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Abstract

Rabies is a fatal, zoonotic, viral disease that causes an acute inflammation of the brain in humans and other
mammals. It is transmitted through contact with bodily fluids of infected mammals, usually via bites or
scratches. In this paper, we formulate a deterministic model which measures the effects of different rabies
control methods (mass-culling and vaccination of dogs) for urban areas near wildlife, using the Arusha region
in Tanzania as an example. Values for various parameters were deduced from five years’ worth of survey data
on Arusha’s dog population. Data included vaccination coverage, dog bites and rabies deaths recorded by a
local non-governmental organization and the Ministry of Agriculture, Livestock Development and Fisheries of
the United Republic of Tanzania. The basic reproduction number R, and effective reproduction number Re
were computed and found to be 1.9 and 1.2 respectively. These imply that the disease is endemic in Arusha.
The numerical simulation of the reproduction number shows that vaccination is the most appropriate control
method for rabies transmission in urban areas near wildlife reservoirs. The disease free equilibrium g, is also
computed. If the effective reproduction number R, is computed and found to be less than 1, it implies that it is
globally asymptotically stable in the feasible region ®. If R, > 1t is implied that there is one equilibrium
point which is endemic and it is locally asymptotically stable.
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© 2020 Published by MECS Publisher. Selection and/or peer review under responsibility of the Research
Association of Modern Education and Computer Science

* Corresponding author.
E-mail address:


http://www.mecs-press.net/ijwmt

50 Desirable Dog-Rabies Control Methods in an Urban setting in Africa - a Mathematical Model
1. Introduction

Mathematical modeling has historically been of great importance in epidemiology and is a useful tool for
providing a better insight into the dynamics of epidemic diseases such as rabies.

Rabies is a fatal, zoonotic, viral disease that causes an acute inflammation of the brain in humans and other
mammals. It is transmitted by the saliva of infected animals via bites or scratches, with dogs being the primary
source of transmission to humans [23].Rabies occurs in more than 150 countries and territories around the
world and is most prevalent in developing countries in Africa and Asia [8].

Globally, it claims an estimated 60,000 human lives annually [15], the highest number of deaths caused by
any zoonotic disease [11,16]. Dog transmitted rabies is estimated to cause 24,000 human deaths per year in
Africa and [26] up to 60% of dog bite victims are children less than 15 years of age. Unfortunately, the
majority of dog bites go unreported to parents and any resulting rabies cases are not reported to health
authorities [2]. In Tanzania, it claims the lives of around 1500 people yearly [19].

The two main ways to control rabies transmission are mass-dog vaccination and culling, whereby the culling
method is perceived to be easier and cheaper than vaccination, especially in the presence of free-roaming and
poorly socialized animals in areas where veterinary personnel has relatively little experience or confidence in
handling dogs [18].

Despite these control efforts, rabies remains a problem with 99% of all human deaths from rabies occurring
in the developing world [14].

However, according to Mbwa wa Africa, an animal welfare organization in Arusha conducting research,
every Killed dog is replaced within 6 months by a new, young dog [22]. As dogs are territorial and defend their
resting and feeding grounds in packs, killed members of a pack affect its ability to hold a territory, leading to
more fighting and mixing of the overall dog population. Killing a neutered, vaccinated dog, therefore often
leads to its replacement by an unvaccinated, unneutered dog, potentially increasing the risk for rabies outbreaks
[22].

In order to reduce the risk of transmission and keep rabies control costs as low as possible, information on
the efficacy of culling and mass dog vaccination programs is required. We used a mathematical model to
establish the impact of culling and vaccination in Arusha respectively.

A similar model, but in a very different environment, was formulated to describe the dynamics of rabies
transmission among dogs, livestock and humans within and around Addis Ababa, Ethiopia [8]. The model
predicted an increase in rabies transmission with a maximum prevalence in 2024 and 2026 for both humans and
livestock respectively and a combination of interventions was suggested. In another study, [12] a susceptible-
exposed-infectious-vaccinated (SEIV) model for dog-human transmission of rabies considering domestic and
stray dogs was proposed and showed that rabies in Guangdong province in China would decrease gradually
before increasing again, indicating that in this case culling for disease control is futile. Differences in the dog
populations, especially with regards to roaming patterns and contacts with wildlife areas require different
modelling approaches to fit the conditions.

