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Abstract— The research of Boolean index sets of graphs
is one of the most important graph theories in the graph
theory . Boolean index sets of graphs are to use the vertex
sets and the edge sets of graphs to study the
characteristics of various graphs and their inherent
characteristics through corresponding the mapping

function to Z,. It’s theory can be applied to information

engineering, communication networks, computer science,
economic management, medicine, etc. The edge-balance
index set is an important issue in Boolean index set. In
this paper, we defined edge-friendly labeling of the graph,
edge-balance index set of the graph and the

graph C3m X Pm3 (m > 3). we completely determine the
edge-balance index sets of the graph Csm X sz for the

integer m=3,0(mod4) and solve formula proof and
graphic tectonic methods.

Index Terms— Edge-friendly labeling, Edge-balance
index set, Nested graph

l.  INTRODUCTION

Binary labeling is a simplification of graceful labeling,
introduced by Cahit[1]in his seminal paper on cordial
graphs. Since then, other nation of balance in binary
labeling([2]and[3] for example) have been introduced and
much work has been done to classify graphs. So far, the
problem is far from complete, though there are
classification of index sets for specific graph classes (see
[4]and[5] for example ).

Our objective is to assign a binary labeling to some
substructure of graphs so that the assignment is balanced
and induces a labeling on some other substructure. We
then attempt to classify the degree of imbalance in the
induced labeling of the graph. We hope that such an
index set could form an invariant that in some way can
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distinguish classes of graphs. In this paper, we focus on
the edge-balance index set of a class of nested network
graphs.

For basic graph theoretic nation and definitions see
Diestel [6]. All graphs G(V,E)are finite, simple, and
undirected with vertex set V and edge set E . The
number of wvertices is denoted V(G)and the number of

edges is denoted e(G).

Let G(V,E) be a graph with vertex set V and edge
set E . Integers set Z:{O,l}. Given an edge labeling
functions

f :E(G) > Z,. Thatis to say, Ve e E(G), f{e}=0
or 1. According to the edge labeling f, we define an
associated partial vertex labeling f*:V(G)—2Z, as

follow. Define f*(v)to be O if it is incident to more 0-

edges than 1-edges and 1 if it is incident to more 1-edges
than 0-edges, if the vertex v is incident to an equal

number of 0-and 1-edges, leave it unlabeled. Hence f~
is a partial function. For each {0} , let

e, (i)=|[{uveE: f(uv)=i}, and Vf(i):‘{VEV ; f*(v):i}‘- If
no ambiguity occurs, we could omit the subscript and
simply write e(i) and v(i) respectively.
Definition 1.1 An edge labeling f:E(G)—
graph G is said to be edge-friendly |f‘e

{0.1}of the
(@)=t
fle)=ij

—-e
where ef( ) is the cardinality of the set{eeE( )
fori e {0,1}.[7]

Definition 1.2 The vaIue‘Vf (0)-v, (1)( is called on edge-

balance index of G under an edge-friendly labeling f .
The edge-balance index set of the graph G , denoted
by EBI (G) is defined as the set of all possible edge-
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balance indices of G, that is the set ﬂvf(o)_vf(lj; fis
an edge friendly labeling of G}.[?]

Specifically, the maximum of edge-balance index
denoted by max {EBI (G )}

The following construction of graph were considered
in[8].

Definition 1.3 The graph is denoted by Pmn , which is

the N™ paths which is M vertex in each path and every
vertex has N bifurcates except the last vertex of path.
Definition 1.4 The graph is denoted by C. which is

the m circle which is the inner circle containing N

vertex and the vertex number of M circle from inside to
outside successively increase by power exponent.

Definition 1.5 The sigh C_, x F,, * denotes the power

circles nested network graph by the power circles
graph, C . , and the paths shape graph, P, .

We call an edge labeling of f(xy) is 1 to be 1-edge
and an edge labeling of f(xy) is O to be O-edge, the

vertex labeling is 1 to be 1-vertex and the vertex labeling
is 0 to be 0-vertex when the context is clear.

