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Abstract: In this paper, we introduce new results of vertex connected dominating set and vertex connected domination
polynomial of vertex identification, edge introduced and t-tuple of complete graph, also we determine new results of vertex
connected dominating set and vertex connected domination polynomial of vertex identification, edge introduced and t-tuple
of wheel graph .
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1. Introduction

A vertex connected dominating set F is a set of vertices of a graph G = (V, E) such that every vertex in V - F is adjacent
to at least one vertex in F and the sub-graph <F> induced by the set F is connected. The vertex connected domination
number ¥, (G) is the minimum of the cardinalities of the vertex connected dominating sets of G.

The domination polynomial was first introduced by the author in his Ph.D. thesis in [12]. The connected domination
number of a graph was studied in [5]. And the connected dominating set and connected domination polynomial was
introduced in [9]. For more information and motivation of domination polynomial and connected domination polynomial
referto [1,2,3,4,7,10, 11, 13, 14, 15].

A simple graph in which each pair of distinct vertices is joined by an edge is called a complete graph, which is denoted

by K, and the wheel graph is the join of K1 and cycle graph, that means W = K, +C, . The vertex identification
graph G1 . G2 is obtained from Gl and G2 by identifying the vertex u€ G1 with vEG2. The edge introduced graph

G1 : G2 of two graphs is obtained from G1 and G2 by introducing the edge e=uv between a vertex u€ G1 with a vertex

vEQG2 [6, 8].

Let {(Gy, wy), (G, wp), ..., (G, uy)} be a family of not necessary distinct connected graphs with roots uy, u,, ..., u,
respectively. A connected graph G= G0 G,o ... oG, is called the multiple coalescence of Gy, Gy,...,G; provided that the
vertices Uy, Uy, ..., U; are identified to reform the coalescence vertex u. The t-tuple coalescence graph is denoted by G"
is the multiple coalescence of t isomorphic copies of a graph G [8].

In this paper we determine new results of vertex connected domination polynomial of vertex identified graph; edge
introduced graph and t-tuple coalescence graph of some standard graphs, for instance, complete and wheel graphs.

Definition 1.1:[9] Let G be a connected graph of order n and let dvc (G,i) denoted the number of vertex connected
dominated sets with cardinality i. Then the vertex connected domination polynomial DVC (G,x) of G is defined by

D.(Gx)= Y d (G.i)y (1)

i=7,.(G)

where 7,.(G)is the vertex connected domination number of G and the roots of the vertex connected domination

polynomial of G is denoted by Z(D, (G, x)).
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2 Vertex Connected Domination Polynomial of some Coalescence of Complete and Wheel Graphs

Theorem 1.2: [9]

1) For any complete graph Kn of n vertices, then,
D, (K, x)=(+x)"". )
2) For any wheel graph VVn with order n. Then,
D (W, x)=x(1+x)"" +x"" +(n—-D)x"7 +(n—-1)x"". 3)

2. Vertex Connected Domination Polynomial of complete Coalescence Graphs

In this section, we introduce new results of vertex connected dominating set and vertex connected domination
polynomial of some coalescence graphs of complete K graph.

Definition 2.1: Let Knl oK ,, be the vertex identification graph of order n;+n,-1 and let d, (Knl oK ny i) denoted the

number of vertex connected dominating sets with cardinality i. Then the vertex connected domination polynomial of
K, K, isdefined by
2

m

m+ny—1 .
D.(K,eK, .x)= > d(K, oK, ix )

=y, (K 0K, )
where 7,.(K, ®K, )is the vertex connected domination number of K, ® K and the roots of the vertex connected
domination polynomial of K, ® K, is denoted by Z(D,.(K, ®K, ,x)).
Example 2.2: Consider the graph K ® K as shown in Fig.1.

3 5

K, oK,

Fig.1. A graph K,eK,.