The specificity of our research considers three subgroups of dogs; domestic dogs with clear owners, stray
dogs roaming the streets and Maasai dogs travelling alongside livestock and herdsmen. In this study, dog mass
vaccination has been compared to stray dog culling in terms of its effects on rabies transmission risk.

2. Materials and Methods
2.1 Model Formulation

We developed a basic transmission risk model tailored to areas with similar settings as Arusha, to measure
the effect of culling and vaccination. The formulated model has three dog subgroups, which are domestic dogs,

stray dogs and Maasai dogs. Each population is categorized into Susceptible, Exposed, Infectious and
Vaccinated individuals and a SEIV model was formulated.
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The susceptible class consists of currently disease free individuals. The exposed class contains individuals
who have been contracted the virus but do not show symptoms of the disease. The infectious class consists of
individuals who were exposed to the disease, developed clinical symptoms of rabies and will die. Finally, the
vaccinated class consists of individuals formally susceptible or exposed to the disease but now vaccinated. The
formulated model is a system of differential equations, which has been derived from the compartmental
diagram in Figure 1.

The model is developed based on the following assumptions; the susceptible populations are recruited via
birth rate . Any kind of dog which is exposed to bodily fluid from another dog is exposed. Dogs in each group
have equal probability of dying a natural death. Populations are considered homogeneous with regard to each
dog’s probability of being infected. Once a dog reaches the infectious stage, death is 100% certain. All
parameters of the model are positive and they are introduced in table 1.

TABLE 1. PARAMETER DESCRIPTION

Parameter Description
ay, g, Ay, Annual births of domestic dog, stray dog and Maasai dog populations respectively.
84,85, 6m Death rate due to rabies for domestic dog, stray dog and Maasai dog populations respectively.
Wg, Ws, Wy, The loss rate of vaccination immunity for domestic dog, stray dog and Maasai dog populations respectively.
Ha, Usr Um Natural death rate of domestic dog, stray dog and Maasai dog populations respectively.
Ba, Bs) Bm Rate at which infectious stray dogs infect susceptible domestic dog, stray dog and Maasai dog populations
respectively.
P> Ps) Pm The incubation period in domestic dog, stray dog and Maasai dog populations respectively.
04, O, O Vaccination rate of susceptible domestic dog, stray dog and Maasai dog populations respectively.

llumdr llusdr lluds' lIlms

e

Number of dogs migrated from Maasai to domestic, stray to domestic, domestic to stray and Maasai to stray
dogs' populations respectively.

Average culling rate of stray dogs.

Stray
Dags

Maasai
Dogs

Fig.1. Flow diagram for rabies transmission among dog subgroups.
2.2 Model Compartment and Dynamics

From the above assumptions, definition of variables and parameters, the model flow diagram depicts the
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dynamics of rabies transmission among domestic dogs, stray dogs and Maasai dogs as shown in Figure
1.Parameters ai where, i = d, s, m represent annual births of domestic dog, stray dog and Maasai dog
populations respectively. The parameters pi where, i = d, s, m represent the latency rates of domestic dogs,
stray dogs and Maasai dogs so that 1/pi where, i = d, s, m are the corresponding incubation periods.

2.3 Model Equations

From the compartmental diagram we formulate a set of twelve differential equations as shown below:

ds
d_td:ad togVy+Wo +W oy =Wy — (g + 04 +B415)S4

dE
d_’[d:ﬂdsdls_(ﬂd"'pd)Ed
di
d_td:pdEd—(yd+5d)|d
dv
—d:O'de—(COd +/1d)vd
dt
ddSts =a; +wsvs+\yds+qjms _\Psd _(Gs+/us+/uc+ﬂ5|5)ss
dE
== B, —(u, + p,)E
dt ﬁsss(lus '05)5
di
>=pE —(u, +6,)l
dt PsEs (,Lls 5) s
av,
— =g S.—(w. +u )V
at OO ( s tus) s
ddStm =, +wmvm_qlms_\}lmd _(/um+o-m+ﬂm|5)sm
dE
"= B.Suls — (i + Pn)E
dt ﬂm m's (:um pm) m
dl
m_—pE — +o.)l
dt pm m (/um m) m (1)
dav
m =0, S —(o, + V
= OnSn — (@ + )V,
with,

Ng (8) = Sq (1) + Eq (1) + 14 () + V4, (1)
N, () = S, (8) + E () + 1, () +V, (1) 2
N, () = S (8) + B (8) + 1, (8) + Vi, (1)

Where N,,i = d, s, m is the total of domestic dogs, stray dogs and Maasai dogs’ population at time t.
2.4 Invariant Region

The model represented by the system 1 of differential equations which deals with domestic dogs, stray dogs
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and Maasai dogs, will be analyzed in the feasible region @ and all state variables and parameters are assumed
to be positive for all 0. The invariant region will be obtained through Theorem 1.

