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Abstract: The spectral conjugate gradient (SCG) method is one of the most commonly used methods to solve large- scale
nonlinear unconstrained optimization problems. It is also the research and application hot spot of optimization theorists and
optimization practitioners. In this paper, a new hybrid spectral conjugate gradient method is proposed based on the classical
nonlinear spectral conjugate gradient method. A new parameter s is given. Under the usual assumptions, the descending

direction independent of any line search is generated, and it has good convergence performance under the strong Wolfe line
search condition . On a set of test problems, the numerical results show that the algorithm is effective.

Index Terms: Unconstrained optimization, Strong Wolfe line search, Descending condition, Spectral conjugate gradient
method, Global convergence.

1. Introduction

Optimization theory is a young subject with a strong application. Both the basic unconstrained optimization problems
and emerging evolutionary algorithm problems have been applied in real life. For the nonlinear programming problems in
engineering technology, the iterative numerical solution is the most typical and common. Most of these algorithms are
combined with computers. They can not only calculate complex nonlinear programming problems but also have high
speed and precision. According to the certainty of the forward direction in the iterative process, this kind of method can be
divided into two categories: random search method and deterministic method.

The random search method is a method that people imitate to solve problems according to its principle inspired by the
laws of nature. The search process of this kind of method mainly uses the function value information rather than the
gradient information of the function. For example, Anes A A et al. [1] used particle swarm optimization to explore the
expansion effect of neural network imaging technology, Hussain A et al. [2] used natural selection, crossover and
mutation rules in genetic algorithm to optimize numerical functions, Mamdouh M et al. [3] realized path optimization of
Internet of things navigation system based on machine learning, Sharma N et al [4] instilled the global optimization of
regional routing protocol with a new firefly algorithm

The deterministic method is divided into pattern search algorithm and gradient method according to the degree of
using function information. The pattern search algorithm is mainly suitable for the situation of few variables, complex
structure of objective function ,and difficult calculation of gradient function. In addition to the function value information,
the gradient algorithm uses the gradient information of the current point or the generated point in the iterative process.
Therefore, gradient algorithm generally has a fast convergence speed, and it is easier to establish the theoretical properties
of the algorithm. Deterministic methods generally have fast convergence speed and good quadratic convergence, but they
are slightly deficient in global convergence and stability, and deterministic methods have great shortcomings in
computational complexity and storage consumption. For large-scale nonlinear programming problems, the running time of
each iteration step of the algorithm will be relatively long, which will affect the overall efficiency of the algorithm.

As the basis of nonlinear optimization theory research, unconstrained optimization theory and method are widely
used in many fields in real life. With the advent of the big data era, the dimension of optimization problems increases
sharply, which brings development space for solving large-scale unconstrained optimization problems.

Our main research goal is to solve large-scale unconstrained optimization problems. Steepest descent method,
Newton method, quasi-Newton method and conjugate gradient method are common solutions. Among them, the
conjugate gradient method is widely used because of its fast convergence speed and small storage. As the extension and
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extension of the conjugate gradient method, the spectral conjugate gradient method can more effectively adjust the
structure of the search direction, which has become a research hotspot in recent years. How to adjust the parameter
structure more effectively is a topic of continuous discussion. We aim to obtain the spectral conjugate gradient method
with fewer gradient iterations.

2. Basic Knowledge

The spectral conjugate gradient (SCG) method is one of the most commonly used methods for solving large-scale
unconstrained optimization problems. The SCG method was first proposed by Birgin and Martinez [5] in combination
with the conjugate gradient (CG) method and the spectral gradient method. For classical CG methods, please refer to
the literature [6,7,8,9,10,11]. Now, consider the following nonlinear unconstrained optimization problem.

min f (x) 1)

where x € R" is the decision variable and the objective function f : R" — R is continuously differentiable. The CG

method is the most commonly used method to solve the problem of formula (1), CG method plays an important role in
solving practical problems because of its small storage space and fast convergence speed. The general form of iteration is:

Xeu =%+ d, k=1 (2

Where the step factor ¢, is a positive parameter and the search directiond, is defined by

d, - G k=1 @)
‘ _ekgk +ﬁkdk—1’ k>1.

The scalar 3, is the conjugate direction control parameter and g, = Vf (Xk) is the gradient of f ata point X, .
Among them, the spectral parameter

0 — k—1Yk-1 , (4)

the conjugate direction control parameter

/3 _ 9[ (ek Yea — Sk—l) (5)
k — dT !
k1Y

However, the search direction d, of the spectral conjugate gradient method does not satisfy the descent condition
g:dk <0. (6)

We know that the search direction satisfies sufficient descent, which is an important condition to judge the global
convergence. In addition, for SCG, the setting of spectral parameters and CG parameters is worth discussing, which
affects not only the numerical performance but also the global convergence.