Example: The figure 1 gives several Csm ><Pm
graphs
C32 x P24 C33 x P33
Fig.1

For convenience, we will have the following label for
the power circles nested graph:

The vertices of the inner circle in clockwise order were
labeled as follows: (1)1’(1)2'”"(1)n_1'(1)n, Similarly,

from inside to outside the vertices of the circle in
clockwise were labeled as follows:

(m)l ’(m)z ’(m)s ’(m)4 ”.’(m)nm—l’(m)nm

Among them, symbols (j); says the I th vertex in the

J th circle.

For  the  edge-friendly labeling of the
graph C, X Pm3 (m > 3), y stands for the total edges of

the graph. We discuss the edge-balance index set of this
graph from the following four parts:
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m =2(mod4); m =3(mod4); m=0(mod4);

m zl(mod 4). But, in this paper, we only research it

when m=3(mod4) and m=0(mod4) . In the
following we calculate EBI for the nested graph with
infinite paths and power circle, using an approach which
calculates the edge-balance indices by considering the
existence of certain types of edge. First of all, we need
the following lemma. Specifically, all the parameter is
integer.

Il. THE EDGE-BALANCE INDEX SETS OF NESTED GRAPH
C,. xP, (m=3(mod4))
Lemma 1: For the graph C3m X Prrl3 for the

integer m=3 \ when m=3(mod4)

max{EBI(C,, xR, )}=3".
Proof: First, structure the graphics with the maximum
edge - balance index:

Because the power circles nested graph were nested by
the power circle graph and the paths shape graph. For
convenience, we will label respectively the power circle
graph and the paths shape graph.

In the paths shape graph, we mark all edges for 0-edge
which are in the paths (j—2)a(j—1)b(j)c(j+1)d (j+2)e

j=dk+12<j<ml<a<3™h=2+3r1<h <3
c=4+r+9s,re{012},1<c<3";d =10+r+27s,
0<r<81<d<3" e=28+r+81s,0<r<260<e<3"

At the same time, the all in  which

(-0} (1), (i+1), (i+2)
j=4k+1,2<j<m:b=1+3s1<b<3;
c=3+9s,1<c<3,d=7+r+27s,re{0,12}, |,

1<d <3":e=19+r+815,0<r<81<e<3*?

edges

j=dk+1,2< j<mb=3+3r+95,r{01],
1<b<3e=T+0r+275,re {01} 1<c <3,

| d=19+r+27s+81t,re{0,12},5€{01} 1<d <3
e=55+r+81s+127t,0<r<8se{01) 1<e <3

(1-1),(3).(1+1),(i+2)

and
J=4k+L,2< j<m;c=25+2Ts,
(3),(5+1),(j+2),|1cc<3;d =73+81s1<d <3,
e=217+r+2435,re{0,2},1<e<3"

were marked as 0. And let the label of edges
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j=4k+1,2< j<mb=9+9r,1<b<3;
“lc=26+27r1<c<3'k,seN

(j_l)b(j)

were signed 0-edges. In addition, the edges
(1),(2),(3),(ae{1.2.3};be{3,4,5,6,7};7<c<21) are
the 0-edges, the other edges in the paths is labeled as 1.

In the power circles graph, let the edges

(i1, (10),, (1), (i =4k+L2< j<mi=L43r 1<i <37)

were signed O-edges in the circle j-1(j=4k+,2<j<m).
Let the edges were signed 0-edge except the edges
() (i) (i =4k+12< j<m;i=25+27r,1<i<3’)
in the circles J(] =4k+1,2< Sm). We mark all edges for 0-
edge which are in the circles j+1(j=4k+11<j<m) . Let
the edges
o J=4k+1,2< j<m;i=1+2r+635+8U
(J+2)i(]+2)i+l H j+2
0r220+2t+243u,0§r§8,36{0,1},t6{0,1,2},19§3

were signed 0-edges in the circle j+2(j:4k+1,2§jsm). In
addition, the edges (1)1 (1)2 (1)3 and(3),(3),.(3),(3),.