Theorem 1

All solutions of the system 1 are contained in the region ® € R*2and ® = &4 U &, U O

Proof

The model of the system 1 was grouped into domestic dogs N, stray dogs Ny and Maasai dogs N,,, such
that

@, ={(sd,Ed,|d,vd)eDj:0g N, s“—d}
Hy

cps={(SS,ES,|S,VS)ED‘1:OSNSS%} 3)

q)m :{(SmlEmalm!Vm)eJi:OS Nm S%}
Hi,

And @ is the positive invariant region for system 1.
Thus,

O=0,ud Ud elltx]x0? (4)
From that, it is sufficient to consider model system 1 in the region @, and it can be shown to be positively
invariant. The model can be considered as epidemiologically and mathematically well-posed.
3. Model Analysis
3.1 Disease Free Equilibrium Points (DFE)
To find the disease free equilibrium points we set the right hand side of equations of system 1 equal to zero.

In the absence of attack or in the absence of rabies, Eg =14 =Vy =E; =1, = E, =1, =V, = 0. Then the
disease free equilibrium (DFE) g,will be &, = (59, 0,0,0, 52, 0,0, V%, 52, 0,0,0)

where
g0 - %~ Yo+ Vg + ¥ Soz(ys+a)s)(‘11ds—‘llsd+‘I’ms+as)
d Hy +0y TS ﬂc(ﬂs+a)s)+ys(,us+0'5+a)s) ’ ©)
Vo_ as(\Pds+\Pms+as_\PSd) SO _am_\Pmd_‘Pms
° _yc(us+ws)+ys(ys+as+ws)’ "y +o,

The disease free equilibrium points for stray dogs populations that is Vg cannot be zero because once
susceptible stray dog is vaccinated, it transfer to the vaccinated class. Hence the disease free equilibrium point
of the system 1 exists and it is given by
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ag — Ve +¥+¥y 0.0.0 (/Js+w5)(\yds_\ysd+\yms+a5)
’ ,le+0'd :uc(tus—i_ws)—i—:us(:us—i_as-i_a)s)
a (\Pds +\Pms +a _\Psd) an, -¥

1050!

(6)
, md_\PmSIO,O,O
He (g + o)+ (1, +0,+@,)  py+o,

3.2 The Basic Reproduction Number R,

The basic reproduction number RO can be defined as the expected number of secondary infections produced
by an index case in a completely susceptible population [24]. The basic reproduction number can be used to
assess whether a newly infectious disease can invade a population [3]. R, < 1 implies that, on average, an
infected individual results in less than one newly infected individual during its infectious period, and the
infection cannot grow. Conversely, if R, > 1, on average, each infected individual creates more than one new
infection, and the disease can raid the population. We used a next generation operator method proposed by Van
den Driessche and Watmough (2000) [27].

We considered system 1 without vaccination i.e. w = ¢ = 0. In this case we also do not have culling,
which means p. = 0.

Let f;(x) be the rate of appearance of new infection in compartment i, v{ (x) be the rate of transfer of
individuals out of compartment i and v;" (x) be the rate of transfer of individuals into compartment i by all other
means, and it is assumed that each function is continuously differentiable at least twice in each variable. The
disease transmission model of system 1 consists of non-negative initial conditions together with the following
system of equations: x = F;(x) = f;(x) — v;j(x)wherev; = v; — vi".We now consider expressions in which the
infection is in progress. Thatis Eg, Iy, Eg, I, Ep, I

dE
dtd = BySqls — (uy + py) By
dl,
IzpdEd_(ﬂd+§d)ld
dE,
d_:ﬂsssls_(ﬂs+ps)Es
t
di )
> =pE, - +0)1
dt pS S (ys S) S
dE
=4S 1 - + E
dt ﬂm m-s (um pm) m
dl
m—-pE — +o )l
dt pm m (ﬂm m) m

By rearranging equations of system 1 without vaccination from exposed to infectious classes of dogs’
subgroups with a system of equations given by 7. Let F be a non-negative n X n matrix and V be a non-singular
N-matrix such that