We have:

Ifi=1, d,.(K; ¢ K, 1) ={1}}=1,

Ifi=2, d, (K; ® K3,2)={(1,2). (1, 3), (1.4), (1, 5)} =4,

Ifi=3, d (K, ¢ K;,3)={(1,2,3),(1,2,4),(1,2,5),(1,3,4),(1,3,5), (1,4, 5)} =6,

Ifi=4, d (K, ¢ K;,4)=1{(1,2,3,4),(1,2,3,5),(1,2,4,5),(1,3,4,5)}|=4,

Ifi=5, d (K, ¢ K;,5)=1{(1,2,3,4, 5},

Hence,

D (K,oK,,x)=x"+4x* +6x° +4x" +x.

Proposition 2.3: The following properties hold for the coefficients of D, (Knl . an ,X), for all n;, n,>3.
) d.K,e*K,,0=0.
i) d (K, K, 1)=d,. (K, *K, ,n+n,—i)=1.

see + _2
jii) dVC(Knl .an’z):dvc([{nl oan,nl+n2—2):(n1 ’Iz ]

. n o
lV) d"“ (K”| ° K"z ’3) = dvc (Kn| ° K”]_ ,n +n, _3) = [nl Zz ) : (5)

V) n+n,—2
d, (K, oK, 4)=d (K, oK, n+n 4= "2 ")

i +n,-2
v) dm(K,,-Kn,z')=dm<1<r,-1<n,nl+n2—i)=(”‘ - j
i
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Theorem 2.4: The vertex connected dominating set of Knl ° an is given by

+n,-2
%JK%.K@J)z[m‘na J, (6)
l_

) 2n-2)
If nj=n,, thend (K, oK, ,i)= { ,i=1,2, ..., 2n-1.
l f—
Moreover, 7,.(K, K, ,i)=1.
Proof: By using Proposition 2.3, we get the result.

Theorem 2.5: The vertex connected domination polynomial of Knl ° an is given by

D, (K, *K, .x)=x(x+1)""7. (7)

Proof: By using Definition 2.1 and Theorem 2.4, we have

1
Dvc(1<n1 .an’x) = Z dvc(1<n1 .K
i=1

ny

”1*2”2:’1 n+n,—1) ,
= by
pan i-1
_ n+n,—2 - n+n,—2 e n+n, =2 I n+n,—2 il

0 1 2 n+n,—2
— 1+ n+n, =2 ot n+n, =2 JE m+n, =2 2

1 2 T\ +n, -2

mAn, =2 -2\ .
—){ Z (”1"";’2 },}

i=0

=x(x+1)""
Hence, D,, (Knl . an ,x) = x(x+1)""72
And the vertex connected dominating roots are 0 with multiplicity 1 and -1 with multiplicity n;+n,-2.
Definition 2.6: Let Knl : an be the edge introducing connected graphs of order n;+n, and letd, (K n K 7y i)

denoted the number of vertex connected dominated sets with cardinality i. Then the vertex connected domination
polynomial of K}71 :an is defined as

i)x'

n +n2

D.(K,:K,.0= 2 d.(K, K, Dx', (8)
=7y (K, :Kiy)

where 7, (K, 1 K, ) is the vertex connected domination number of K, : K, .

Example 2.7: Consider the graph K4:K,4 as shown in Fig. 2.

Fig. 2. A graph K4:K4.

Then, we have:

Ifi=1, d, (K, : K,,1) =0,

1fi=2, d,. (K, : Ky 2) =L (4, )1,

If1:3, dvc (K4 :K493):|{(19 4; 5)7 (2; 4; 5)7 (37 4, 5)5 (47 57 6): (4’ 5’ 7)7 ( 47 5’ 8)}|:6’
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4 Vertex Connected Domination Polynomial of some Coalescence of Complete and Wheel Graphs

