of G. The maximum degree of a vertex v is denoted by A(G). The minimum distance
between any two farthest vertices of a connected graph G is called diameter of G, and is denoted by diam(G). If S is a
subset of V(G) , then we denote by (S), the subgraph induced by S.

A line graph L(G) is the graph whose vertices corresponds to edge of G and two vertices in L(G) are adjacent if
and only if the corresponding edges in G are adjacent.

We will start some basic definitions from domination theory.

A dominating set S of G is total dominating set if the induced sub graph (S) has no isolated vertices. The total
domination number y.(G)of G must have a minimum cardinality of a total dominating set of G see [5].

In [8,15], a connected dominating set S is a dominating set whose induced sub graph < § > is connected. The
connected domination number of a graph G is represented by y,.(G), is the cardinality ata minimum of a connected
dominating set.
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A dominating set S; of a graph G is perfect dominating set if each vertex of V-S; is adjacent to exactly one vertex
of S;. The minimum cardinality of a perfect dominating set of G is a perfect domination number and is denoted by
¥p(G), see [6].

A dominating set S of a graph G is a co-regular perfect dominating set if the induced subgraph (V — S) is regular.
The co-regular perfect domination number y,,,,(G) of G is the minimum cardinality of a co-regular perfect dominating.

This research study focuses on a a new concept in domination theory.

A dominating set S of L(G) is a co-regular perfect dominating set if the induced subgraph (V[L(G)] —S)is a
regular. The co-regular perfect domination number y,,,L(G) is the minimum cardinality of a co-regular perfect
dominating set.

For the more reference see [2,4,7,9-15].

2. Results

We begin our investigation in to co-regular perfect domination in line graph.
Theorem 1:
1. Forany Cycle C, , with p = 3 vertices,

Veor(C5) = P~ 2|2

2. For any star Kq, , with p = 3 vertices,

L(Kyp)= 1.

Remarkl. For any Wheel W, with p > 4 vertices y,,, L(W,) does not exists.

Theorem 2 : For any connected (p, q) graph G with p > 3 vertices , then

VeopL(G) + diam (G) < p+¥epic(G) + AG).

proof : Let J = {ejey e, €3S E(G) be the minimal set of edges which constitutes the largest path
between any two distinct vertices u,v € V(G), as a result dist (u, v ) = diam (G).

Now assume there exists atleast one vertex v € V(G) with A(G) = deg(v) . Let D = {v; v, ... ..., vy FEV(G)
and V v, € D,1 <k <m, is adjacent to atleast one vertex of V (G) — D and if (V(G) — D) has more than one
component, then D isa ygy; - set of G. Further let A = {v; vy, ... ... ,Un + = V[L(G)]. Select a set K < A such that v
v; € A — K is adjacent to exactly one vertex of K and N[K] = V[L(G)]. Then K is the minimal perfect dominating set
of L(G). If (A — K) is not regular, then attach a set of vertices {v;} € {4 — K} which make (A — K U {v;}) regular.
Hence |K U{v;}| +dist(wv) < |V(G)|+|D|+ A(G) attains y,,, L(G) + diam (G) < p+¥spuc(G) + A(G).

The relationship between y.(G) , y:(G) with co-regular perfect domination of a line graph L(G) is established in
the following theorem .

Theorem 3: For any non trivial (p, ) graph G, v, L(G) < vy +y,+land G = W, .

Proof: Suppose G = W, .Then by Remark 1 y,,,L(G) does not exists.

Let S = {vy vy, ... , Uy } € V(G) be the minimum set of vertices which covers all the vertices in G. In the
subgraph (S), if deg(v;) =1, Vv, €S5,1 <i<n, then S forms a y, set of G.Otherwise if deg( v;)< 1 for some
v; € S;then add the minimum number of vertices {v;} € N(v;) to the vertices of S. Then SuU {v;} forms a minimal
total dominating set of G.