F= {M} and V = {M} C)

] ]
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with 1 <i,j < n.The point g, is the disease free equilibrium point in 6 without vaccination where

_ﬁdsd Is ]
ﬁsssls

ﬂmsmls

0

0

andv, =

0 ]

(/Ud +pd)Ed
(ﬂd +5d)|d - PyEq
(4 +p,)E,
(:us +5s)|s _psEs
(#n+ P ) En
(#n + S0 )1 = PuEny

55

©)

We consider classes in which the disease is in progress. Using the linearization technique, we get the Jacobian
matrices of f and v at the disease free equilibrium point gyas shown below:

_0 0 0 ﬁd(ad_lyds-l_qjmd-l_qjsd)
Hy
000 0
00 ﬂs(as+\yds+\{,md_\ysd)
F= I
000 0
-¥Y -¥
0 0 0 ﬁm(am ms md)
Hi
10 00 0
! 0
Hy + Py
—H Py~ PsPy 1
(#tg +65) (1 +P5)  #g + 5,
0 0
V1=
0 0
0 0
0 0

0

0

Hs + P
Ps

_ﬂu + Py
—Pq

0
0
0
0

0

Hg + 0,

0

o o o

(u,+0,) (s +ps) 1, +0,

0 0
0 0
Htps 0
—Ps M+ 55

0 0
0 0
0
0
0
0
1

Hn T Py
P

o O o o

Hy + Pry

0

1

4+ O O O o o

(b + 60 ) (Hn + Pn) 1+, |

(10)

(11)

We now multiply F and V~*and then compute the Eigen values of the resulting matrix FV =1 and choose the
maximum Eigen value as the basic reproduction number R, which is given by

Ry

_ ﬁsps (‘{’ds +1Pms +a _lljsd)

He (1t +6,) (15 + )

(12)
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3.3 Effective Reproduction Number R,

The effective reproduction number R.can be defined as the average number of secondary cases that one
index case generates over the course of its infectious period [7]. The prevalence of infection increases or
decreases according to whether R.is greater than or less than one, respectively [6]. Here we consider the
presence of control methods. In our case we have vaccination and culling. In this case w, u. and owill not take
on zero values. So we include them and follow the same procedures usedin computing R, and this will result in
the spectral radius (dominant Eigen value) R, = pFV~of FV~1given by

ﬂsps (/us +a)s)(\Pds +\Pms +a _lPsd )

€

(1, +0,) (s + o, ) 110, + gt + 1,0, + 1,0, + 17

(13)

Numerical computations of R, and R, were done using the data collected from Mbwa wa Africa and the Ministry

of Agriculture, Livestock Development and Fisheries of The United Republic of Tanzania.

TABLE 2. VALUES OF PARAMETERS USED AT DFE

Parameter Value (year?) Source
ag  The annual births of stray dogs 2.5 x 102 [22]
6, Death rate due rabies for stray dogs 0.22 [4]
w,;  Loss rate of vaccination immunity for stray dogs 0.1 Assumption
ps  Natural death rate of stray dogs 0.32 [20]
Bs  Rate of infection of stray dogs 1.7864 x 107* Data
ps  The incubation period of stray dog 0.83778234 [17]
os  Vaccination rate of the susceptible stray dogs 0.25174 Data
W¥,s Average number of Maasai dogs that migrate to stray dogs population 35 Fitting
W, Average number of stray dogs that migrate to domestic dogs 17 Fitting
population
W¥,. Average number of domestic dogs that migrate to stray dogs 56 Fitting
population
B,  Average culling rate of stray dogs 0.01792 Data

We now substitute the parameter values to the expression found in 12 and 13 to have

17864x104><083778234x(56+354-zsxloz—17)

~19

R, =

0.32x(0.22+0.32) x(0.32+0.83778234)

(14)

Without any control measure the result of R, is greater than one which shows that the disease will invade the

population.
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o 1.7864x10 ™ x 0.83778234 x 0.42(56+35+ 2.5x102 —17)
* 054 ><l.15778234(0.001792 +0.0057344 + 0.0805568 + 0.032 + 0.32 )

~1.2 (15)

With the current vaccination coverage, Re is more than one and this shows that the disease still perseveres.
This implies that more efforts should be taken to fight against rabies transmission. We have simulated the
effective reproduction number with some variations in vaccination coverage and a combination of vaccination
and culling methods. It shows that, by increasing the vaccination of stray dogs, there is a possibility of rabies to
die out. The combination of vaccination and culling was found to be the best way to fight against rabies disease
transmission in Arusha town. In the simulation, R, is without any control, R.; is the current 25% vaccination
coverage, R, is the 409% vaccination coverage and R.5 is the combination of 60% vaccination coverage and
40% culling.