(3)5 (3)6 ’(3)27 (3)26 ’(3)25 (3)24 ’(3)23 (3)22

were also labeled as 0, the others edge in the circles is
labeled as 1.
In the graph, there are 5 = 3™ —

3m+1 _ 7

6 edges, of which

are the 0-edges . According to the definition

of edge-friendly labeling, |e(0)—e(2)|<1, we can get
the edge-friendly labeling of the labeled graph by
calculation. In this labeled graph, all the vertices

i (j:4k+1,1sjsm;] _ [j:4k+1,1sjsm;
liz243t1<i<d™ ) 1i=3+5+9t,0<5<4/1<i <3 )
(3),(i=4k+11< j<mi=21+s+27t,0<5<31<i<3),
(j+1),, (J=4k+L1< j<m;i=3+5+t,0<5<41<i<3"),
(j+1),, (j=4k+11< j<mi=21+s+27,0<5<31<i<3"),
(j+1),(j=4k+11< j<m;i=73+81t1<i<3")

are 0-vertex. In addition, the vertices (1),,(2) (i=3-7)
are also O-vertex, others are 1-vertex. Thus, we can gain

3"-3
v(0)= e

Copyright © 2012 MECS

Due to V(G):g(3m _1) vertices in this graph

which is defined by the ™, one of the vertices is not

5x3"-3 )| n

defined, then v(1) = . After this |v

We can prove EBI(C,, xP, )=3"
of edge-balance index in the graph C, x ng (m > 3) .

is the maximum

In this labeled graph, the vertices of the outside circle
have 3 adjacent edge, and the edges adjacent to the
vertices of the inner circle are 5, the edges next to the
vertices of others circles are 6. The degree of all 0-vertex
is six. Others vertices with six degree except one is
unlabeled is 1-vertices. All the vertices with five and
three degree is 1-vertices. What’s more, the adjacent
edges with O-vertex is 0-edge, the adjacent edge with 1-
vertex whose degree is six and five is two, the adjacent
edges with 1-vertex whose degree is three is only one.
When we change the 0-vertex into 1-vertex or unlabeled
vertex, we must take out three 0-edges. Thus, we
exchange one 0-edge and 1-edge at random, the

difference value of V(O) and V(l) must decrease. So

the difference value is maximum, that’s to say:
__Am
max{EBI(C,, x P, )}=3".

Lemma 2: In the graph C3m><Pm3 for the
m>3 , when

,1,0} c EBI (sz X ng) .

integers
m=3(mod4),{3" -1,

Proof: In the lemma 1, when m = 3(m0d 4) , We get
max{EBI(C,, xP, )}=3".

Below transform is based on the biggest index labeled
graph constructed form lemma 1, and every step all
proceeds is based on the previous step to transform,
which in turn constructs labeling graphs corresponding
with the index.

Among the (2k —1), (2k), <> (2k).(2Kk),,
that we exchange (2k —1),(2k), and (2k), (2k)
which are 0-edge and 1-edge respectively.

means

s+l

First, build an even index set:

Step 1: Exchange (l)1 (1)2 > (1)1 (2)1,
we can obtain the edge-balance indexes which
is [v(0)-v(1)[=3"-1

Step 2: In turn exchange
(2),(2), ©(2),(3); » (2),(2), ©(2),(3),,
and (2),(2), «>(2),(2),, , we can obtain 3
labeled graphs of even edge-balance indexes
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which are {Sm -3,3"-5,3" —7}.
Step 3: In turn exchange
(2),(3), ©(3),(3),.,(a={3-Tjib=T+r+3sref01), 7<b<21)

we can obtain 10 labeled graphs of even edge-
balance indexes which are {3”‘ -9,...,3" —27} .

Step 4 : In turn exchange

(i+3),(1+2), & (i+2),(i+2),,
j=dk+11<j<ma=T+s+27t+81u,1<a<3™h=19+r
[+35+81t+243u,re{0,1},15b§3‘*2;0£s£14,te{0,1} ]

we can obtain these labeled graphs of even
edge-balance indexes which are

n Lim
{3 —29,---,5(3 —27)}-
Step 5: In turn exchange
(1+1),(i+2), ©(i+2),(i+2),,
[j=4k+1,1sjsm;a=61+s+81u,1sas3"“; ]

b=181+1+35+2430,r (0,1} 1<b <3, 0<5<14

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(sm —27)—2,--.,%(3m —29)}-

Step 9: In turn exchange
(12} (142}, 0 (i+2),,(1+2),,
(j=4k+11< j<mb=224+243r1<b<3"?)

we can obtain these labeled graphs of even
edge-balance indexes which are

1 (qm
{@(3 —27)—2,---,2,0}-

Odd index collection structures as follows:

Step 1: In turn exchange
(2)1(2)2 < (2)1(3)3 !
(2);(2), < (2),(3),,
and (2),(2), «>(2),(2),, ,» we can obtain 3
labeled graphs of odd edge-balance indexes
which are {3m -2,3"-4,3" —6} .