If1:47 dVC(K4 :K474): |{(1’ 29 43 5)5 (15 33 47 5)! (ls 47 59 6)9 (19 47 59 7)5 (1’ 49 53 8)5 (29 35 4! 5)5 (29 49 57 6)9 (29 47 59
7),(2,4,5,8),(3,4,5,6),(3,4,5,7),(3,4,5,8),(4,5,6,7), (4,5, 6,8),(4,5,7, 8) }[-15,
Ifi:sa dvc(K4 :K4’5) = ‘{(1, 2, 3, 4, 5)3 (19 2a 47 5, 6)3 (la 29 49 5’ 7)5 (13 23 4a Sa 8)9 (1’ 3’ 4’ 59 6)’ (1’ 3’ 4’ 5’ 7)’ (1’ 3’

4,5,8),(1,4,5,6,7),(1,4,5,6,8),(1,4,5,7,8),(2,3,4,5,6),(2,3,4,5,7),(2,3,4,5,8,,(2,4,5,6,7),(2,4, 5,6, 8),
(2,4,5,7.8),(3,4,5,6,7),(3,4,5,6,8),(2,4,5,7,8), (4,5, 6,7, 8) j|= 20,

Ifi=6, d,.(K, : K,,6)=({(1,2,3,4,5,6),(1,2,3,4,5,7),(1,2,3,4,5,8),(1,3,4,5,6,7),(1,3,4,5,6,8), (1,2, 4,

5’ 6’ 7)’ (1’ 2’ 49 5’ 65 8)9 (17 2! 47 5’ 79 8)’ (15 4 b 57 65 7’ 8)’ (2’ 3’ 4 b 5! 67 7)’ (25 39 4 b 55 6’ 8)’ (1! 39 4’ 5’ 75 8)’ (29 39 4 b 57
7,8),(2,4,5,6,7,8),(3,4,5,6,7, 8)j|=15

Ifi=7, d (K, : K,,7)=6,

Ifi=8, d (K, : K,,8)=1,

Hence,

D, (K, :K,,x)=x"+6x" +15x° +20x° +15x" + 6x" + x°.

Proposition 2.8: The following properties hold for the coefficients of D, (K n - an ,X)

) d. K, K, 0)=d.(K,:K,,1)=0.

.. n+n,—2

ll) dvc (Knl : an 2 2) = dvc(Knl : an ’nl + n2) = 0 = 1 :

sss + _2

i) g (K, :K,,3)=d,.(K, K, ,m+n, —1):("1 ’;2 J )
. n+n,—2

iv) d, (Kn, 'K, A =d, (Kn1 K, ,n +n, -2)= 5 .

n+n,—2
V) dvz‘(l(nl :I(rlz’s):dvc(1<n1 :an ’nl +n2 _3) = 3 '
. ) . n+n,—2
Vl) dvc(1<n1 :Km’l):dvc(Knl :an’nl +n2 _(1_2)): . 2 :
> i—
Theorem 2.9: The vertex connected dominating set of edge introducing between two complete graphs is given by
. n+n, - 2 .
d.(K, K, i)= s ,forall 2<i<n +n,. (10)
l f—

) 2n—-2
Ifn,+n,=n,thend (K, :K, ,i)=| . 5 ,i=2,...,2n.
l_

Moreover, 7,.(K, : K, )=2.
Proof: By using Proposition 2.8, we get the result.
Theorem 2.10: The vertex connected domination polynomial of Knl : an is given by

D, (K, : K, ,x)=x(x+1)"""2. (11)
Proof: By using Definition 2.6, we have
n+n, )
D, (K, K, ,x)= Z d,.(K, K, ,i)x", and by Theorem 2.9, we have
i=2
e 4+n, =2 .
l)vc(1<n1 :K)h’x): Z( : . 22 ]xl
: i=2 1=

+n,—2 +n,—2 +n,—2 +n,—2
_|™htm e ntn, N nt+n, [ o+ U
0 1 2 n+n,—2
_ 2l n+n,—2 ot n +n,—2 R n+n,—2 e
1 2 n+n,—2
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mm2(p +n, =2 .
:xz 1 2 i
2\

=x (x40
Hence,
D, (K, K, ,x)=x(x+1)""7.
And the vertex connected dominating roots of D, (Knl :an ,X)are 0 with multiplicity 2 and -1 with multiplicity
n+n,—2.