Vanaton of Reproduction Number with Exposure rate |15

_R:

(==}
T

— R,
— R-,‘Z

—Ru:'

0

08 b

Reproducton number

06 5
04 4

02 b

0 02 04 06 08 1 12 14 16 18
Exposure rate 3,

Fig.2. Reproduction number for different vaccination coverages and combination of vaccination and culling.

WVarialion of Reproduction Number with Exposure rale

— R

2

Reproduction number

0 0.2 0.4 0.6 08 1 1.2 1.4 1.6 18
Exposure rate |.:l_M x 10"

Fig.3. Reproduction number for different culling coverages
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From Figure 2 we can see that R.; < R, < Re; < R,. This indicates that if we increase vaccination in the
stray dog population, the effective reproduction number decreases and become less than one. Due to the high
transmission rate of rabies from stray dogs to domestic dogs and Maasai dogs, combination of measures is
eagerly recommended as it makes the effective reproduction number less than one. In this case R, is the current
40% culling of stray dogs, R, is the 50% culling, R, is the 60% culling and R.5 is the 70% culling whereby
the 25% current vaccination rate is kept constant.

From Figure 3 we see that culling alone has got a very minute impact in combating rabies transmission risk.
The effect observed is for 25% vaccination coverage only. Therefore, if other practicalities such as costs are
disregarded, using a combination of vaccination and culling to control rabies transmission has the highest
impact, with increased vaccination coverage.

4. Stability Analysis
4.1 Local Stability of the Disease Free Equilibrium Points

Theorem 2
If R, < 1,then
o The disease-free equilibrium g, of system 1 is locally asymptotically stable;
o The disease-free equilibrium g, of system 1is globally asymptotically stable in the region ®

Next we derive the Jacobian matrix of system 1 by differentiating each of the equation of system 1 in terms of
state variables Sy, E4, 14, V4, Ss, Es, Is, Vs, S, Ems I, Vi, @t the disease free equilibrium point from 6 to have

~(#y+0,) O 0 o, 0 0 A 0 0 0 0 0

0 H 0 0 0 0 B 0 0 0 0 0

0 Py —(a+6,) 0 0 0 0 0 0 0 0 0

o, 0 0 (g +@,) 0 0 0 0 0 0 0 0

0 0 0 0 G 0 c o, 0 0 0 0

;o 0 0 0 0 0 —(4+p,) D 0 0 0 0 0
“ 0 0 0 0 0 . ~(u,+5,) 0 0 0 0 0
0 0 0 0 o, 0 0 [ 0 0 0 0

0 0 0 0 0 0 E 0 —(gy+a,) O 0 o,

0 0 0 0 0 0 F 0 0 J 0 0

0 0 0 0 0 0 0 0 0 pn —(y+8,) 0
o 0 0 0 0 0 0 0 o, 0 0 K |

(16)

where
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_ =B, (ad i PR g +\Psd) By (ad VY +¥o +\Psd)

A , B= )
Hy +0y Hq + 0y
C__ﬂs (:us_{—ws)(\{}ds_‘{}sd_'—\yms_{—as) D_ﬂs (:us+ws)(\yds_\{lsd+\{lms+as)
He(+ @)+ p (4 +o +0,) He (e + o)+ 1 (e + 0, + ) (17)
- -¥ b4 -¥ b4
E= ﬂs(am md+ ms), F:ﬂs(am md+ ms), G:_(ﬂs"‘ps);
Hyp T 0Oy Hy t 0O,
H:_(/ud +pd)1 I :_(ﬂs+a)s)’ J =_(/um+pm)1 K:_(ﬂm+a)m)

The Eigen values of the Jacobian Matrix are:

—04 — Hy
~Hy
~Op ~ iy
~Hn
“Hy ~ P
“Hn = Pnm
1

E(_ 4Dps +(5s _ps)2 _55 _Zlus _ps)

%( 4Dps +(6s _ps)z _é‘s _Zlus _ps)

