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Abstract: For selecting security parameters in lattice-based cryptographic primitives, the exact manner of BKZ
algorithm (as total cost and specification of output basis) should be estimated in high block sizes. The simulations of
BKZ are used to predict (estimate) the exact manner of BKZ algorithm which cannot be studied by practical running of
BKZ algorithm for higher block sizes. Sampling method of GNR (Gamma-Nguyen-Regev) enumeration solution vector
v is one of the main components of designing BKZ-simulation and it includes two phases: sampling the norm of
solution vector v and sampling corresponding coefficient vectors. Our work, by Moghissi and Payandeh in 2021,
entitled as “Better Sampling Method of Enumeration Solution for BKZ-Simulation”, introduces a simple and efficient
idea for sampling the norm and coefficient vectors of GNR enumeration solution v. This paper proposes much better
analysis for approximating the expected value and variance of the entries of these coefficient vectors. By this analysis,
our previous idea for sampling the coefficient vectors is revised, which means that the expected value and variance of
every entry in these coefficient vectors sampled by our new sampling method, are more close to the expected value and
variance of corresponding entries in original sampling method, while these new sampled coefficient vectors include no
violation from main condition of GNR bounding function (i.e., our new sampling method is not a rejection sampling).

Index Terms: BKZ Simulation, GNR Enumeration, Coefficient Vector, Sampling Method, Expected Value, Variance.

1. Introduction

Lattice reduction is the main phase of most lattice attacks. BKZ reduction is the current main practical lattice
reduction algorithm [1,2]. For determining the security parameters in lattice cryptographic primitives (such as the work
in [3]), the total cost and output quality of BKZ algorithm should be estimated in high block sizes. For predicting the
manner of BKZ in higher block sizes, practical running is not the way, therefore BKZ-simulations are introduced (e.g.,
the simulation by Shi Bai et al. [4] is one of the last versions of BKZ-simulation). Designing a BKZ-simulation with
GNR-pruned enumeration includes some necessary components such as enumeration radius, generation of bounding
function, estimation of success probability, LLL simulation, estimation of GNR enumeration cost, sampling method for
enumeration solution and simulation of updating GSO [5]. However other SVP-solvers (such as the works in [6-8]),
instead of GNR-enumeration, can be considered in designing BKZ-simulations, (to the best of our knowledge) previous
researches in design of BKZ-simulation just focus on BKZ with enumeration function. Also, design of pure version of
BKZ-simulation (with GNR-enumeration) can be extended simply into the simulation of different versions of BKZ
(such as BKZ with progressive block size [9] or progressive success probability [10] or pressed BKZ [4]).

One of the main components in design of BKZ-simulation with GNR enumeration is sampling the enumeration
solution v. Enumeration solution v in former BKZ-simulations is often considered in the form of the expected value of
the norm of solution ||v||. GNR enumeration function in BKZ algorithm over a lattice block L[b,-,---.bk] returns the

coefficient vector y, which can be used to compute the solution vector v by linear combination of vectors of this lattice
block as v = ﬁ‘:j vy b; [5]. Our work in [5] tries to introduce an approximate sampling method for enumeration solution
v which samples both norm and coefficient vectors of enumeration solution. Our idea in Lemma 3 from [5] introduces a
suitable method for sampling the norm of enumeration solution v. In other side, to the best of our knowledge, first
precise and explicit analysis of sampling the coefficient vector y is introduced in [5] and following sampling methods of
coefficient vectors are proposed in [5]:
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e  Our sampling method 1 (which is introduced in Claim 1 and Lemma 11 from [5]; see the pseudo-code in
Algorithm 5 from [5]) is defined just for piecewise-linear bounding functions with condition of small
enumeration radius or small (static) success probability. In other words, the condition that the expected
number of solutions in GNR enumeration (i.e., dynamic success frequency) belongs to =~ 0(1); However our
results in [5] verify our sampling method 1, this version of sampling is not too accurate for much small
success probability;

e  Our sampling method 2 (see the pseudo-code in Algorithm 6 from [5]) is defined just for piecewise-linear
bounding functions with any enumeration radius and any success probability; However our results in [5]
verify our sampling method 2, this version of sampling is not too accurate for enumeration radius of R = ||v||
and much small success probability;

e  Our sampling method 3 (see the pseudo-code in Algorithm 6 from [5]) is adapted for any bounding function
with any enumeration radius and any success probability (i.e., with no constraint); Our test results in [5] show
that the probability distribution (and expected value) of X; = Y'i_, zZ/R? for different types of bounding
functions with same success probability P is not sufficiently similar, unless for big dynamic success frequency
(i.e., fsuce > 1). Accordingly, this version of sampling is not much accurate.

As mentioned, our idea in Lemma 3 from [5] is accepted in this paper, but our sampling methods of 1, 2 and 3
cannot be accepted as exact sampling methods of coefficient vectors and would be revised in this paper.

The accuracy of our sampling methods of 1, 2 and 3 in [5] is just determined based on the expected value of each
entry in coefficient vector of enumeration solution! As shown in test results of this paper and [5], when the success
probability of bounding function is much small or enumeration radius tends to the solution norm (i.e., R = ||v]|), the
proposed sampling method 1, 2 and 3 would be less accurate. In this paper, a novel idea for approximating this expected
value is introduced which is more close to the expected value of corresponding entries in basic rejection sampling in
Algorithm 6 from [2]. In other side, there is no analysis on variance of each entry in coefficient vector of enumeration
solution in [5], while our test results in this paper show disappointing variance for these three sampling methods! Also a
novel idea for approximating this variance is introduced which is more close to corresponding entries in basic rejection
sampling in Algorithm 6 from [2]. Moreover there is no analysis on the number of violations from main condition of
bounding function at each entry in coefficient vector of enumeration solution in [5], while our test results in this paper
show surprising much number of violations for these three sampling methods! Finally in this paper, our sampling
method 1, 2 and 3 (for sampling coefficient vectors) are revised, in the way that, our new method is not a rejection
sampling (i.e., it includes no violation of main condition of GNR bounding function at each entry of coefficient vectors),
also the expected value and variance of each entry of coefficient vectors tend to our new exact approximation of
expected value and variance of corresponding entries in Algorithm 6 from [2]. This is worthy of noting that for
designing a BKZ-simulation, our novel idea for approximating the expected value of corresponding entries in
Algorithm 6 from [2] is sufficiently exact (instead of “Our Sampling Method 5”), while its variance and number of
violations at each entry are absolutely zero. In fact, using our new sampling method just tries to inject more reasonable
randomness to the BKZ-simulation.

The remainder of this paper is organized as follows. Section 2 is dedicated to essential background for
understanding our contributions in this paper. Our contributions in design of sampling method of coefficient vectors of
GNR enumeration solution would be introduced in section 3. Our test results for verifying our claims and value of our
contributions in this paper are introduced in section 4. Finally, in section 5, the conclusions and further studies for this
work are expressed.

2. Background

In this section, a sufficient background is introduced to make this work easy to be understood. At first of this
section, some basic preliminaries for this paper are introduced. Next, some necessary information on GNR-enumeration
and coefficient vector of GNR-enumeration solution is introduced.

2.1. Basic Preliminaries

A lattice in this paper is defined as follows:
Lattices. A lattice is a set of points in the n-dimensional space [11], in the way that for given n-linearly
independent vectors b, ..., b, € R™, the lattice can be generated by them as the following set of vectors:

LBy, w,by) = (TIy Xiby: x; € T3, (1)

The set of vectors of [by, ..., b,,] is known as the lattice basis shown by column matrix of B. Also a lattice block of
[b]-, b1, ...,bk] is shown by B s or L[bj,...,bk] or Ly x1- For cryptographic applications, this is assumed to b; € Z™. The
rank and dimension of lattice £(B) are shown respectively by n and m.
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Euclidean norm. The length or norm of a lattice vector v = (vy, ..., v,,,) is measured by ||v|| = 3/v,2 + - + v,,2.
Fundamental Domain. For a lattice L(B), the fundamental domain is defined as following set:

F(L) ={t;by + t3by + -+ t,b,:0 < t; < 1} (2)

Volume of Lattice. The volume of a lattice L(B) is defined by the volume of the parallelepiped of fundamental
domain F (L) which is computed as follows:

Vol(L(B)) = Vol (T(L(B))) = |detB|. 3)

One of the main heuristic in lattice theory is Gaussian Heuristic, which estimates the number of points in a set S.