Theorem 2.11: The vertex connected dominating set of t-tuple coalescence of complete graph K, is given by

tn—-1
dvc(K,'f,z')=( y l)j-Andm(K,'f')ﬂ- (12)
l_

Proof: Let K l:l be the t-tuple coalescence of complete graph K, the vertex connected dominating set of K Zl of size

" i-1

Theorem 2.12: The vertex connected domination polynomial of t-tuple coalescence of complete graph K, is given by

t(n—1
one is one and the vertex connected dominating set ofKLt‘ of size i —1 is t(n—1), then d, (K" ,i) = ( ( )j :

Dvc(Klfl,x) =x(x+1)'"" forallnand £ >2. (13)

Proof: By Definition 1.1, we have:
#(n=1)+1
D, (K", x)= Z d (K",i)x", and by Theorem 2.11, we have
i=1

n

t(n-1)+1 t _1 )
DV(_(Klllt‘ > x) = z [ ({/l 1 ) l
—

i=1

_ t(l’l—l) ot t(}’l_l) x2+ t(l’l—l) x3+ i t(l’l—l) xz(n—1)+l
Lo 1 2 T -
{ (z(n—l)j [t(n—l)j , [t(n—l)j W)}
=x|1+ X+ X 4.+ X
1 2 t(n-1)
_ x|:t(nz—i)(t(n — 1)}1:| _ x(x + l)t(n—l)
i=0 l

Hence, D, (K}, x) =x(x+1)""™".

n

And the vertex connected dominating roots of D, (K Z X X) are 0 with multiplicity 1 and -1 with multiplicity #(n —1).

3. Vertex Connected Domination Polynomial of wheel Coalescence Graphs

In this section, we determine the vertex connected dominating set and vertex connected domination polynomial of
wheel coalescence graphs. Also we determine the vertex connected dominating set and vertex connected domination
polynomial of vertex identification and edge introducing between complete and wheel graphs.

Proposition 3.1: The following properties hold for the coefficients of D, (Van . VVnZ ,X) , for all nj, n,>3.
i) dvc(VVn, ® VVI12 ’O) =0.

.. n+n,—2
A A N A

n+n,—2
i) g w, ew, .2)=d, (W, oW, .n+n,—2)= D

; +n,-2
iv) dvc(Wn,’ana3):dw(Wn,’W,,z,nl+n2—3)=[nl ’;z j (14)
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6 Vertex Connected Domination Polynomial of some Coalescence of Complete and Wheel Graphs

n+n,—2
V) 4, W, oW, . &)=d, (W, oW, ,n +n,—4)= ; .

. . n+n,—2
Vl) dvc(Van ny ’l) d (W n ’nl +n2 _l) = i—1
i—

Theorem 3.2: The vertex connected dominating set of vertex identification of two wheel graphs is given by

d, (W, oW, ,i)= ["1+"21 2) (15)

i
2n—2
If nj=n,=n, thend (W oW ,i)=| . ,i=1,2, ..., 2n-1.
l —
Moreover, 7, (W;l o VVnZ) =1.

Proof: By using Proposition 3.1, we get the result.

Theorem 3.3: The vertex connected domination polynomial of Wn1 ° anis given by

D, (W, oW, ,x)=x(x+1)""". (16)

Proof: By using Definition 1.1, we have
n+n,—1

D, (W, oW, ,x)= Z d, W, eWw,, i)x', and by Theorem 3.2, we have

i=1

it n1+n2—2 ;
D, (W, oW, ,x)=
nl+n2—1 n1+n2—1 N n+n,—1 - n+n,—1 el
2 n+n,—1
— n1+n2—1 x+ n+n,—1 I n+n, -1 2
2 n +n,—1
|:n,+n -2 nl+n2 }l:|