LetS, ={v, vy, ... , Ui } be the collection of all end vertices in G. Suppose S, c {V(G) — S;} be the minimal
set of vertices such that N[v;] = V(G) Vv; € S,.Then S, formsa minimal dominating set of G.

Further if S, has exactly one component, then S, itself is a connected dominating set of G.Suppose S, has more
than one component then attach the minimum set of vertices {v,}, such that S; = S, U {v;} which are in u-v path , ¥
u,ve{V(G)— S,}. Hence S;isa minimal connected dominating set of G.

Let Ey = {ejez vnivnon, ey FEE(G); Ex={es€p, v vevn, €y F EE(G). Then Vee; € E; are incident with
Vv; Ey.set of G andVe; € E, are incident with v; € y, set of G. Let E; = {e; 5, ... oo vov v, € } = E(G) . Then
{v1v2, eee e oo, v } = VIL(G)] corresponding to the elements of Ej; . Also Hy = {v; vy, . v oo, vy 3 € V[L(G)]

corresponding to the elements of E,. Suppose K c V[L(G)] and every vertex of V[L(G)] — K is adjacent to exactly one
element of K such that N [K] = V[L(G)] . Then |H;| < |K| andalso |H,| < |K]|. Butitis easy to verify that [{H,} U
{H,}| +1 = |K| and if (V[L(G)] — {H,} U {H,}) is regular, then {H;} U {H,} isa y,,, set of L(G). Hence

[{H,} U {H,}| =S U {v;} +S5] +1 gives the required result.

Theorem 4: For any non trivial (p,q ) graph G, with p > 3 vertices then,

YeopL(G) + B1(G) < p +diam (G).

Proof: LetV={v, vy, coecevuec, v} =V (G) with [V|=p. Let E;={e;e,,...... ,en} € E(G ) be the edge set
in G, which constitute the diametral path in G. Clearly |E;| = diam (G).
LetJ={eiez,..... ,e;} €E(G),1 <i<n is aset of maximum edges in G, such that for any e;g;€ J, N(gj )n

N(ej) =eand e € E( G) —J. Clearly J forms maximal edge independent set of G, with |[J| = S;(G) .
Suppose M c B, and H € E(G) — B;. Then in L (G), {M} U {B;} c V [L(G)]. Now assume V v; € [{M} U {B;}] is
adjacent to exactly one vertex of V [ L(G) ]- [{M} U {B,}] such that N[{M} U {B,}] = V[L(G)] .Then {M} U {B,}isa
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¥p Set of L(G). For coregularity,if (V[L(G)]— [{M} U {B;}]) is regular, then {M} U {B,}is ay,,p, set of L(G).If it is
not the case, then consider a set {v;} € V[L(G)]- [{M} U {B,}] which gives is regular. Clearly |[{M} u{p.}u v]-| +1J]
< VI + |Ei| gives  ycopL(G) + B1(G) < p+ diam (G).

Theorem 5 : For any connected graph G ,with p > 3 vertices,then

]/copL(G) + yl(G) < p-a (G) +1.

Proof : LetE; = {ejey .covvvne. o, ey} € E(G) be the set of all non end edges in G. Suppose there exists a
minimal set of edges E, = { e e, ... e ceo. oo, €} € Ey Such that N[e;] =E(G) ,Ve; €E,,1 <i <m.Then E, forms
a minimal edge dominating set of G.

Let B = {vy v,, ...... ,V; }S V(G) be the minimal number of vertices which covers all the edges of G , such that
|B| = ao(G). Further if H= {v; vy, ... .. .. , Um } be the vertex set of L(G). Suppose there exists K € H such that N (v; )

NN (v;)= 0 V ij €K, then Kis the minimal perfect dominating set of L(G).

If (H — K) is regular, then K is y,,, set of L(G). If not add the set of vertices {v, }from{H - K} such that ( H —
K U {v,} ) isregular. Since V(G) = p, then |[K U {v,}| - |E,| < [V(G)| + |B| + 1, which gives y.,,L(G) +y*(G) < p
-a, (G) + 1.