Heuristic 1 (Gaussian Heuristic). “Given a lattice £ and a set S, the number of points in S N £ is approximated
by Vol(S)/Vol(L)” [1];

By using Gaussian Heuristic, if lattice £ is limited in a central ball with radius of R = 1, (L), then it is expected
that there is at least one lattice vector in Ball,(R) with radius R, which is the shortest vector. Therefore, the value of
A1 (L) can be estimated by Gaussian Heuristic of lattice GH (£) as follows (by using sterling approximation):

_ o vol(t®) % ek 1
GH(L) = <Vol(Balln(1))> - \/%(detB)n. )

Also, Gram-Schmidt Orthogonalization and projected sub-lattices are other fundamental definitions in BKZ
reduction.

Orthogonal projection (m;(...)). For a given lattice basis B = (by, by, ..., b,), the orthogonal projection m;(...) is
defined as follows:

m;: R™ & span(by, ..., b;i_1)?t, where 1 < i < n.

Gram-Schmidt Orthogonal basis (GSO basis). For given lattice basis B = (by, by, ..., b,,), the Gram-Schmidt
Orthogonal basis B* = (b1, b3, ..., b;;) is defined as follows:

m(b) = bi = b; — 23;11 i j-bj, (5)
bi.b} .
where y; ; =W and1<j<i<n.
J

Note: The parameter of b;" refers to i-th vector of GSO basis of B*.

Also in our statistical analysis, Gamma distribution is massively used:

Gamma distribution. The Gamma distribution is a two-parameter and continuous probability distribution which is
defined as follows (for input shape-parameter of k and scale-parameter of 9):

k=1 p=x/6
Gamma(x; k,0) = T o where x > 0. (6)

The mean and variance in Gamma distribution respectively are determined by k6 and k2.
Note: In this paper, the expected value and variance of random variable X respectively are shown by E[X] and V[X]
(i.e., for random variable of x, the notation of V[x] and the notation of o2[x] are equivalent). Also, the standard

deviation is shown by notation of STD[X] = /V[X].
2.2. GNR-Enumeration function

There are many hard problems in lattice theory, where the shortest vector problem (SVP) is the basic one. For
given lattice basis B, solvers of SVP try to find the shortest nonzero vector in this lattice. One of the main SVP-solvers
is enumeration function which searches the solution vector in a tree. Different pruning method is introduced for
enumeration function.

Full-enumeration. For initial radius R, the tree of full-enumeration enumerates all lattice points in n-dimensional
ball of radius R (i.e., no pruning is used in this type of enumeration function).

The sound pruning technique (also named as GNR-pruning), which is introduced by Gama, Nguyen and Regev,
uses the concept of cylinder-intersection. The cylinder-intersection, bounding function and GNR-pruning are defined as
follows:

Cylinder-intersection. The [-dimensional cylinder-intersection with radius (R4, ..., R;) is defined as following set
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[1]:
Cryry = {(1, o x) ERLVI<iI<LYE 2 <RA) )

Bounding function. The vector of R: 0 < R; < R, < --- < Rg = 1, when multiplied by initial radius R, defines a
bounded cylinder-intersections with radius (R4, ..., R;) = (R. R4, ..., R.R;) for 1 < I < B, and consequently is used to
prune the enumeration trees [1].

Note: In this paper, the entry i in bounding function R is shown by R[i] and R;.

GNR-pruning (Sound pruning). For a lattice block of By ;; = [bj, b1, ...,bk] and the coefficient vector x € Z#,
this pruning replaces the inequalities of ||my4q—;(x.Bjjx)|| <R for 1 <i<k—j+1as a bounded ball (in full-
enumeration) by ||mry41—;(x. Byjx)|| < RiR, where 0 < R, < -+ < R,_;,,=1 as a cylinder-intersection [2].

The pseudo-code of the sound pruned enumeration (GNR-enumeration) can be studied in Appendix B from paper
[1]. Success probability is one of the main features of bounding function which is defined as follows [1]:

Success probability of bounding function. For any lattice block of [bj, bjy1, s bk], initial enumeration radius R and
bounding function R, if there is just one lattice vector v in n-dimensional ball with radius of R (i.e., ||v|| < R), the
probability of finding solution vector v after GNR-pruning by R in enumeration tree is defined as the success
probability of R, and is shown by pg,..(R).

For analysis of the success probability of GNR bounding function, Gama et al. use following heuristic assumptions
(in addition to Gaussian Heuristic) [1]:

Heuristic 2. “The distribution of the coordinates of the target vector v, when written in the normalized Gram-
Schmidt basis (b1 /||b1l, .., by /||b5 1) of the input basis, look like those of a uniformly distributed vector of norm ||v|| ”.

The success probability of the bounding function R can be estimated by Monte Carlo simulation (see Algorithm 8
in paper [2]), however Algorithm 7 from paper [1] can be used as more efficient estimation of success probability.

At the end of this subsection, two families of bounding functions including “Step bounding function” and
“Piecewise-linear bounding function” are defined as follows [1]:

Step bounding function. The Step bounding function is defined as R? = a, fori=1,..,4/2 and R? =1 in
otherwise, where 0 < a < 1 [1].

2ia

Piecewise linear pruning. The piecewise linear bounding function is defined as R? = 5 fori=1,..,6/2and
2i(1-a)

R? = (Za -1+ ) in otherwise, where 0 < a < 1 [1].

We show in [12], if success probability of optimal bounding function is closed to %100, then the cost of GNR-
enumeration pruned by this bounding function can be approximated as 2B%times the cost of full-enumeration (in
consistent with the analysis in [1]). Also, we show in [12], for practical block size of 100 < § < 250, the upper-bound
for speedup of GNR-enumeration pruned by a piecewise-linear bounding function with much small success probability

B
(as extreme pruning) when the lattice block is preprocessed by BKZ with enumeration would be estimated from 2ss to

B B
222 (and tries to reject the claimed speedup of 22 by extreme-pruning over full-enumeration in [1]). Furthermore, a
global search strategy, a practical search algorithm and an efficient approximate technique to generate the optimal
bounding function are introduced in [14].

2.3. Coefficient Vector of GNR-Enumeration Solution

GNR enumeration function over a lattice block Lip;,..p ] returns the coefficient vector y, which can be used to

compute the solution vector v by linear combination of vectors of this lattice block as v = Z{‘:J- y;b;. The coefficient of
orthonormal basis vector z = (z,, z,, ...,zk_j+1=d) in Heuristic 2 which corresponds with the target lattice vector of v

can be formulated as follows (note that, b; /||b; || is the ith vector of the orthonormal basis of by /||b1ll, ..., b5 /11bs 1) [1]:
by /11 bl
v= (21;"';Zd)- . . = (vli"'ivm)' (8)
bj /1|b;

The coordinates of the coefficient vector z are reversed (i.e., z; corresponds with by _;,,/l|bg_;;+11l), and it is clear
that ||zl = [lvll [1]. Also, the vector u = (uy, uy, ...,uk_j+1=d) = (21/R,2z,/R, ...,z4/R) is chosen to be uniformly
distributed from d-dimensional ball of the radius 1 (by the notation of u —~ Ball,;). By using these formulations, success
probability of a GNR bounding function R can be formally defined as follows [1]:

. i Riz . i
psucc(:R) = PruwBalld (Vl € [1; d], Zézlulz < ﬁ) = pruwBalld(Vl € [1' d]; Z;’:l ulz < Riz)- (9)
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Note: Since in last block of BKZ, the size of blocks becomes less than initial block size of 8, so the variable of
d =k —j + 1is used to emphasize this fact.