Step 2: In turn exchange
(2)a (3)b Ak (3)b (3)b+1
(a={3,-7};b=7+r+3s5,re{0,1},7<b<21),

we can obtain 10 labeled graphs of odd edge-
balance indexes which are

{3”" —8,---,3m —26}-

Repeat the fourth, fifth, sixth, seventh, eighth, ninth

step when the even index set were structured, we can
obtain these labeled graphs of odd edge-balance indexes

which are respectively {3’“ —28,--- ,3,1} .

Step 6: In turn exchange
(1+1),(i+1),, o (i+1),(i+2),
j=dk+l1<j<ma=1+r+21s+27t,1<a<3™;
[b=3+3r+64s+81t,1sbs3”2,03rs4,3e{0,1}]

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(3““ —27)—2,---,%(3{“ —27)} :

Step 7: In turn exchange
(141),(i+1),, & (i+1),(i+2),
j=4k+11< j<ma=T4+r+81s1<a<3™:
[b:222+r+243s,1sbs3”2;re{O,l} ]

we can obtain these labeled graphs of even
edge-balance indexes which are

1 o 1 om
{%(3 —27)—2,-“,%(3 —29)}-
Step 8: In turn exchange
(1+2),(1+2),, 0 (i+2),(i+2),,
(j=4k+11< j<mb=220+243r1<h<3)  (i-2),(5-1),(1).(i+1),(i+2),
j=4k+2,3< j<mil<a<37%bh=2+3r1<b<3;
C=4+r+9s,re{012},1<c<3;d =10+r+27s,
0<r<81<d<3"™e=28+r+81s5,0<r<260<e<3"

In conclusion, we can prove

{3"-1,3" —2,-'-,1,0} cEBI(C,, xR,)-

I1l. THE EDGE-BALANCE INDEX SETS OF NESTED GRAPH
C,. xP, (m=0(mod4))

Lemma 3: For the graph C_, x P, (m 23) , when
m=0(mod4) max{EBI(C,, xR, )}=3".

Proof: First, structure the graphics with the maximum
edge - balance index:

Because the power circles nested graph were nested by
the power circle graph and the paths shape graph. For
convenience, we will label respectively the power circle
graph and the paths shape graph.

In the paths shape graph, we mark all edges for 0-edge
which are in the paths

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(3"‘—29)—2,...,ﬁ(3m—27)}.
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At the same time, the all edges in which

(i- ) (i+1),(J+2),
j—4k+23<]<mb 1+3s,1<b<3?;
c=3+9s,1<c<3;d =7+r+27s,re{0,1,2},

1<d<3"™:e=19+r+81s5,0<r<81<e<3*?

(i-1) J+1 j+2)

j= 4k+23<1<mb 3+3r+9s,re{0,1],1<b <3 c=7+9r
+275,re{0,1} 1<c<3d =19+r+275+81t,r€{0.1,2},5€{01},
1<d<3”1e 55+r+815+127t,0<r<8,5€{0,1} 1<e <3

(J')C(J'+1)d(i+2)e
j=4k+2,3< j<m;c=25+27s,
1<¢<3;d =73+81s,1<d <3,
e=217+r+243s,r{0,1,2},1<e<3"?
were marked as 0.
And let the label of edges

_ [ ]=24k+2,3<j<m;b=9+9r,
(J—l)b(J)c[ ]

1<b<3™c=26+27r1<c<3
were signed 0O-edges. In addition, the edges
(1),(2),(3),(ac{L2.3};be{3,4,5,6,7};7<c<21)  and

(1,(2),:(1),(2); (1), (2),..(1),(2)s (1), (2),.. (1), (2),

are the 0-edges, the others edges in the paths is labeled as
1.