=x(x+ 1)"“’”2
Hence, D, (W, oW, ,x)=x(x+ 1)”‘+"2_2
And the vertex connected dominating roots of D, (W, ®W, ,x) are 0 with multiplicity 1 and -1 with multiplicity
n+n,—2.
Proposition 3.4: The following properties hold for the coefficients of D, (W, : W, ,x), forall n,,n, 2 3.
b d (W, W0 =d OV, W, )=0.

n+n,—2
W a,.w, W, 2)=d W, W, n+n-2)= 0 =1

s + -2
il dw(W,,]:Vnz,er):dw(W,,,:W,,,nﬁnz—e'):[”‘ v J an

. n+n,—=2
™) d W, W, H=d W, W m+m-4=| " 5 |

. n+n,—2
V) dvc(VVn] : VVm 51) = dvc(VVn] : I/Vn, > nl + nZ l) 2
2 2 i—

Theorem 3.5: The vertex connected dominating set of Van : an is given by
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(18)

. n+n,—2
d.WwW, W _,i)= It
1 2 i—

1—

2n—2
Ifn=ny=n, then d (W :W ,i)= 5 | i=2, ..., 2n.

Moreover, 7, (W, ‘W, )=2.
Proof: By using Proposition 3.4, we get the result.
Theorem 3.6: The vertex connected domination polynomial of Van : an is given by

D, (W, :W, ,x)=x"(x+1)""7, (19)
Proof: By Definition 1.1 and Theorem 3.5, we have

f'll+n2 . nl +I’IZ + _ 2 )
D"C (W;’l : VV”Z ? X) = z d"" (W;ﬁ : VV”Z ’i)XI - Z (nl b }l

i=2 i=2 1— 2

_ n+n,—2 e nA+n,—2 N n+n,—2 - n+n,—2 o
0 1 2 n +n,—2
=X2 1+ nl+n2_2 X+ }’ll+7’l2_2 x2+“‘+ nl—i_nZ_2 x»11+»12—2
1 2 n +n,—2
=y {"'iz(”l +”.z _2}.,1
i=0 !

-2 (x+ 1)n1+n2—2 .
Hence, D, (W, ‘W, ,x)= X7 (x+1)"m?
And the vertex connected dominating roots of D, (W, :W, ,X) are 0 with multiplicity 2 and -1 with multiplicity
n+n,—2.
Theorem 3.7: The vertex connected dominating set of t-tuple coalescence of wheel graph Wn is given by
t(n—-1)
i—

dvc (VVnm 5 l) = (

Proof: The proof is similar to the proof of Theorem 2.11.

ja“d 7. W =1, 0)

Theorem 3.8: The vertex connected domination polynomial of t-tuple coalescence of wheel graph VVn is given by

D, (W', x)=x(x+1)"". Q1)
Proof: By using Definition 1.1 and Theorem 3.7, we get the result.
Theorem 3.9: The vertex connected dominating set and vertex connected domination polynomial of Knl ° VVn2 is
given by
+n,-2 -1ty —
d (K oW ,i)z(”l & J and D, (K, oW, ,x)=x(x+1)""7. (22)
ve n ny l_l

Proof: The proof is similar to the proof of Theorems 2.4 and 2.5.
Theorem 3.10: The vertex connected dominating set and vertex connected domination polynomial of Knl :VVH2 is

given by
) n+n,—2
dvc (Kn .W:’l ’l) = . . (23)
1 2 l_2
) 2n-2
Ifn,=n,=n,thend (K, :W i)=| 5 ,i=1,2, ..., 2n-1.
l_
Moreover, }/VC(KH1 :VVnz): 2 andDw(Knl :VVnz,x) =x*(x+1)""7 (24)

Proof: The proof is similar to the proof of the Theorems 2.9 and 2.10.
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8 Vertex Connected Domination Polynomial of some Coalescence of Complete and Wheel Graphs

4. Conclusion
In this paper, we studied the vertex connected domination polynomials of some graph coalescence. In the future one
can compute the vertex domination polynomial of some other coalescence and t-tuple of other graphs.
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