The main condition (or constraint) which defines the success probability of finding true coefficient vector of
enumeration solution for an input bounding function is defined as follows:

. i . i Riz
(Vie[1,d], 3,22 < RERG?) = (Vl e[LdlSlut< 5= Riz)

where w; < Gamma(1/2,2).

(Vi €1, d],zleﬁ < :Riz), (10)

Zd Z2 Z1
llozll” " Iba-all” l1pgll

The solution vector v can be written by the coefficient vector w = ( ) on GSO block as follows

[5]:

by
v= (v, V) = (Wll""Wd)-[ :
b

. (11)

Note: The solution vector v from enumeration over lattice block L, is a GSO projected vector which is
orthogonal over the previous basis vectors in L ;_q; (remember that, here the notation of Ly, 4 represents Lp; ).

By inserting the solution vector v at first of the lattice block £; 4 (which results in the block of (v, bj, ..., by) with
d + 1 vectors), one of the vectors from the GSO block [v, b5, ..., b}] should be eliminated after updating GSO
coefficients of these d + 1 vectors. Lattice enumeration uses the integer coefficients y; for enumerating over the
projected lattice block Ly, 4, therefore the coefficients w; in vector w depend on integer entries in the vector of y, as
follows [5]:

Note: Here, the projection notation of m; (...) represents m;(...), also the dimension of b; and v is m which differs
from the rank of lattice block (i.e., block size of d).

my(by) by
v=Ouyzya)| G [ =0y v o P | (12)
71 (bg) bg + XiZi Hai- b
200, 2115112 *
Iwl12 = (v1 + 2o yitea) D512+ 4 (Vg + i gra Vi tiig) |B|I” + - + yallbglI2 = (13)
23 Zgl—g+1 7
w= |y + 2 Vi g, Yo + Zgua Vi kg -0 Ya | (14)
w1 wy Wq

Based on (14), a zero coefficient of y; does not always result in w; = 0, except for indices after the last non-zero
coefficient of y, [5]. Also by using Theorem 2 in [5], following relations can be expanded:

Zd-i+1
w; = ——
N H
Zd—
wy, =" =127, .= (15)
b1
wl=Z‘|1|;—fr|1=0=>zd_l+1=0,forg<lsd. (16)
1
The entries of coefficient vectors of w and z can be sampled for full-enumeration as follows [5]:
i 2—||p z
w; « (—1)lrandpo..2], %, where w; « Gamma(1/2,2). (17
il \&t=1 %t
i 2—||p z
Zg_iv1 < (=1)lrando..z)]. w, where w; « Gamma(1/2,2). (18)
t=1
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3. Our Contribution

As mentioned, GNR enumeration in BKZ algorithm over a lattice block Lip;,..by) rEIUMS the coefficient vector y,

which can be used to compute the solution vector v by linear combination of this lattice block vectors as v = Z{‘:]- vib;.

To the best of our knowledge, our work in [5] is first precise analysis of sampling the coefficient vector y. As
mentioned, our sampling methods for coefficient vectors is developed in three versions in [5], as follows:

e Our sampling method 1 (which is introduced in Claim 1 and Lemma 11 from [5]; see the pseudo-code in
Algorithm 5 from [5]);

e Our sampling method 2 (see the pseudo-code in Algorithm 6 from [5]);
e Our sampling method 3 (see the pseudo-code in Algorithm 6 from [5]);

This paper proposes Algorithm 1 as the skeleton of our sampling method of coefficient vectors.

Note: For simplicity, Algorithm 1 assumes that cutting point is Cut = d, while in practical purposes, if Cut < d
then this is only needed to change the block of £, 4 with block size of d into the block of £ ¢, With block size of
Cut.

Algorithm 1 Sample_of w
Input: GSO norms of block given as Bf; 4 = (b1l - Ib3I] at stage j, any type of bounding function R, enumeration radii R,
Sampled norm of enumeration solution as ¢, last nonzero index of g ,/* boolean parameter of RANDBLOCK,*/GSO Coefficient Matrix of p.
1 [€3,45, ..., %] < Sample_of £?(B{ 4, R, R, £1,4);
forQ=g+LI<d;l++)y, =0;
YVp=1
for(l=¢g—-1;1>1;1—-){
A flz_flzﬂ g 2 2

e T Yo Vil /125 = I (W)l
}//end for
for(l=1;1<d;l++){

wy =y + X Y

Zg 141 = wilIb{|I;
10: }//end for
Output: Sampled cofficient vectors of w, z and y.

B

Lemma 1. For a GNR-enumeration over GSO block [b7, ..., b}] by any type of bounding function R, enumeration
radii R and current GSO Coefficient Matrix of u, if there is a solution which is returned with sampled norm of £, and
last nonzero index of g, Algorithm 1 gives the samples of coefficient vectors of w, z and y for this sampled solution
based on Heuristic 2, just if the function “Sample_of_£2” truly samples ||z, (v)|| for 1 < t < g based on Heuristic 2.

See proof in Appendix C.

As mentioned in Lemma 1, Algorithm 1 gives the samples of coefficient vectors of w, z and y for this sampled
solution based on Heuristic 2, just if the function of “Sample_of £2” truly samples the norm of r,(v) for1 <t < g
based on Heuristic 2. Algorithm 3 in Appendix A uses Lemma 3 in [5] for implementing the function of
“Sample_of_£2”. Lemma 2 declares that this idea in Algorithm 3 (which is named as “Our Sampling method 4”) is not
consistent with Heuristic 2 (i.e., it is impossible to use Lemma 3 in [5] for implementing the function of Sample_of_¢2).

Lemma 2. Under Heuristic 2, if the sampled solution of v = m; (v) would be projected on span(b, ..., b,)*, then
7. (v) cannot be considered as an independent uniformly distributed sampled vector on the projected lattice block of
[m,(by), ..., w5 (bg)], and consequently the norm of 7. (v) cannot be sampled by using Lemma 3 in [5] in the way which
is introduced in Algorithm 3 (with corresponding parameters which are updated for this projected block in lines 3-10
from Algorithm 3 in Appendix A).

Proof. This proof is done by introducing a Counter-example. Lets assume a GSO basis of By, ;) = [b] =
(1,0), b; = (0,1)]. For enumeration radius R and full-enumeration bounding function (i.e., vector of R = [1,1]), if a
solution vector v would be sampled uniformly from these lattice vectors in the circle of radius R based on Heuristic 2,
then is the distribution of projected vector of ,(v) equal to uniform distribution over vertical vertex with basis of
[b; = (0,1)]? The answer is clearly “NO”. In fact, the distribution of projected vector of , (v) has most frequency in
point of (0,0) from vertical vertex, while the least frequency can be observed in points of (0, +|R]) from vertical vertex,
this means that the distribution of the projected vector of m,(v) in this example is not uniform. In other side, Lemma 3
in [5] is mainly defined based on uniformly distribution of lattice vectors in corresponding cylinder-intersection of the
bounding function, so Lemma 3 in [5] cannot be used as “Sample_of_£2” for the projected vector m; (v) where i > 1.

Our results Test 1 from Section 4 verifies Lemma 2 (see Fig.2).

For best accuracy in sampling coefficient vectors, this paper introduces Algorithm 2 as “Our sampling method 5”:
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Algorithm 2 Sample_of #?_Ver5 (Our Sampling Method 5)
Input: GSO norms of block given as Bfm] = [b], ..., b}], bounding function R, enumeration radii R,

Sampled norm of enumeration solution as #,,last nonzero index of g.
1. Ryp; « Get_UpperBound_of R_1(d,R);
Ryp, < Get_UpperBound_of R_2(d, R, Ryp1);
Riow < Get_LowerBound_of R(d, R, g);
[E[£2], ..., E[£3]] < Get_ExpectedValues_of_£7(Bf; 4, R, R, 1,2, Rrow Rup1, Rupz )i
[V[£2],...,V[£3]] < Get_Variances_of_¢? (B[*Ld], R,R, ¥4, [E[t’%], . E[{’é]]);
[£, .. 631 « Get_Sample_of_€2(Bfy o) €1, g [E[3], .. EL€AI], [VI£3], .., VIEATD);
Output: Sampled norms of £%,43, ..., £2.