The independent domination number i(G) of G is the minimum cardinality of a dominating set which are also
independent, see [1]

A dominating set F € V(G) is a cototal dominating set if the induced subgraph (V — F) has no isolated vertices.
The cototal domination number y,.(G) of G is the minimum cardinality of cototal domination set of G . see [10 ]

Theorem 6: For any non trivial graph G with p > 3 vertices, then

]/copL(G) - l(G) < 2.80(6) = Yeot (G)

Proof : Let V; = {vy vy, e ceee v, vy } € V(G), such that v v; € V; ,deg (v;) = 0 in (V;). Then V; forms
independent dominating set of G .Now consider L = {v; v,, ... ... ... ..., Uy, }E V(G) be the maximum set of vertices with
dist(uv)=2and N(UNN(v)= x,VvuveLand x e V(G)-L.Clearly |L| = B,(G).

Now let F be the set of vertices with deg (v) = 1,vv € F, and | = {v, v, ... ... ...,V } € V(G) be the set of
vertices such that diam ( a,b) > 2 where a€ F,b € I. Suppose B = F U I covers all the vertices of G. Then B forms
Yeor SetOfG.

Further let K = {v, vy, ... ... , Uy } be the vertex set of L (G) . Then there exists H € K'suchthat N (v;) NN (v; ) =
@,V i,j € H then H is minimal perfect dominating set of L (G). If (K — H) is regular ,then H is a y,,,, setof L (G). If
not , select the set of vertices {v;} from {K — H} such that (K — H U {v;}) is regular. Hence |[H U {v;}| - [V;] <2
IL| = |B| gives ¥eopL(G) —i(G) < 2Bo(G) - Yeor (G).

Theorem 7: For any connected graph G with p > 3 vertices, then v, L(G) < 2a,(G) - 1.

Proof: Let S = {e; ey, .........., ;3 € E(G) be the set of end edges in G .Then SU J where | € E(G) — S be the
minimal set of edges which covers all the vertices of G.Such that |S U J| = a4 (G).
Further let V = {v; v,, ... ... ..., U, } be the vertices of L (G) . Suppose there exists K € V such thatv v, € V —

K,Nw)nN(v;)= 0,vi,j €V—K.Then Kis minimal perfect dominating set of L (G). If (V — K) is regular,
then K is ay,,, of L (G). If not select the set of vertices {v,} from {V — K} such that (V — K U {v,}) makes
regular.

Hence |[K U {v}| <2|SUJ|— 1 gives y,pL(G) < 2ay(G) - 1.

Theorem 8: For any connected graph (p, q) graph G, ycopL(G) +3 = p -y:(G) .

Proof ; Let V = {vy v,, ..... ... ..., vy, } be the vertex set of G, with |V| = p. Suppose D be the minimal dominating
set of G such that consider H ¢ V where H € N(D) and 3 H,; < H such that (H; U D) has no isolates. Clearly {H; U
D} is a total dominating set of G. Now let V; = {v; v,, ..........., v, Jbe the vertices of L(G), then there exists K < V;
such that VvV v; € V; — K is adjacent to exactly one vertex of K and N[K] = V[L(G)]. Thus K be the minimal perfect
dominating set of L (G). If (V; U K) is regular , then K is ay,,, of L(G) . If not select the set of vertices {v;} from
{V; — K} which makes (V; — K U {v;}) as regular. Hence

KU {v}|+3 = |V|- |[HUD| gives ¥.,,L(G)+3 =p-v.(G).

Example:
G L(G)
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Fig. 1. G is a Graph and L(G) is line graph of a graph G

In fig.1, G is a Graph and L(G) is line graph of a graph G. we can see

p(G) = 9 and Total domination number of a graph G =y,(G) = { v, , Vs, Vs, Vg } =4
Coregular Perfect domination number in line graph L[G] is

ycop[L(G)] = {el 1 €2, €3, €4,€5, 66} = 6.