Therefore, many scholars constantly modify the search direction of the SCG method, trying to converte or
approximate to some descent directions. Inspired by Andrei's[12] additional assumption about the boundedness of
spectral parameters, Deng [13]proposed an improved the SCG algorithm for Nonconvex unconstrained optimization
problems. The SCG direction was approaching the quasi-Newton search direction. Under certain mild conditions,
global convergence was established. Dong[14] applied Perry's [15]idea and proposed a scale symmetric Perry conjugate
gradient method with a restart program based on scaling technology and restart strategy. The memoryless BFGS method
and scaling method were used respectively. Under Wolfe line search, the global convergence of uniformly convex and
nonconvex functions was proved. Zhang[16] proposed an adaptive scaling parameter to overcome the shortcomings of
original selection in Birgin and Martinez [5] and established the global convergence of the SCG method and new
parameters for convex and non-convex objective functions.
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Other scholars had obtained an extended conjugate condition with some versions of the section equation, For
example, Peyghami et al[17] Proposed an improved secant equation, which applies a new updated Yabe and Takano
rules as an adaptive version of conjugate gradient parameters. Using this modified crosscutting equation, Nezhadhosein
[18] proposed a new modified descent spectrum nonlinear conjugate gradient method. Using the high-order accuracy
and sufficient descent conditions of approximating the second-order curvature information of the objective function, the
global convergence of the method for uniformly convex functions and general functions was proved. Sheekoo[19] used
g,.d

n+l"n

an improved trinomial HS method constructed by Baluch et al[20]. By adding to the denominator of ,Bk”s , the

appropriate parameter ¢ was expressed by (SCGBZA). Under the usual assumptions, the descent property and global

convergence of SCGBZA were proved.

The hybridization of the above two methods has become more and more research hotspot. That is the descent
condition and the improved conjugate condition. By adjusting the parameters, the appropriate spectral coefficients and
conjugate direction control parameters are obtained. The SCG method with sufficient descent properties is obtained as
far as possible, and the global convergence is proved under general assumptions. The theoretical properties are
guaranteed to illustrate the feasibility of the method. Then, the numerical results show the effectiveness of the method.

Next, inspired by the relevant literature, we construct a new parameter and algorithm. The theoretical properties
and numerical results show that the algorithm is feasible.

3. New Algorithm and Its Descent

Alhawarat et al [21] proposed an improved version of Polak and Ribiere's [22]CG formula for the bounded Lipschitz
problem. The CG method based on the PRP formula and Strong Wolfe Powell(SWP) Line Search in reference [23] is not

AZPRP

globally convergent. Alhawarat et al proposed a nonnegative CG formula with new restart conditions 8~ . The new

PRP

formula is for parameters 5~ further modifications. When the new parameter adopted (SWP) line search or Weak
Wolfe Powell(WWP) line search, it had global convergence, and the proof of sufficient descent condition of SWP Line
search was given. The calculation S, was as follows:

2_ T
M%E%Quw if g, > |or 0,).
k-1
2 T
p— _ . 7
kAZPRP _ ”gk” "g'uk |||§2Jk O 1|, if ||gk||2 > Hy |g‘rgk—1|’ "
k-1
0, otherwise.
In the above formula
X = X
p ’ (8)
S
Obviously,
0<’BAZPRP < ”gk”2 — A/ 9)
< by = ko1
g,

Therefore, according to the argument put forward in [24], B/ will inherit B all the advantages and features.

k
It is proved that

;
c—2£gk—d53—c, (10)
o]

and
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© T 2
Z(gkdkz) <40, (11)
= dl

which shows that the sufficient descent condition and global convergence are satisfied.
Based on the idea of Wei[25] and Dai[26], Salih et al[27] proposed a modified parameter that satisfies the

YHM

sufficient descent condition. The new parameter 5 >0 had sufficient descent properties and satisfied the global

convergence under strong Wolff line search. The calculation S, was as follows:

T a—
%"ng_l), if OSgngilgngk”z’
k-1
12
ﬂIZHM — T B "gk” ( )
gk gk "g || gk—l
a ,  otherwise.
"gkq”
It is proved that
(o~ 2l <sld, <-claf w
and
w (gTd )2 e
oy “Tow | 14
kzzl: ||dk”2 <1_g§( o, 9, k)<+00 ”

which shows that the sufficient descent condition and global convergence are satisfied.
Now, combined with the basic ideas of the above documents, we suggest a spectral conjugate gradient method named

LW method, the parameter 3 ™ is defined as follows:

o] -9l
max {”gkfl”2 ’d;—%l ykfl v g;;l dkfl

A
2
max {”gk—l” ’dllr—l yk—l L g:—l dk—l }

, if 0<g/g,, <o,

o (15)

, otherwise.