Algorithm 2 includes 5 main steps which are defined as follows.
Step 1. Computing Upper-bound bounding functions:

This phase (lines 1-2 in Algorithm 2) defines a Step bounding function of Ryp; and a modification of Ryp, as
Ryp, including the entries which are closely lower-bounded by input bounding function R. See the pseudo-codes of
Get_UpperBound_of_R_1 and Get_UpperBound_of_R_2 respectively in Algorithm 4 and Algorithm 5 from Appendix
B. Fig.3 shows the upper-bound bounding functions of Ryp; and Ryp, for input bounding function of “BF2
[Psucc=0.0002]".

Step 2. Computing Lower-bound bounding functions:

This phase (lines 3 in Algorithm 2) defines a piecewise-linear bounding function of R; oy including the entries
which are closely upper-bounded by input bounding function R. See the pseudo-codes of Get_LowerBound_of R in
Algorithm 6 from Appendix B. Fig.3 shows the lower-bound bounding function of R;qy for an input bounding
function of “BF2 [Psucc=0.0002]".

Step 3. Computing the expected value of £2:

In this step, the expected value of £3_;,; = ||m4_;+1 (¥)]|? can be computed as follows.

X; =Yl _zZ/R* for1<i<d=

R2E[X;] = R®E[X}_, 22/R?*| = E[Xto1 22| =E[zf + -+ 25_go1 + 25 _gua + -+ 27| = E[25_gu1 + 25 gua + -+ 27| =
By using (13), Theorem 2 in [5] and (32):

R2E[X;] = E[llmg-i+1 WI?] = E[€3_;44]. (19)

By using Claim 1, the expected value of R?X; = ¥'i_, z? for Step bounding function Rstep Can be approximated.

Claim 1. Under Heuristic 2, Algorithm 8 closely approximates the expected value of #2_;,, = |[mg_i1 (V)| =
R?X; = XL, z# for Step bounding function Rgyep.

To have better sense, see the shape of E[#4_,_,] for Step bounding function of “BF6 [Psucc=0.000147]" by our
results in Fig.4. Also, by using Claim 2, the expected value of R?X; = Y'¢_, z? for Piecewise-linear bounding function
Rpiece CanN be approximated.

Claim 2. Under Heuristic 2, Algorithm 9 closely approximates the expected value of £2_;,, = |[mg_i11 (V)| =
R?X; = Yi_, zZ for Piecewise-linear bounding function Rpjece.

To have better sense, see the shape of E[¢%_,,,] for Piecewise-linear bounding function of “BF5
[Psucc=0.00000011]" by our results in Fig.5. Finally, by using Claim 3, the expected value of R?X; = Y'i_, z? for any
shape of bounding function R can be approximated.

Claim 3. Under Heuristic 2, for any shape of bounding function R, if

approximates the expected value of #2_;,; = |Imy_i+1 (W1 = R?X; = YL, z2.
To have better sense, see the shape of E[#Z] for bounding function of “BF2 [Psucc=0.0002]" by our results in Fig.6.

IRLD

ai

<§then Algorithm 7 closely

Step 4. Computing the variance of £2:

In this step, the variance of £4_,,, = ||m4_;+1 (¥)]|? can be computed as follows:

RWIXi] = Vlimg-isa W] = V[£G_ i1, (20)

Volume 8 (2022), Issue 3 7



Revised Method for Sampling Coefficient Vector of GNR-enumeration Solution

To approximate the variance of #%_,, , for an input bounding function R, at first, this paper estimates the variance
of £2_;,, for full-enumeration bounding function, then update this estimation for any arbitrary bounding function R.
The variance of X; = Y:i_, z?/R? for full-enumeration can be approximated by following lemma:

Lemma 3. Under Heuristic 2, if random variable w? = z?/||b;||? (for I = d — i + 1) would be sampled by (17)
under full-enumeration with solution norm of ||v||, the variance of X; = ¥'L_; zZ/R? can be approximated by (21):

2
||v||2—||b;;||2) 2id—2i%—2d+2i

V[Xi]full = ( R2 A3—d2—d+1 (21)
See proof in Appendix D.
Corollary 1. By Lemma 3 and (20), the variance of #3_,, , for full-enumeration can be computed as follows:
N id— :2 d .
RV[Xlran = VIITamisr 1P fan = VI ip1]ran = (I0lI2 = 1b3112)? 2 (22)

d3-d2-d+1

The variance of X; = Y'i_, z?/R? for an arbitrary bounding function R can be estimated by Approximation 1:

Approximation 1. Under Heuristic 2, for an arbitrary bounding function R, if the variance of X; = Y'¢_, z2/R? for
full-enumeration is approximated as V[X;]g, and the expected value of X; is approximated as E[X;], then the variance
of X; for R can be approximated by (23):

. R2[i]-E[X; 2
VIX,] « V[X;]sq X min ((L]“l) , 1), 23)

REp3lil-E[X;]

where R3p;[i] = min(0.7 x (E[XJgun + 3 X /V[XiJfun) + 0.3,1) and E[X;]s, can be computed by using Algorithm 8
in Claim 1 (since full-enumeration bounding function is a step bounding function) or it can be computed by Lemma 9 in
[5]. By Approximation 1 and (20), the variance of £2_;, , for an input bounding function R can be estimated by (24):

v[‘£é—i+1] < R*V[X]. (24)

The pseudo-code of computing the variance of £2 is introduced in Algorithm 10.
Step 5. Generating the samples of £2:

Under Heuristic 2, Approximation 2 generates the samples of £%_,_;,, for an arbitrary bounding function R:
Approximation 2. Under Heuristic 2, the values of #7_;_;,; = l|mg_i+1 (W)||? = R?X; = YL_, z2 for an arbitrary
bounding function R can be sampled by following formula:

2 «
1: 0, fort = d downtog + 1,
2:||bg I, fort =g, (25)
3:min(min(R?[d — ¢t + 1] x R?, ||[v||?), £2,; + max(Y; + min(E[¢2] — ¢%,, —,0),0)), fort =g — 1 downto 2,
4: |lvlI?, fort =1,

2 2 (AEp)? v[et]
where ¢ = 1/d, AE; = max(E[¢7] — ¢7,.,,€) and Y; « Gamma |k = 7] 0 ==
t t

The pseudo-code of sampling by Approximation 2 is introduced in Algorithm 11. Also, our results in Test 6 from
Section 4, verify the statistical exactness of “Our Sampling Method 5” including Approximation 2.

Table 1. The configuration of our tests in this paper

Specification Value
Dimension (B or d) 200
Last non-zero index (g) 200
Determinant of Ly, 4 0.2058911321e45
GH?(Ly1.5) 33.5495
Radius Factor (rfac) 1.1
Radius R? 36.9045
lIb11I? 45657810
NTE 0.12004e-11
[125]

Count of solutions in Full-Enum 15, ./2 6890.31
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4, Test Results

This section introduces sufficient test results to show the correctness, exactness and value of our claims and
contributions in sampling the coefficient vector of GNR-enumeration solution. The configuration of our tests in this
section uses the parameters in Table 1. Also the success probability of bounding functions in this paper is computed by
using Algorithm 7 from paper [2]. Following notes are introduced for better study of our results in this section:

e Based on the definition of #2_,_;,, = R?X; and X; = Y'i_, z?/R?, the expressions of “Sample X i by R” in
Figure 3 in [5], Figure 4 in [5] and Figure 5 in [5] should be re-written as “Sample #?_,_;,, by R”.

The entries of all bounding functions in the test results of this section are squared.

The block size d in all results of this section is even.

The expression of “Our Sampling Method 4” refers to Algorithm 1 by using Algorithm 3 as Sample_of_¢%.

The expression of “Our Sampling Method 5” refers to Algorithm 1 by using Algorithm 2 as Sample_of_¢%.

Also, the shape of all bounding functions which are used in our tests are shown in Fig.1.