Hence  y.pL(G) +3 =p -v:(G)

Theorem 9: For any nontrivial graph G, ¥,opL(G) < ¥op(G) + y*(G) + 1.

Proof : Let H={ es ey, ........., e} € E(G) such that for each e; € H, i=1, 2, 3---..---m, N(e;) N H = ¢ .Then
[H| =y (6).
Let V={v, v,,..........., v, } be the vertices of a graph G. Suppose there exists A € V(G) such that Vv; eV — A

is adjacent to exactly one vertex of A . Then A is perfect dominating set of G. If (V — A) is regular, then A itself is a
coregular perfect domination set of G with |A| = y,,,(G) .

Suppose there exists H; € H and H, € E(G) — H . TheninL (G), {H, U H,} c V[L(G)]. Now assume every
vertex v; € V[ L(G) ] —{H; U H,} is adjacent to exactly one vertex of {H; U H,} and N[{H;} VU {H,}] = V[LG].
Hence {H; U H,} is a perfect dominating set. If (V[L(G)]—{H,; U H,}) isregular. Clearly {H; U H,}isa y,, set
of L(G).

Then |{H, U Hy}| <Al + [H|+1 gives ¥.pL(G) < v0p(G) + y1(G) + 1.

Theorem 10: For any connected graph G, then y,,,L(G) +3=q-A(G) and G # P, with p > 11.

Proof: Suppose G = P, with p = 11.Then v, L(G) + 3< q - A(G) .

Let E={e e ivun.n, e} be the edge set of G with |E| =g.Let F = {uyu, ..............,u; } be the set of all
non end vertices in G , then there exists at least one vertex u;,, € F of maximum degree A(G).
Further let V; = {vy vy, v ,Un } be the vertex set of L(G). Suppose there exists K c ¥, such thatVvV v, €

V; — K s adjacent to exactly one vertex of K and N[K] = V;[L(G)] . Then K is the minimal perfect dominating set of
L(G). If (V; —K) is regular, then K is y.,, set of L(G). If not select the set of vertices {vj} € {V; — K} ,which
makes (V; — K U {v;}) regular.

Clearly |KU{v;}|+3 = |E|— A(G) . Itfollowsthat ¥.,,L(G) + 3 = q - A(G) .

Theorem 11: For any connected (p, g)graph G with p > 3 vertices, then y.,,L(G) < 3q - 2p.

Proof: Let E={e; ey, ... ... ... ... e, } be the edge set of G with|E|= q. And let V={ v;, v, ... ... ......., v, } be the set of
vertices with [V]|=p.
Consider Vi = {vy,v, .o co oo, 1, ) bE the vertex set of L(G) .Suppose there exists K c V; such that vV v, €

V, — K is adjacent to exactly one vertex of K .Then K is the minimal perfect dominating set of L(G). If (V; —K) is
regular, then K is itself y.,, of L (G). Hence |K| <3 |E|— 2|V| gives y.,L(G) < 3q - 2p.
Theorem 12: For any connected (p, q) graph G with p > 3 vertices , then

Yeopl(G) <[22 +81(6) .

Proof:Let E ={e, ey, ... ... ,em} be the edge set of G, with |E| = g.Suppose F = {v, v,, ..., v,, }E V(G) be the set of
all end vertices in G with |[F| = m . Now suppose E; = { ejey,............., €;} be the set of all non end vertices of
G.Then there exist atleast one edge of maximum degree A*(G) in Ej. Further let V; = { vy, v, o vev oo, U } bE the

vertices of L(G) corresponding to the elements of E. Suppose there exists K < V; suchthat Vv, € V; — K is
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adjacent to exactly one vertex of Kand N(v;) n N(vj) = ¢ Vi,j €V —K.ThenKis the minimal perfect dominating
set of L(G). If (V; — K) is regular then, K is y,,,, setof L(G). If not add the set of vertices {v,} € {V; — K} such that

(V; — K U {v,}) isregular.