The search direction of this method is defined as follows:

L[ if k=1, .
“ -6, +8Yd,,, if k>1.

where

dT
6, =1+ et 17

o]

In this work, we use line search called strong Wolfe line search condition (SWL)is defined by:

f(x +ed )< f(x)+6e0,d,

: (18)
‘g:udk‘ < G‘g:dk‘

The corresponding algorithm is constructed below.
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Algorithm 2.1(LW Algorithm)

Input. Given an initial value X, € R", parameter 0< s <o <1, >0.
StepLsetk =1, d, =—g,.

Step2.|f||gk || < &, stop.

Step3.Determine the step length ¢z, satisfying(18)

Stepd. Usethe X, = X+ ¢, 0, loop for the next iteration, K =K +1.

Step5. Calculate g, . , if||gk+1 < &, stop.

Step6. Use (15), (16) and (17) to calculate ,Bk , dk and Hk respectively. Turn Step3.

Lemma 2.1 Consider the sequence {g, } and{d, } generated by Algorithm 2.1.Then for any k > 1, the sufficient
descent condition satisfy

g:d, =g, (19)

Proof: Ifk =1, then the search directiond, is given by d, =—@,,
so there is

2
d, =-g,,9,d, =9,d, =—|g,", (20)
Otherwise, the search direction dk is given by

1 g G |g 4 g (21)

o

So, we get

Td =—| 14 gW gk k-1 Wity
Ok Ui + P Io k” ”gk” 9 Gy | 22)

=~

Therefore, this method satisfies sufficient descent conditions for any k .
Lemma 2.2 Let the sequences{g, }and {d, }be generated by Algorithm 2.1.Then for any k >1, the relation

2
0<p" < lo.I holds.

2
ol

Proof : According to the definition of ,BkLW in formula (15), if we want to prove that ﬂkLW > Qs true, we only need

to prove that max{”gkfl”2 ,d:ﬁlykfl,—gkildkfl}>0 is true, that is to prove d..y, , >0,-g; d _, >0. We can

easily obtain
d0.Yia 2(1-0)llg.l (23)
Because of 0 < o <1, we can get the following inequality from equation (18) and (19)

dl .y, >0, (24)
Through the descent condition (19), we can get

_ng—ldk—l = ||9k71||2 , (25)
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So

-g,,d,, >0, (26)

Therefore, we can easily get ﬁkLW > Othrough the definition of formula (15), formula (24) and formula (26). In
addition, if

0<9,0,, <[a.ll". (27)
then
wo_ lg. - 9; 9.,
k
max {Jg,.," 47 1Y, -90 10}
) : (28)
lo, |
< 2 a7 T
max{”gk—lu ’dkflyk—l’_gk—ldk—l}
Because of
max {9, 4 Y —0ld, s} =g (29)
So
2
B < lo| (30)
k 21
lg, .

that is, Lemma 2. 2 can be proved.

The proof of Lemma 2.1 shows that the SCG method constructed by Algorithm 2.1 meets the sufficient descent
Condition(19). The establishment of the formula in Lemma 2.2 ensures that we prove that the algorithm meets the
global convergence in the next section.

4. Global Convergence

To establish the convergence properties of the newly proposed formula, the following assumption is required.
Assumption H ([28])

(H1) The objective function f (x)has a lower bound on the level setQ = {x eR"[f(x)< f (xl)}, where X, is
the initial iteration point.

(H2) The objective function f (x) is continuously differentiable in a certain neighborhood A of the level set Q,
and the gradient function g (x) satisfies Lipschitz continuity, that is, there is a constant L >0 which makes
lg(x)-g(y)l<L|x-y|,¥x y e A hold.

The following lemma is called the Zoutendijk condition[29], which can be used to analyze the global convergence
property of the SCG method.

Lemma 3.1 If Assumption H hold, search direction d, satisfies g,d, <O, then sequences {g, } and {d, }

(o7d.)

generated by algorithm 1 satisfy Zoutendijk condition, then ZW < 400 holds.
k>1 K
Theorem 3.1 If Assumption H hold, the sequence {g, } generated by Algorithm 2.1.Then

IkLrpOinf lo.]|=0. (31)
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Proof: Assume that (31) does not hold. There must be a constant » > 0 ,make that
o> k=1
Derived from formula (16)
d +69, =4"d,,