1

e BF1 [Full-Enumerarion]

09 | ——BF2 [Psucc=0/0002]
0.8 = BF3 [psucc=0/002]
0.7 = BF4 [psucc=0/01163]

’ BF5 [Psucc=0/00000011]
0.6 | =———BF6 [Psucc=0/000147]
0.5
o /
0.3
0.2
0.1

0

0 20 40 60 80 100 120 140 160 180 200

index i

Fig.1. All bounding functions used in our tests results of this paper

BF1 [Full-Enumerarion]: It is a vector including the entries with values of 1 for full-enumeration.

BF2 [Psucc=0.0002]: It is an arbitrary bounding function with success probability of pg,,.. =0.0002.

BF3 [Psucc=0.002]: It is an arbitrary bounding function with success probability of pg,.. =0.002.

BF4 [Psucc=0. 01163]: It is an arbitrary bounding function with success probability of pg, .. =0. 01163.

BF5 [Psucc=0.00000011]: It is a piecewise-linear bounding function with parameter of a = 0.3 and success
probability of pg, .. =0.00000011.

e BF6 [Psucc=0.000147]: It is a Step bounding function with parameter of a = 0.3244 and success probability of
Psuce =0.000147.

Test 1. Rejecting the correctness of Algorithm 3 under Heuristic 2: In this test, by using the configuration in
Table 1, our test results for 169 successful samples verify Lemma 2 which declares Algorithm 3 as “our sampling
method 4” cannot be defined under Heuristic 2, since as shown in Fig.2, the expected value of samples by original
sampling method are not closing to the expected value of samples by our sampling method 4. In fact, in this paper, this
is tried to introduce some sampling method which generates some samples of coefficient vectors in the way that the
statistical measurements of entries of these samples (e.g., expected value) are close to the corresponding measurements
of entries of samples by original sampling method by (18), while Algorithm 3 as “our sampling method 4” dose not
satisfy this goal at all!

Note: All figures in this paper which shows the shape of #2_,_;,, or E[£_,_;,] for some input bounding function
R, also shows the scaled entries of these bounding functions as R?[i] x R? (such as: Fig.2, Fig4, Fig.5, Fig.6, Fig.7 and
Column 1 in Fig.8), while Fig.1 and Fig.3 just shows R?[i].
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e BF2 [Psucc=0.0002]*Radius"2
35 Original Sampling Method
Our Sampling Method 4

0 20 40 60 80 100 120 140 160 180 200
index i

Fig.2. Comparison of expected value of entries of samples by original sampling method by (18) as E[#2_,_;,,] and our sampling method 4 by
Algorithm 3 for bounding function of BF2 [Psucc=0.0002]

Test 2. Some Observations for Step 1, Step 2 and Step 3 in Our Sampling Method 5: In this test, by using the
configuration in Table 1, Fig.3 shows the upper-bound bounding functions of Ryp, (as explained in Step 1 in Section 3)
and Ryp, (as explained in Step 1 in Section 3) and lower-bound bounding function of R oy (as explained in Step 2 in
Section 3) for an input bounding function “BF2 [Psucc=0.0002]".

1

00 T— BF2 [Psucc=0.0002]
"7 et R_UP1/2

0.8

R_UP2A2
0.7

0.6
0.5
0.4
0.3
0.2
0.1
0

0 50 100 150 200

index

Fig.3. Upper-bound and Lower-bound bounding functions for input bounding function of “BF2 [Psucc=0.0002]"

Note: As mentioned, the entries of all bounding functions in the test results of this section (including “BF2
[Psucc=0.0002]" in Fig.3) are squared.

4.00E+01 40
Our Sampling Method 5 i
3.50E401 I pling _ 35 OL{r sampllng Method 3
= Original Sampling Method = Original Sampling Method

3.00E+01

2.50E+01

2.00E+01

1.50E+01

1.00E+01

5.00E+00

0.00E+00

0 50 100 150 200 0 50 100 150 200
index i index i
(1) Comparison of samples of “Original Sampling Method” and (2) Comparison of samples of “Original Sampling Method” and
“Our Sampling Method 5” “Our Sampling Method 3”

Fig.4. Comparison of E[#2_,_; ] as the expected value of entries of samples for Original Sampling Method by (18) and Our Sampling Method 5 by
Algorithm 2 and Our Sampling Method 3 for Step bounding function of “BF6 [Psucc=0.000147]"
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Test 3. Verification of Claim 1: In this test, by using the configuration in Table 1, our test results for nearly 20000
successful samples verify the exactness of Claim 1, since as shown in Fig.4, the expected value of samples by original
sampling method are more close to the expected value of samples by our sampling method 5 than the one by our
sampling method 3. In fact, as shown in Fig.4, Claim 1 can be assumed as a strong assumption.

Test 4. Verification of Claim 2: In this test, by using the configuration in Table 1, our test results for nearly 20000
successful samples verify the exactness of Claim 2, since as shown in Fig.5, the expected value of samples by original
sampling method are more close to the expected value of samples by our sampling method 5 than the one by our
sampling method 3. However, as shown in Fig.5, Claim 2 is not as exact as Claim 1 (see Fig.4), this claim (Claim 2) can
be assumed as a better assumption than using “Our sampling method 3!

40 40
= Original Sampling Method = Original Sampling Method

Our Sampling Method 3

35 35
OurSampling Method 5

30 30
25 25
20 20
15 15
10 10
5 5
0 0
0 50 100 150 200 0 50 100 150 200
index i index i
(1) Comparison of samples of “Original Sampling Method” and (2) Comparison of samples of “Original Sampling Method” and
“Our Sampling Method 5” “Our Sampling Method 3”

Fig.5. Comparison of E[#%_,_;.,] as the expected value of entries of samples for Original Sampling Method by (18) and Our Sampling Method 5 by
Algorithm 3 and Our Sampling Method 3 for Piecewise-linear bounding function of “BF5 [Psucc=0.00000011]"

Test 5. Some Observations for Claim 3: Fig.6 shows that how the estimation of E[#Z_,_;,,] in “Our Sampling
Method 5” can be drawn between the estimations of E[£2_,_;,,] for Ryp,;and R ow. The sufficient comparison of the
estimation of E[#?_,_;,,] in “Our Sampling Method 5” with “Our Sampling Method 3” is introduced in Test 6.

4.00E+01

—— E[I_tA2] by R_UP172
3.50E+01 E[l_tA2] by R_LOWA2

e E[|_t"2] by Our Sampling 5
3.00E+01 [_"2] by pine
2.50E+01
2.00E+01
1.50E+01
1.00E+01
5.00E+00
0.00E+00

0 50 100 150 200
index i

Fig.6. Estimation of E[¢%_,_,,,] as the expected value of entries of samples for in “Our Sampling Method 5” between the estimations of E[#Z_;_;.,]
for Ryp,and R ow for input bounding function of “BF2 [Psucc=0.0002]"

Test 6. Final Comparison of “Our Sampling Method 5” and “Our Sampling Method 3”: In this test, by using the
configuration in Table 1, we introduce our main (and final) comparison of “Our Sampling Method 5” and “Our
Sampling Method 3” based on statistical measurements. Fig.7 shows the shapes of 20 samples of #2_,_;,, for input
bounding function of “BF2 [Psucc=0.0002]" which are generated by “Original Sampling Method”, “Our Sampling
Method 5” and “Our Sampling Method 3”. Based on Fig.7, this is shown that the samples of “Original Sampling
Method” are more close to the samples of “Our Sampling Method 5” than the one by “Our Sampling Method 3”. Also
Fig.8 introduces our best comparison between the samples generated by “Original Sampling Method”, “Our Sampling
Method 5 and “Our Sampling Method 3”. This test uses nearly 100 successful samples for each methods in Fig.8.
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4.00E+01
3.50E+01
3.00E+01
2.50E+01
2.00E+01
1.50E+01
1.00E+01
5.00E+00
0.00E+00

0 50 100 150 200
index i

(1) By “Original Sampling Method”

Fig.7. The shape of 20 samples of #2_,_;., for input bounding function of “BF2 [Psucc=0.0002]"