—Hy =0y — @y

“Hyp =0y — Oy

%(—yc —\/260S +(oy — )+ (o, +,uc)2 +w! -2u, o, —a)sj

1(—/% +\/2605 +(o, —,uc)+(as+,uc)2+a)s2 -2y, —o, —605)
-2 . (18)

From the above Eigen values we see that they are all negative but if

\/4Dps+(5s‘,05)2 <O, +2u, + p, (19)

and

\/Zws(as—yc)+(as+yc)2+a)f < U 42U+ 0, + (20)

then the Disease Free Equilibrium point is locally asymptotically stable.
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4.2 Global Stability of Disease Free Equilibrium Points

In this case we employ the method suggested by [19] to scrutinize the global stability of disease free
equilibrium point of system 1.0ur model represented in system 1 has the following structure.

(21)

Where; x € R, standsforsusceptible and vaccinated individuals. y € R} stands for exposed and infectious
individuals.x, is a vector at DFE point ¢, of the vector length x. With reference to the system 1 we define

oy =Wy +¥ +Y¥
Hyq +0y
_Sd_ _Ed_ 0
Vd Id (lus +a)5)(\yds _\Psd +\Pms +as)
o S, = E, andx = ,uc(ys-l-ws)-&-ys(ys-i—as-&-a)s)
v, I ® o (Vg —¥Yy +¥  +a,)
Sn Vi to (ps+ @)+ 1, (4 +0, +@,)
Vi Lo ] oy~ Yoy ¥
Myt Oy
L 0

X=X, =

oy Ve +¥y +¥y
Hy +0y
Vy

Sy —

S

(/ls +ws)(\Pds 7‘.Psd +\Pms +as)

S

(o)t u(n o+

V 25 (‘.Pds _‘.Psd +\I]ms +as)

S

(o) p (o, +o,)
am_\Pmd _\Pms
Hy t 0Oy
\Y

m

S, —

To test for global stability of the disease free equilibrium we need to prove the following;
e A should be a matrix with real negative Eigen values,

e A, should be a Metzler matrix.

(22)

Using system 1 together with the representation in 21 the two equations can be written as shown below.
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(23)

MatricesA, A, and A, are of order 6 X 6. Using elements of x of the Jacobian matrix of system 1 at g, and

representation in 21 we get

~(y +0y) o, 0 0
o, (g +0y) 0 0
0 0 — (s + 11, o,
A=
0 0 o, (o, +u15)
0 0 0 0]
| 0] 0 0 0]
(,Ud +Pd) 0 0 BiS,
Yo _(/ud +Gd) 0 0
_ 0 0 _(:us +ps) ﬂsss
A= 0 0 -
P, (1, +,)
0 0 0 B.S,
0 0 0 0

0 0 0
0 0 0
0 0 0
0 o "o
(tn +0,) @, 0
o, —(a)m+ym) 10
0 0 |
0 0
0 0
0 0
~(tn+py) 0O
0 (@ +5)

O O O O O o

PS4
0
B3,
0
BuSn
0

O O O O O o

O O O O O o
O O O O O o

(24)

Now we have deduced that, matrix A is an upper triangular matrix with Eigen values being real and negative
located in its main diagonal. The Eigen values are - (ug + pq), - (g + 04), - (Us + ps), = (us + 65), - (U +
pm) and - (uy, + 6,). The off diagonal elements of matrix A, are non-negative since all parameters are
positive which proves that it is a Metzler matrix. This also shows that the disease free equilibrium points of
system 1 is globally asymptotically stable in the region ®. This brings us to the following crucial theorem.

Theorem 3

The disease free equilibrium point is globally asymptotically stable in the region @ if R, < 1 and unstable
intheregion ® if R, > 1.



62 Desirable Dog-Rabies Control Methods in an Urban setting in Africa - a Mathematical Model

5. Endemic Equilibrium Points
5.1 Existence of Endemic Equilibrium Points

We equate the right hand side of system 1 to zero to be able to compute the equilibrium points of system 1. If
the endemic equilibrium points of system 1 exist, they are given by

80:(Sd7Ed’|d7Vd7Ss’Es’|s’Vs’Sm’Em’Im’Vm) (25)
where
S = Qg + 4Vy _\Pds;’_‘{’md + ¥y E] = Byl S 1= PqEq V= T4Sq (26)
My + Pyl + oy Hy + Py O + Hy Hy + @y
S*:as+wsvs*_\},sd+\yms+‘{lds E’ = ﬁslsss 1" = psE: V= O-ss: (27)
: A A e A A A A A X
SrTw _ am+wmvm_\fjms+q’md , E; _ ﬂmlssm , |; _ mem , Vr: _ o-msm (28)

Local Stability of the Endemic Equilibrium

We employed the following theorem as explained by Paul et al., (2016) [20] to describe and prove the local
stability of the endemic equilibrium points of system 1.