Square both sides at the same time

(dk + ekgk )T (dk + ekgk) = (ﬂkLW )2 ”dk—l”Z J

Expanded
[ +26,d70, + 62 oI = (5 ) .
Transposition of terms

ol = (8 ) ldalf - 26479, - € o,

Divide both sides by (ngd )2 at the same time

k

||dk||2 _( WY ”dk 1” 0, akz
(") +2
2 k

(g:d,) (0:0,) loF laJ
Because of
2
O<,BLW<||gk”
k 2
g,
So
ol _ dol ldol  , 6 &

(g[dk)z ol (ga,) ol Jof

combined with formula (19), it can be obtained

o) 1o, 6 &
T4 )? 2
(9id,) “lo. ||9 T ol
[ N
=l 0 -20,+1-1
loal” o IIZ(“ e
:”dm" (0 _1)
ol ||g I ||9 I
el
"o ||9 I
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When k =1,

Therefore, it can be obtained from the above inequality

eI
(g7d,)

Therefore

Contradictions with Lemma 3.1 above liminf ||g, || = 0. Thus, the proof is complete.
k—o0

o _ 1
2 2
(97d.) g

(g1d,)
ld, [

1 <L
o~ 7

2
Zy?=+oo

(41)

(42)

(43)

The proof of the above theorem shows that the constructed algorithm meets the Zoutendijk condition, that is, the
algorithm has global convergence. In the previous section, it is proved that the algorithm meets the sufficient descent
condition. That is, the theoretical properties are proved. In the next section, we will discuss the numerical effect of the

new algorithm.

5. Numerical Results

To verify the numerical effect of algorithm 2.1, a set of test questions in the test function set [30] are tested, and
the test results are compared with the AZPRP method proposed by Alhawarat [21]. Among them, the parameter value
of Algorithm 2.1 is & =0.0001, o = 0.05, and the parameters of AZPRP is 6 =0.0001, 0 =0.1and o = 0.4.

Table 1 Numerical experimental results

Function Dim AZPRP LW
PNI/PNF/PNG PNI/PNF/PNG
Diagonall 10 18/63/45 18/49/30
BDQRTIC 50 102/402/132 57/548/80
Gen.White&Holst 50 1174/5189/1679 1237/7058/1986
Ext Quad Exponential EP1 50 3/13/4 2/11/3
FHess1 50 404/1160/546 248/936/517
ARWHEAD 100 7127110 6/26/12
Raydanl 200 5/175/88 4/175/90
Raydan2 200 3/5/5 3/5/5
Ext.White&Holst 400 43/203/96 35/201/84
Biggshl 500 500/1007/1508 500/1007/1508
Ext Quad penalty QP1 500 9/45/29 6/29/18
Quadratic QF2 500 221/896/230 214/1062/224
Quadratic QF1 500 122/489/241 122/536/362
FHess2 500 4276/25496/4530 886/5546/1208
CUBE 500 5898/26124/8561 1640/8513/2833
Ext Penalty 500 15/65/23 12/51/17
LIARWHD 500 26/112/32 16/88/30
Perturbed Quad 500 122/489/123 122/609/239
ENGVAL1 500 21/45/22 19/52/31
SINQUAD 800 118/737/429 116/720/327
Ext PSC1 1000 9/21/11 7/23/14
NONDQUAR 1000 1691/4045/3497 1008/3741/3465
FLETCHER 1000 2986/13688/4702 2014/13356/4340
Ext.Tridiagonal2 1000 26/54/28 26/54/28
Gen.Tridiagonall 1000 20/60/24 18/55/21
Gen PSC1 1000 17/93/90 13/91/82
Gen.Tridiagonal2 1000 32/105/41 37/126/48
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The results of the test questions are shown in Table 1. All the algorithms are coded in MATLAB R2019a. Function
represents the test problem; Dim represents the dimension of the test problem; PNI represents the number of iterations
in the algorithm; PNF represents the calculation times of the function in the test problem; PNG represents the

calculation times of the gradient in the test problem. When ||gk|| <107 or the maximum number of iterations exceeds

10000, the iteration is stopped

Algorithm 2.1 is superior to algorithm AZPRP in the number of iterations and number of gradient calculations, it
improves the computational efficiency. Therefore, the new algorithm proposed in this paper is effective. This is an
improved algorithm based on AZPRP and YHM.

6. Conclusion

Although the research of the conjugate gradient method has achieved rich results, it is still worthy of in-depth
discussion to combine the Newton method with the conjugate ladder method with strong convergence to improve the
efficiency of the algorithm and establish its convergence theory. In this work, we prove the sufficient descent property
of the newly proposed SCG method through Strong Wolfe-Powell line search. The numerical results show that LW
algorithm outperforms AZPRP conjugate gradient method in terms in the number of iterations and the number of
gradient calculation. The theoretical properties and numerical calculations are excellent.

There is still much room for exploration on how to reasonably select the spectral parameters and conjugate
parameters to fully combine the computational advantages of the two methods, and how to design the combination form
of the hybrid conjugate gradient method and determine the calculation method of the combination parameters. In
addition, we will also study small changes to the new formula and line search method to improve the speed and reduce
the number of gradient evaluations required to solve the test function.
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