4.00E+01
3.00E+01
2.00E+01
1.00E+01
0.00E+00
0 50 100 150 200
index i

e Original Sampling Method

Our Sampling Method 3

Our Sampling Method 5

(1-a) Shape of E[#2_,_;.,] for input bounding
function of “BF2 [Psucc=0.0002]"

4.00E+01

3.00E+01
2.00E+01
1.00E+01

0.00E+00
0 50 100 150 200
index i
e Original Sampling Method
Our Sampling Method 3
Our Sampling Method 5
(2-a) Shape of E[#2_,_;.,] for input bounding
function of “BF3 [Psucc=0.002]"
4.00E+01

3.00E+01
2.00E+01
1.00E+01
0.00E+00
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index i

e Original Sampling Method

Our Sampling Method 3

Our Sampling Method 5

(3-a) Shape of E[#2_,_;,] for input bounding
function of “BF4 [Psucc=0. 01163]”
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(2) By “Our Sampling Method 5”
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1.00E+00
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0.00E+00
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index i
e Original Sampling Method
Our Sampling Method 3
Our Sampling Method 5
(1-b) Shape of STD[#2_,_;.,] for input
bounding function of “BF2 [Psucc=0.0002]"
3

0 50 100 150 200
index i
e Original Sampling Method
Our Sampling Method 3
Our Sampling Method 5
(2-b) Shape of STD[#2_,_;,,] for input
bounding function of “BF3 [Psucc=0.002]"
3.00E+00

2.00E+00

1.00E+00

3

0.00E+00
0 50 100 150 200

index i
e Original Sampling Method
Our Sampling Method 3
Our Sampling Method 5
(3-b) Shape of STD[#2_,_;,,] for bounding
function of “BF4 [Psucc=0. 01163]”
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(3) By “Our Sampling Method 3”
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Our Sampling Method 3
Our Sampling Method 5
(1-c) Number of rejected entries of #2_,_;,,
by condition (10) for “BF2 [Psucc=0.0002]"
45
40 | Rejected Samples=%53
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Our Sampling Method 3
Our Sampling Method 5

(2-c) Number of rejected entries of #2_,_;,,
by condition (10) for “BF3 [Psucc=0.002]"
4.50E+01
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Our Sampling Method 3
Our Sampling Method 5
(3-c) Number of rejected entries of #2_,_;,
by condition (10) for “BF4 [Psucc=0. 01163]”

Fig.8. Statistical specifications of nearly 100 assumed successful samples of coefficient vector £ or z for three input bounding functions by methods
of “Original Sampling Method”, “Our Sampling Method 3 and “Our Sampling Method 5”
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Fig.8 shows the superiorities of “Our Sampling Method 5” over “Our Sampling Method 3” based on statistical
measurements:

e The column 1 in Fig.8 shows that the expected value of the entries of the samples by “Original Sampling
Method” are more close to the ones by “Our Sampling Method 5” than the ones by “Our Sampling Method 3”,
however Fig.4 and Fig.5 introduce better comparisons for showing this superiority of “Our Sampling Method 5”
over “Our Sampling Method 3”.

e The column 2 in Fig.8 shows that the standard deviation of the entries of the samples by “Original Sampling
Method” are more close to the ones by “Our Sampling Method 5” than the ones by “Our Sampling Method 3.

e The column 3 in Fig.8 shows the surprising number of violations of main condition of (10) by each entry of the
coefficient vector samples of £%_,_;,, orz? in “Our Sampling Method 3”, while the number of violations of
main condition of (10) by each entry of the samples by “Our Sampling Method 5™ are strictly zero! Also, the
total number of rejected samples and total number of violations of main condition of (10) by each entry of the
samples in “Our Sampling Method 3” are written on the corresponding figures in column 3 of Fig.8.

5. Conclusion

For predicting the manner of BKZ in higher block sizes, practical running is not the way, therefore BKZ-
simulations are introduced. One of the main components in design of BKZ-simulation with GNR enumeration is
sampling the enumeration solution v. Our idea in Lemma 3 from [5] introduces a suitable method for sampling the
norm of enumeration solution v, also first precise and explicit analysis of sampling the coefficient vector y is
introduced in [5]. Our idea in Lemma 3 from [5] is accepted in this paper, but our sampling methods of 1, 2 and 3
cannot be accepted as exact sampling methods of coefficient vectors and would be revised in this paper.

Based on the test results of this paper and [5], if the success probability of bounding function would be much small
or enumeration radius tends to the solution norm (i.e., R = ||v||), the proposed sampling method 1, 2 and 3 would be
less accurate. A new idea for approximating the expected value of coefficient vector entries of enumeration solution is
introduced which is more close to the expected value of corresponding entries in basic rejection sampling in Algorithm
6 from [2]. There is no analysis on variance of each entry in coefficient vector of enumeration solution in [5], while our
test results in this paper show disappointing variance for these three sampling methods (our sampling method 1, 2, 3)!
Also a novel idea for approximating this variance is introduced which is more close to the variance of corresponding
entries in basic rejection sampling in Algorithm 6 from [2]. Moreover there is no analysis on the number of violations
from main condition of bounding function at each entry in coefficient vector of enumeration solution in [5] (see this
main condition in relation (10)), while our test results in this paper show surprising much number of violations for these
three sampling methods (our sampling method 1, 2, 3)! For example, for some arbitrary bounding functions with
success probability of pg,ec = 0.011 up to pg,. = 0.0002, the number of rejected samples would be 46% up to 66%.
By using these new achievements and analysis, our sampling method 1, 2 and 3 (for sampling coefficient vectors) are
revised. Our new revised method is not a rejection sampling, this means that, it includes no violation from main
condition of GNR bounding function at each entry of coefficient vectors (see this main condition in relation (10)). Also
the expected value and variance of each entry of coefficient vectors by our new sampling method are nearly more close
to our new exact approximation of expected value and variance of corresponding entries in Algorithm 6 from [2] than
the entries of coefficient vectors by our sampling method 1, 2, 3.

In fact, for designing a BKZ-simulation, even our novel idea for approximating the expected value of
corresponding entries in Algorithm 6 from [2] is sufficiently exact (instead of sampling by “Our Sampling Method 5” in
this paper), while its variance and number of violations at each entry are absolutely zero. In other words, using our new
sampling method just tries to inject more reasonable randomness to the BKZ-simulation. However this work introduces
some acceptable sampling method for coefficient vectors of GNR-enumeration, more efficient and more exact samplers
are expected to be studied and introduced in future researches.
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Appendix A. “Our Sampling Method 4”
Algorithm 3 shows the pseudo-code of “Our Sampling Method 4”.

Algorithm 3 Sample_of £? Ver4 (Our Sampling Method 4)
Input: GSO norms of block given as Bf; 4) = [b3, ..., b}] at stage j, any type of bounding function R, enumeration radii R,

Sampled norm of enumeration solution as #,,,,,, last nonzero index of g.
. 2 _ p2 .
1L [1 - {)newv

2 fori=2;i<g—-1i++)
3 gh = GH (70(£j,) )5
4 Rnew = min(R X :RdelJ [ifl) ;
5: I,
: FAC = 0
6 for(l= i1 < d;l+ +) {Ry_yyy « TSl )
7 Rpew = [R1, s Rais1); //Ruew 1S @ new bounding function with length of d —i + 1
8: R < Rpews
9: P = Psuce Rnew);
10: V = Determinant([r;(b;), 7;(b;11), ..., T (b)) ]);
11: €% = Sampley,(d — i + 1,p, 80, Trac, V. Va—ir1); //Va—i+1 as volume of (d — i + 1)_dimensional ball with unit radius
12:  }//end for
13 =%

2

Output: Sampled norms of 43,43, ..., £2.

Appendix B. Sub-functions of “Our Sampling Method 5”

The pseudo-codes of all sub-functions of “Our Sampling Method 5 are introduced in this appendix. As mentioned,
the block size d in all algorithms of this appendix is assumed even. Algorithm 4 generates a Step bounding function
including the entries which are closely lower-bounded by input bounding function R.