Theorem 4(Routh-Hurwitz Criterion)

Given a polynomial P(A) = A" + ;A" 1 + -+ a,_11 + a,

Where the coefficients a; are real constants, i = 1,.., n define the n Hurwitz matrices using the coefficients a; of
the characteristic polynomial:

a 1 0 0 - 0
a 1 a 1 0 a a a 1 - 0
le[a1]7H2=|:a3 a},H3= a; a, q cenHy = a; a, a, a, - 0
’ & & A

|10 0 0 0 - a] (29)

Note that, a;_qifj > 0. All of the roots of the polynomial P(1) are negative or have negative real part if the
determinants of all Hurwitz matrices are positive: det H; > 0; j = 0,1,2, ..., n. More details on Routh-Hurwitz
criterion are given by Paul et al., (2016) and Sambo et al., (2013) [21,22]. Consider the first part of system 1.
The Jacobian matrix of that part is given by

—(,ud+0d+ﬂdls) 0 0 W,
e, = Byl _(ﬂd +Pd) 0 0 (30)
0 Pu _(:ud+5d) 0

0 0 0 —(yd+a)d)
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Through computations, we derive the following characteristic polynomial.
P(1)=4*+A2*+BA*+CA+D (31)
A=0, +4u, + py + Bl + 04 + o,

B =38,y + 8, P4 + 8,0 + 8,05 +3p, g + 34y Ty + 3y @y + 6445 + POy + py@y + 1,384 + 31, Sy pty + 1.5y P
+ 18,04 + 0,40,

C =28, 1y Py + 204 0y + 284 g @y + 35, 145 + 8,30y + 8,040 + 8, Py + 24y POy + 24y Py @y + 3115 Py +

(32)
2u,0,0, + 3150, +3ui @y + 81 + p, 0,04 +21 B0, 11y + 1 B35, Py + 1 B0y ity @y +21 By 1y Py +
21, 1y @4 + 3V By 1+ By Pty
D = 8,1 Py 0y + O3 Hy Py @y + Oy g Py + Oy ly Oy @y + 5y Ly Oy + Oy g @y + Oyl + Gy Py Oy @y + g P44y +
Ha Py O+ Hi Py @y + g Py + Mg Oy @y + Hg Oy + lg @y + s + 1 By0y o g + 13838 1ty @y + 1, By 0y g +
L B483 s @y + 1 By 1y Py @y + 1 By pig @y + 1, 115
From the characteristic polynomial represented in 31 we have the following Hurwitz matrix
A1 0 O
C B A1
H, =
0 DC B
0 0 0D (33)

The determinant of the Hurwitz matrix is D (ABC — C2 — A%D).

From the Routh-Hurwitz criteria of Theorem 4, we see that the determinant of Hurwitz matrix will be
positive if the following conditions hold true. A > 0,C >0, D > 0 and ABC > C? + A%D.Recall that all
parameters of our model and all coefficients of the characteristic polynomial are positive as shown in equation
32. We combine all requirements and deduce that all roots of the polynomial represented in 31 are negative and
hence we prove that the first part of system 1 is locally asymptotically stable. Moreover, we consider the
second part of system 1. The Jacobian matrix is given by

_(O-s+:us+:uc+ﬂsls) 0 ﬂsss W
J\go: ﬁsls _(ﬂs+ps) _ﬂsss 0
0 Ps _(:us+55) 0

o, 0 0 —(u,+o,)

(34)
Consider the characteristic polynomial

P(2)=4"+AA*+BA*+CA+D, (35)
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A=u+pBIl +6,+4u +p, +0, +o,

B, = u. 0, + p p, + p.o, +3pp, + PO, + 3B g+ Bl p, + 30,14, + O, p, + 0,0, + O, + 3, p,
+3u,0, +3uw, +6u + p.o, + p.o, - B.pS,