In the power circles graph, let the edges
(3=0,(i-1),, (J-1), (i =#k+2.3< j<mi=1+3r,1<i <3")
were signed 0-edges in the circle j-1(j=4k+2,3<j<m). Let
the edges were signed 0-edge except the edges

(J)|(j)|+1(1_4k+2 3<J<m |_25+27r 1<|<3])

in the circle j( j=4k+2,3< j<m). We mark all edges for 0-
edge which are in the circles j+1(j=4k+2,1<j<m) . Let
the edges
j=4k+2,3< j<m;i=1+2r+63s+81u
(i+2);(j*2),,,| 0r220+2t+243u,0<r<8,5€{0,1},
te{0,2},1<i<3"

were signed 0-edge in the circle j+2(j=4k+2,3<j<m).
In addition, let the edges were signed 0-edges except the

Copyright © 2012 MECS

edges (2)9(2)1,(2)6(2)7 in the second circle. The
edges

(4)i (4)i+1 (i =1+2r1<i< 5)
and
(4),(4),4(i

were also labeled as 0, the others edge in the circles is
labeled as 1.

=81-2r,52<i<81)

In the graph, there are » =3™" —6 edges, of which
3m+1

is the 0-edge. According to the definition of
edge-friendly labeling, |e(0) —e(@) [< 1, we can get the

edge-friendly labeling of the labeled graph by calculation.
In this labeled graph, all the

vertices(j-1) (j=4k+2,1< j<m;i=2+3t1<i<3"),
(i), (i =k+21< j<mi=3+5+9t5€{012,34) 1<i <),

(i) (J=4k+21< j<mi=21+s+27,5€{012,3} 1<i<3)),

) J=4k+2,1< j<m;i=3+5s+09t,
(3+2) s€{0,1,2,34},1<i<3™" ’

) j=4k+21< j<m;i=21+s+2Tt,
U+l sefo1,2,3) 121 <3 |

(j+1),(j=4k+21< j<m;i=73+81t1<i<3")

are O-vertex. In addition, the vertices

(2)i (i =1,2,3,4),(3)i (i = 3,4,,,,,15)
are also O-vertex. The others are 1-vertexs. Thus, we can
gain v(0) = 3"-3

Due to V(G):g(Bm —1) vertices in this graph

which is defined by the ™, one of the vertices is not

5x3™" -3
4

defined ,then v(1) = . After this

5><3 -3 3"-3|_.n.

4|

[v(0)-v(1) =

we can prove EBI(C,, xR, )=3" is the maximum of
edge-balance index in the graph

C,. xP, (m=0(mod4)).

1.J. Modern Education and Computer Science, 2012, 10, 40-46
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In this labeled graph, the vertices of the outside circle
have 3 adjacent edges, and the edges adjacent to the
vertices of the inner circle are 5, the edges next to the
vertices of others circles are 6. The degree of all 0-vertex
is six. Others vertices with six degree except one is
unlabeled is 1-vertices. All the vertices with five and
three degree are 1-vertices. What’s more, the adjacent
edges with O-vertex is 0-edge, the adjacent edge with 1-
vertex whose degree is six and five is two, the adjacent
edges with 1-vertex whose degree is three is only one.
When we change the 0-vertex into 1-vertex or unlabeled
vertex, we must take out three 0-edges. Thus, we
exchange one O-edge and 1-edge at random, the

difference value of v(O) and v(1) must decrease. So the

difference value is maximum, that’s to say:
max{EBI(C,, xP, )}=3".

Lemma 4: In the graph C, xP, (m=3) .
m=0(mod4) , {3"-1,3"-2,--,2,1,0}

c EBI(C,, xR,)

when

Proof: In the lemma 3, when m=0(mod4), we
get max{EBI(C_, x P, )}=3".

Below transform is based on the biggest index labeled
graph constructed form lemma 5, and every step all
proceeds is based on the previous step to transform,
which in turn constructs labeling graphs corresponding
with the index.

Among the (2k —1), (2k), <> (2k),(2k),,, means that
we exchange (2k -1),(2k), and (2k), (2k),,, which
are 0-edge and 1-edge respectively.