Algorithm 4 Get_UpperBound_of R_1
Input: Block size d, bounding function R.

1 a=R?[%+0.000001;

2 for(i=1i<%i++) Riplil =2

3: for(i=§+1;isd;i++) Rip.li] = 1;
Output: Upper_bound bounding function Ryp;.

Algorithm 5 generates a modification of upper-bound Step bounding function of Ryp,, as Ryp,, including the
entries which are closely lower-bounded by input bounding function R.

Algorithm 5 Get_UpperBound_of R_2
Input: Block size d, bounding function R, Upper_bound bounding function Ryp; .
L a=Rip[1];
1-a

2: =
3: for(ioido.‘)d; i =0.4d;i— —){//begin forl
4: y=A({—04d) +a;
5: ifly <RH A« igji_:i ;}//end forl
6: i=1,
7 for(i < 0.4d;i++) Rip,li] = a;
8:  for(;;){//begin for2
9: y=A({—04d) +a;
10: if(y < 1) {Rie.li] = 3 i+ +;3
11: else break; } //end for2

12:  forGi<d;i++) Rip,lil=1;
Output: Upper_bound bounding function Ryp,.

Algorithm 6 defines a piecewise-linear bounding function including the entries which are closely upper-bounded
by input bounding function R.
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Algorithm 6 Get_LowerBound_of R
Input: Block size d, bounding function R, Last non_zero index of g.
1. a=1
i=d—g+1;
forGGi <d/2;i+ +){
o[ 2ia 2rs _ R%[ilxd
1f(7 >R [l]) a= T’}
for(i =d/2+ L;i<d;i++){
if(2a — 1+ 252 > ®2[1]) {

2 .
_ _ REd+d—2i
& a="oia B

8 i=1

9:  forGGi < d/2;i+ +){R¥owli] = 2ia/d;}
10:  forGi < d/2;i+ H){Riowlil = 2a—1+2i(1 —a)/d;}
Output: Lower_bound bounding function R oy -

Algorithm 7 returns the expected value of 7 for an input bounding function R and lattice block Ly 4.
Note: The notation of E[£?] shows the expected value of £2, also e£? shows the value of E[#2_;,,]1/llv||? (i.e., the
index of i in e#? and bounding functions R[] is consistent, while i = d — t + 1 in E[£%]).

Algorithm 7 Get_ExpectedValues_of £?
Input: GSO norms of block given as B[*M] = [b5, ..., b}], bounding function R, enumeration radii R,
Sampled norm of enumeration solution as #;, last nonzero index of g, bounding functions of R gy, Ryp; and Ryp,.
1 [E[€2lups - E[€3]yp] < Get E[£?)_of Rsep(Bfyap Rup1s R, £1.8);
2: [E[‘B%]low' e E[ftzi]low] < Get_E[#?]—Of—:RPiece (Brl,d]' RLOW: R, ‘flr g)'
30 for(i=1i<d;i++){
4 E[fi_Hl] - (Rz[i]*REUW[i])XE[".zi—izl]u.p*(flzwz[.i]*Rz[i])XE[fzd—Hl].nw
Ripz[{]-Riowli]

Output: E[#2], ..., E[#%] for bounding function R.

i}

Algorithm 8 introduces the pseudo-code of one of the main sub-function of Algorithm 7.

Algorithm 8 Get_E[£Z]_of_Rsep
Input: GSO norms of block given as B[, 5 = [bj, ..., bz], Step bounding function R, enumeration radii R,
Sampled norm of enumeration solution as £;, last nonzero index of g.

1. gh=GH (T[d/2+1(L[1,d]));
2. Trac = Rx R[d/2]/gh;
3: E[f(zi/zu] = min (R;' R*R? [4/2] (1 B s));

_ Hean sl

4 A ;
g—-d/2-1
5 for(i=1;i<d/2;i++){
6: E[€% 1] «AX(i—d+g—1) +]|b|*}
7 A= fi_E[{;«Zi/2+l];
a/2
8 for(i=d/2+ L;i<d;i+ +){
9 E[£3_i41] « AX (i —d/2) + E[£7541]:}

Output: E[#2], ..., E[#2] for Step bounding function R.

Algorithm 9 introduces the pseudo-code of other main sub-function of Algorithm 7.

Algorithm 9 Get_E[#2]_of Rpiece
Input: GSO norms of block given as B["Ld] = [b5, ..., b}], Piecewise_linear bounding function R, enumeration radii R,
Sampled norm of enumeration solution as ¢, last nonzero index of g.

1 po= m%c(ﬁ);
2:  step=1/32; e =p,/100;
3:  for(p = 0;p < py — & step = step X 2){//begin forl
4: B = B + step;
5: A=B+V2B? +2B;
6: for(i=1;i<d;i++){
7: et?2=1+A—/1+A+B)2—(i/d +A)%}
8: for(i=1;i <d;i++){
N2
9 el? ((e#?—ef%)x%leélw”z+|b; 2/||v||2>;}

=
e

P = Psucc(€€%);}//end forl
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11: stepzﬁ%;B:B—step;A:B+\/ZBZ+ZB;
12:  while(true){//begin whilel

13: if(py — € < p &&p < p, + €) break;
14: for(i = 1;i < d;i + +){
15: et?=1+A— /(1 +A+B)?2—(i/d + A%}
16: for(i=1i<d;i++){
. o L WAL T
17: ef? « ((eef —e#f)x#ﬁ"+ B3] /1wl ) ;3
18: p= psucc(efz);
19: if(p < py — &)
20: step = =F; B = B + step; A = B+ V2B + 2B;}
21: if(py + € < p){
22: step = 22, B = B — step; A = B + V2B? + 2B; }

2
23: }//end whilel

24 for(i=1;i < d;i++){E[€5_ ;1] « efZ X ||v]|%}
Output: E[£?], ..., E[¢%] for Piecewise_linear bounding function R.

Algorithm 10 returns the variance of £Z for an arbitrary bounding function R and lattice block £ 4.

Algorithm 10 Get_Variances_of £?
Input: GSO norms of block given as B[*l,d] = [b5, ..., b}], Step bounding function R, enumeration radii R,

Sampled norm of enumeration solution as ¢, [E[¢2], ..., E[#2]] for bounding function R.
1 Run <1110
20 [E[#3)qun, - E[€2) 5] « Get E[€Z]_of Rsep (Byap Reun R 41, g0 = d);
3 forG=1i<d;i++){
. . 2id-2i%2-2d+2i
& VBl = (el = by 2y 222,
5

Ripali] = min (3 (BLE3_ syl + 3 X VIEh i Jran) + 0.3,1);

202171_gE[p2 . 2
VI3 i1) < V€3 _is1]an X min <(M) , 1) 3}

2 ; 2
R2R{yp3[i1-E[65 141l

Output: [V[#?], ..., V[£3]] for bounding function R.

IS

Algorithm 11 generates the samples of £Z in “Our Sampling Method 5” efficiently, for an arbitrary bounding
function R and lattice block Ly 4.

Algorithm 11 Get_Sample_of #2
Input: GSO norms of block given as Bf 5 = [b3, ..., bgl, Sampled norm of enumeration solution as ¢;, last nonzero index of g
enumeration radii R, [E[¢2], ..., E[#3]] for bounding function R, [V[¢2], ..., V[#3]] for bounding function R.
for(t=d;t=>g+1;t——) €2« 0;
- 5]
e=4i/d;
fort=g—-1t=2;t ——){
AE, = max(E[£7] — €71, €) ;

2
Y, « Gamma (k = (AEtz)z,G Y [ft]):
v[eF] AE;

£? « min(min(R?[d — t + 1] X R%, ||[v||?), ¢%,, + max(Y, + min(E[¢?] — £2,, — £,0),0));

©@N o ahw NE

}
11€3 < Ivll%
Output: samples of #%, ..., £3 for bounding function R.