C, = 1,0, p, + 8,0, + 21 O, 1t + 1, P, + 2 1, P + 214 pt. @, + 3 p12 — 11, B.p.S, + 2 BN O, pu +
+ B0, p, + B S0, + 2B p, + 2 .0, + 3Bl + B p.o, + 26,1, p, + 26,140, +
26, 1,0, +30, 18 + 8, p,0, + 6, p.0, +2u p.o, +2u p.o, + 3l p, + 3o, +3ul o, + 4l —
2P, psSs = Pops0. S, = B ps S

D, = 1,8, P00, + Oy + 1O Mo, + B O + e oo, + Mol Po + B O, + 11 = 1o Bop S 0,
— w1 Bt p.S, + PO . p, + BN S, p ., + BN S il + B S, po, + B poo, + B il p, +
BN, + BN + 8, 11,p,0 + Sy o, + 8,11 Py + S L0, + S L0, + i + 11 PO + L P,

(36)

+ P+ O+ o, + 11l = B PO S, — Pt p, S0, — Bl .S,

From the characteristic polynomial represented by 35 we have the Hurwitz matrix being given by

A1 0 0
H——Cl 5 AL (37)
|0 D, C B

0 0 0 D

The determinant of the Hurwitz matrix is given by D; (A;B;C; — C? — A2D,). With reference to Theorem 4
the determinant of Hurwitz matrix become positive iff A; > 0,C; > 0,D; > 0 and A;B,C; > C? + A2D,.

Again, since A; > 0,
B, > 0 iff .6, + p p, + p.o0, +3u. pt, + 1, B0, + 31 B u, + 1 . B p, + | S, +30,1, + 0, p, + 5,0, +

S.w, +3u,p, + 3.0, +3u.w, +61° + p.o, + p.o, > B.p.S,
C, > 0iff 4,0, p, + 1.6,0, + 24,0, 1, + 1, P, + 24 1, P, + 2 41, 0, + 3 11> + 21 B.S. 1t + 1 B.5. p,
+1 86,0, +21 B pp, +21 B, +31 Bl + 1 f.pw, + 25 1 p, + 26,10, +20, 10, +
36,18 +8,p.0, +0,p.0, + 2 p.o, + 21 p. 0, +3u’p, +3ulc, + 3l o, + 4l > 2B 1. p.S, + (38)
B0 S; + B.pS.o, + 115, P,
D, > 0 iff 14,5, 0,0, + 1,5, 1, Py + U0, + UL + U oo, + Ho 1o Py + Ho O, + Uil + 1 B 11, o,
+1 B0 u.o, + 1 B u’ +1 L5 po, + 1 Bupo, + | Lulp, + Bl + pu+06,up0,
+ O, + SO+ OO, + O Py + S, + PO+ U PO, + L P, + HLO, + L0, + 1
> Bt p.OS, + Bt S0, + Bt PS, + 1o PP S0, + 1. 11 oS,
When all conditions hold, similarly A;B;C; > C? + A2D, holds. Hence we can conclude that all roots of

polynomial 35 are negative. This verifies that the second part of system 1 is locally asymptotically stable.

Using the same procedure for the third part of system 1 will result in the same conclusion.
Therefore, we generally conclude that the endemic equilibrium point of system 1 is locally asymptotically

stable.
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6. Conclusion

In this paper we have formulated and analyzed a deterministic mathematical model for the dynamics of
rabies transmission. The model consists of domestic dogs, stray dogs and Maasai dogs’ population. The model
intended to show the contribution of vaccination, culling and their combination towards the control of rabies
transmission.

The basic reproduction number and the effective reproduction number have been computed using next
generation matrix operator. The results depend on the parameter values of stray dogs’ population. This is
because, epidemiologically, stray dogs are the main source of dog-rabies transmission. This tells us that more
effort on controlling dog-rabies transmission should be put into the stray dog population [12].

Using our set of parameter values, the basic reproduction number R, and the effective reproduction number
R, were computed and found to be 1.9 and 1.2 respectively. This indicates that the disease is endemic [8].

The numerical simulation for the reproduction number indicates that the combination of at least 60%
vaccination and culling of up to 40% of the dog population would be the best measure to control dog-rabies
transmission in Arusha region. However, this does not take into account feasibility and economic and socio-
cultural aspects.

We have computed the disease free and endemic equilibrium points. With the use of Routh Hurwitz criteria,
the endemic equilibrium points are locally asymptotically stable if these conditions hold.
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