Hence |K U {v,}| < w + A'(G) , which gives ¥, L(G) < [‘”Tm] + AY(G).

Theorem 13: For any nontrivial graph G, then y.,,L(G) + A(G) = ¥,(G) + C, where C be the number of
cutvertices inG and G # B, .

Proof: Let Vi = {v,,v; ... ,Vp } € V(G) such that V(G)—{v;} has more than one component , V v; € V; such
that |V;|= C.Now assume there exists atleast one vertex v € V(G) with A(G) = deg(v).

Let S={ v,V e,V } SV(G) be the minimum set of vertices which covers all the vertices in G.
Suppose V v, € V — S is adjacent to exactly one vertex of S. Then S itself isa y, setofG.

Let H= {vy,V; ueouen o, Uy} be the vertex set of L (G). If H; S H be the cutvertices of L(G) and H, €
H — H,. Assume every vertex v; € V[ L(G) ] —{H, U H,} is adjacent to exactly one vertex of {H; U H,}and N
[{H;} U {H,}] = VILG] . Hence {H, U H,} is a perfect dominating set of L(G). If (V[L(G)]—{H, U H,})is
regular. Clearly {H; U H,} is a ¥, set of L(G) .Then |[{H; U Hp}| + A(G) = [S|+ |Vi]  gives v, L(G) +
A(G) = y,(6) + C.

A edge dominating set of K of a line graph L(G) is a co-regular edge dominating set if the induced subgraph
(E[L(G)] — K)is regular . The co-regular edge domination number is the minimum cardinality of a co-regular edge
dominating set of L(G) and is denoted by y2. L(G).

Theorem 14: For any non trivial connected graph G, with p > 3 vertices , then

YeopL(G) + ¥(G) = v& L(G) with G # Ky, if p=>6.

Proof: Suppose G = Ky, ,p=6.Then y.,,L{K;,} =1

Hence y,,,L(G) + y(G) < ¥4 L(G) , a contradiction.

Let S={vy v, ... ,Unt € (G) be the set of vertices with, deg (v;) =2V v; €S, 1<i <n. Suppose there
exists a set S; € S with diam (u,v)= 2,V u,v € S;, which covers all the vertices in G. Clearly S; forms a dominating
set of G.

Now considerV; ={v; v, ... ... ... , U ybe the vertex set of L(G).Suppose there exists K < V, ,every vertex of
V, — K is adjacent to exactly one vertex of K and N[K] = V[L(G)]. Then K is the minimal perfect dominating set of
L(G). If(V; — K) is regular, then K is a y,,, set of L (G). Otherwise select the set of vertices {v, } € V; — K such that
(V; — K U {v,})isregular.

Further let K={e; ey, ......., ey} be the set of edges of L(G). There exist H € K[L(G)]suchthat Ve; € K —H
is adjacent to atleast one edge of H. Then H is minimal edge dominating set of L(G) . If (K — H) is regular , then H is
Yer setof L(G).Hence |KU{w}|U |S;]= [H| gives y.pL(G) + y(G) =4 L(G) .

Theorem 15: For any connected graph G, ¥, L(G) < ¥55(G) +v.(G) .

Proof: Since y,(G) < y,,(G) and by the Theorem 3, the result follows .

3. Conclusion

In this paper we derived selected results on Coregular Perfect domination in line graph .These results establish key
relationship between the Coregular Perfect domination in line graph and other parameters, including the domination
number, the edge domination number, split domination number and entire domination number of a simple, and
undirected graph.

The concept of Coregular Perfect domination in line graph gives the regularity of the vertices of V[L(G)] - D.
Where D is the perfect domination number of L(G). Here we have derived some general results on the concept of
Coregular Perfect domination. Further its relationships with other different domination parameters were obtained.
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