Appendix C. Proof of Lemma 1

If sampled solution of v = m; (v) would be projected on span(b,)* as m,(v), the under-laying lattice block of
[1t1(by), 1 (by), ..., 1 (by)] is modified into [, (b,), 5 (b3), ..., w2 (by)], then this projected solution of v = 7; (v) can
be re-written with coefficient vector y by using (12) as follows:

™ (by) bi

T[l(v) = (yliyZ"”'yd) = (ylﬂyZ!'”!yd)

: , (26)
11 (bg) bg + [ti=_11 Ua,cbe
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75 (b;)

b
’2 ] (27)
15 (bg)

by + X4 pachs

m,(v) = (yz,ys,---,yd)[ l = (V2 Y3 Ya)

For more projection over span(b,, b,, ... )+, this projected solution can be re-written as follows:

m;(by) b;
m(v) = (}’z:}’z+1""'}’d)[ ] = OuYier " Va) : ) (28)
1, (bg) | by + ey Ha,tbr |
”g(bg) by
T,(0) = Vg Vger¥a) | ¢ | = VpVgrr = Va) ? : (29)
7, (ba) | bg + Y8 taebi ]

wherey, =1,y,,, =0, ...,y4 =0.
The norm of enumeration solution v can be expanded on the original lattice block of [m,(b,),,...,m;(bs)] as
follows:

200, 21,512 *
I, WII? = (3’1 + Z?:z%#t,l) Ibf]I* + - + (}’g + Zg:g,+1 yt“t,g) | bg +oet yéllbdllz =

2,0, 20, . 112 o2 2,
(3’1 + Z?:z yt.ut,l) b5 1% + - + (y@—1 + .ug,g—l) | bg—l” + | bg = (3’1 + Z?:z Ytﬂt,l) 16511 + llm,(WII%, (30)
wherey, =landy,,; =0..y4 =0.

Note: The sampled norm of ||;(v)||? is shown by £ in this paper (also |7, (v)||? is shown by £2,,, = £2).

The sampled norm of ||z, (v)||? shown by £3 in Algorithm 1, can be expanded as follows:

2

Iy W12 = (v2 + £0ms vetten) I3 112 + -+ (Vo + g g—r) IBial” + |15
2
(ys + 22 yette) D312 + llms () [12. (31)

For more projection of m;(v) up to 7, (v), the norm of projected solution can be expanded as follows (note: the
sampled norm of ||, (v)||? is shown by £ in this paper):

2

Mm% = (v + Boa Yette) B2 + -+ (gor + tggor)’|

* 2 *

2 b + 1oy
(i + X8 averer) BN + Nl )12, (32)
””9—1(17)”2 = (y@—l + ”@@—le b;—lllz + | bg ‘= (3’4—1 + ”@,@—1)2| b;—1||2 + ””q(”)HZ- (33)
[EAGY R PA (34)

At this point, the coefficient vector of y can be sampled from y,; down to y; (in inverse direction) as follows:
By using Theorem 2 in [5]: y, = 1and y 41 = Yg42 = =¥4 = 0.

2 o2
lIeg—1 @~ llbg

VIm@IE-lm I g

[EA] 141 Yeles, Where || (v)||* is sampled

in Algorithm 1 as #7 and also y;, 4, -+, Y, are sampled (found) in previous steps.

Finally, by using (14) and (13), lines 7-10 in Algorithm 1 compute the corresponding coefficients of w, and z;_; 4
for1<t<d.

Note: This lemma can be assumed as a well start point for entering the theorem proving methods in this context. In
fact, this is possible to use formal methods by some theorem prover such as Isabelle/HOL in proving Lemma 1 by using
the basic ideas, structures and propositions which are proposed in [15].

By using (33) and (34): y,—, = where ||7rg_1(v)||2 is sampled as #2_, .

By using (32) for eachy, where1<[1<g:y, =
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Appendix D. Proof of Lemma 3

The cutting point in full-enumeration with bounding function R = (1,1,1, ...,1) is always Cut = d. Also, by using
Lemma 7 in [5] for full-enumeration, this is expected to g = d. The variance of X; is defined as follows:

VIXi] = E[X] - E[X;]*. (35)
At first, the parameter of A; is defined as follows: Y%, zZ = ||v||? =
By using Theorem 2 in [5]: XL, zZ = |[v||?> — ||b;]|?> = IIIIZZW
d

wr(IiP=log)") _

By sampling method of (18) in this lemma (for full-enumeration): z4_;,, = (=1)lrandio..z)]. S
t=1 ¥t

2

Zt _d z+1 Wt (36)

t=2
lvli2- IIdeI it oy

=t

X 2

where w; « Gamma(1/2,2). The value of A; in (36) is defined as X; = Z§=1% in [1], since enumeration radius R in [1]
is assumed to be R = ||v||, also paper [1] dose not notice the fact by Theorem 2 in [5]. In Section 4 from [5], to show
our results, we use the definition of X; = Yi_ 1 . Therefore, the definition of X; = Yi_ 1 — is not equal to A;

X

t=2 o “ ol especially when ||v|| < R.

iz _ |pall o zp _ wall® , Iwli2- ”bd”
X; = Z§=1R_t2= + X5 = + i

R? Rz RZ llvli2— ||bd||
b Ivll2=|b
x, = Ll +%A @)
2
For invariant factors of ”bdzn and 2! R”bd” by using the definition of variance and relation (37):
by II II2 b I II2 b

Also, by using the definition of variance:
V[A;] = E[Af] - E[A;]%. (39)

Step 1: In this step the value of E[A?] is estimated. The parameter of A? can be expanded as follows:

22 2 _ 2
(Zt 2 ) = <M> ,  where w; « Gamma(1/2,2).

llvll2- ||bd|| it oy

Forindexof x =d —i + 1: AZ_ — (Zt _x wt>2 (Elg_’g (“)L')(El’fi—’g wf) = A2- Zt-_x @i +Zx<t<d 1,xsrsd-— 1t==r(wtwr)
ik
Zt 1 Wt

&L wr) (T8t we) L Zt T 0f+T1<ted-1,12r2d—1,t2r(@e0r)
In other side, for random variable A?, since A? > 0, the function ¢(A?) = F is convex, therefore by using Jensen’s
i

inequality [13]: A? > 0 = — [Az] <E [Aif]

1 _YitY,

2
Aj

=x-1,r=x-1 =x-1,r=d-1 =d-1r=x-1
,where Y, = (X212t wewy) + (T2 on Tl oww,) + (BiZi 2T wew,) and
t=d-1r=d-1
Y, = (Zt=x,r=; wtwr)-

The random variables of Y; and Y, are independent. By using Fact 2 in [5] and Approximation 1 in [5]:

LB g B[S wpar [FE[ZETTLYTY T wror [HE[RESE AT wror 1o
E[AZ] T E[Y,) E[AZ] E[Ssd i wiwy

Remark 1. In approximation of variance in this context, following facts is used:
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o E[wwj] = E[w;] x E[w;] = 1 for i # j where w, € Gamma(1/2,2),
o Elw;w;] = 3 where w, € Gamma(1/2,2).

1 d2—1
E[AZ] -1

By using Remark 1:

E[AY] ~ 5 (40)

Step 2: In this step the value of E[A;]? is estimated. For random variable A; “t where x = d — i + 1, since

El o
A; > 0, the function ¢ (A;) = — 1s convex, therefore by using Jensen’s inequality [13]: A; > 0 = — E[A [ ]

d-1
1 -
= Zt_l Zt, Where Yl Zx 1 W and Y2 = t x wt
t

A 3gct

The random variables of Y; and Y, are independent. By using Fact 2 in [5] and Approximation 1 in [5]:

1 Evil 1 E[Zt 1L o]
ElAd  ELY,) TR =T
d-1 i-1
By using Remark 1: — A] N E[A;] = >
a2
E[Ai]z L G-1% _ if+1-2i (41)

T @-0? " d?+1i-2d’

i2-1  (i-1)? _ 2id-2i®-2d+2i
d2-1  (d-1)2  d3-d2-d+1

By using (39), (40) and (41): V[A;] = E[A?] — E[A;]? =

2
Iol2—[py|*\ " 2id—2i2-2d+2i
R? 3-q2-d+1

By using (38): V[X;] = (
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