First, build an even index set:
Step 1: Exchange (1), (2), <> (1),(2),
we can obtain|v(0)—v(1)| =3"-1.

Step 2: EXChange (3)1 (3)2 A (3)1 (4)1 !
we can obtain|v(o)_v(1 |=3m -3.

Step 3: In turn exchange
(3),(3),, < (3),(4),(a=18+r;b=52+3r,r{0,1---,8}) »

we can obtain 10 labeled graphs of odd edge-
balance indexes which are

{3m -53"-7,3"-9,...,.3"-19,3" —21}.

Step 4: In turn exchange
a=3+rb=7+r+3s,
3) (4 4) (4 )
( )a( )b (_)( )b( )b+1 |’6{0,1},56{0,1,2,"',14}]
we can obtain 10 labeled graphs of odd edge-
balance indexes which are
{3"-23,3"-25,...,3" ~59,3" —81}.
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Step 5: In turn exchange
(1+1),(1+2), (i+2),(1+2),,
j=dk+21<j<ma=7+s+27t+81u1<a<3™b=19+r |
[+35+81t+243u,re{O,l},lébSBH;Se{0,1,---,14},te{0,1}J

we can obtain these labeled graphs of even
edge-balance indexes which are

1
{3m —83,--.,5(3"‘ —81)}
Step 6: In turn exchange
(i+1),(1+2), & (i+2),(1+2),,
[j:4k+2,1sjsm;a:61+s+81u,1sas31“;

b=181+r+35+243u,re{0,1},1£b£3j*2;se{O,l,--~,14}]

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(3"" —81)—2,~~~,%(3m —81)}'

Step 7: In turn exchange
(j+1)a(j+1)a+1H(j+1)a(j+2)b
[j:4k+2,1sjsm;a:1+r+215+27t,1sasB”; ]

b=3+3r+64s+81t1<h <3 re{01234},5€{0,1}

we can obtain these labeled graphs of even
edge-balance indexes which are

N I .
{a(3 81)-2, ,30(3 81)}
Step 8: In turn exchange
(j+1)a(j+1)a+l<_)(j+1)a(j+2)b
{j:4k+2,1sjsm;a=74+r+81s,1sas3i“;]

b=222+r+24351<b<3"%r e (0,1}

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(3"“ —81)—2,---,6—10(3m —81)}-

Step 9: In turn exchange
j=dk+21<j<m; j

NIRRT i

we can obtain these labeled graphs of even
edge-balance indexes which are

(3812 (3 -on)

Step 10: In turn exchange
j=4k+21<j<m;

(220,12 120y e e

we can obtain these labeled graphs of even
edge-balance indexes which are

{%(3"“—81)—2,'“.2,0}
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Odd index collection structures as follows:

Step 1: Exchange
(3),(3), ©(3),(4),.
we can obtain the edge-balance indexes which

is [v(0)-v(1)|=3"-2.

Step 2: In turn exchange
(3),(3),,, (3), (4), (a=18+1;b=52+3r,r {0,1.-8})

we can obtain 9 labeled graphs of odd edge-
balance indexes which are

{3m ~4,3"-6,3"-8,---,3" —18,3" —20}.

Step 3: In turn exchange
(3)a (4)b « (4)b (4)b+1
(a=3+rb=7+r+35,re{0,1},5€{0,12-,14}),

we can obtain 30 labeled graphs of odd edge-
balance indexes which are

{3“‘—22,3m—24,.--,

Repeat the fifth, sixth, seventh, eighth, ninth, tenth step
when the even index set were structured, we can obtain
these labeled graphs of odd edge-balance indexes which

are respectively{sm ~62,3"-64,3" - 66, 7,5,3,1} :
In conclusion, we can prove

{3"-1,3"-2,---,2,1,0} c EBI (C,.xPR,)-

IV. CONCLUSION

According to lemma 1,2 and lemma 3,4, we can get the
following theorem:

Theorem 1:
integers m> 3,

In the graph C,xPF, = for the

when
mz3,0(mod4) , EBl(C3m ><Pm3): {3m,---,1,0}
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