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Abstract—Iterated function system has been found to be
an important method to generate fractal sets. Hilbert
space-filling curve is one kind of fractal sets which has
been applied widely in digital image processing, such as
image encoding, image clustering, image encryption,
image storing/retrieving, and pattern recognition. In this
paper, we will explore the generation of Hilbert-type
space-filling curves via iterated function system based
approach systematically. Cooperating a recursive calling
of the common Hilbert’s original space-filling curve at
resolution n-1 and an IFS consisting of four affine
transformations, one can generate the vertices for Hilbert-
type space-filling curves at any resolution n. The merit is
that the recursive algorithm is easy to implement and can
be generalized to produce any other Hilbert-type space-
filling curves and their variation versions.

Index Terms—Hilbert-type space-filling curve, iterated
function system, fractal.

|. INTRODUCTION

A space-filling curve is a continuous mapping from the
unit interval onto the N-dimensional unit hypercube and
passes through each point of the unit hypercube. In 1890,
Italian  Mathematician G. Peano surprised the
mathematical world by his ingenious discovering a space-
filling curve of traversing points on a two-dimensional
3" x3"square grid exactly once and without crossing the
path [1]. By mapping each point in a N-dimensional
space into a one-dimensional space, the complex
multidimensional access method can then be transformed
into a simple one-dimensional one. Hence a lot of
research has been done and there exist many kinds of
space-filling curves [2]. Among them, the Hilbert space-
filling curve, which is another space-filling curve
presented by Hilbert to traverse points on a two-
dimensional 2"x2" square grid, preserves point
neighborhoods as much as possible [3]. Thus Hilbert
space-filling curve is applied widely in digital image
processing, such as image encoding, image clustering,
image encryption, image storing/retrieving, and pattern
recognition [4, 5, 6]. A mathematical and historical
review of Hilbert space-filling curve applications can be
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seen in [2] and the references therein.

Iterated function system, or IFS for short, is one of the
most common techniques to generate fractals [7-9]. IFS
plays an important role in fractal geometry and has been
found to have potential in different fields of physics,
engineering, biology, geology, finance, etc. It also has
been shown good performances in computer graphics and
image processing, especially in the simulation of nature
landscapes and digital image compression [10,11]. In this
paper, we will present an IFS based approach to generate
Hilbert-type space-filling curves. We will explore the
generation of Hilbert-type space-filling curves via
iterated function system systematically. It is a simple
vertices generator for two-dimensional Hilbert-type
space-filling curves. Based on a recursive calling Hilbert
original space-filling curve n—1, we can generate the
vertices set for the considered Hilbert-type space-filling
curve at any resolution n. We then get the Hilbert-type
space-filling curve by connecting the yielded vertices
orderly. Because the generation of Hilbert’s original
space-filling cure is common and easy, other Hilbert-type
space-filing curves can be easily produced by integrating
the recursive calling procedure of Hilbert’s original
space-filling curve at resolution n—1 and an IFS
consisting of four affine transformations. The merits of
the proposed algorithm lie in two aspects. It is easy to
implement recursively calling Hilbert’s original space-
filling curve and can be generalized to produce other
variation versions of Hilbert-type space-filling curves.
Furthermore, the generated vertices coordinates can be
easily quantified and applied to translate the two-
dimensional gray values of digital images to one-
dimensional version. As a result, the proposed algorithm
can be effectively employed for image processing, such
as image compression and image encryption, etc.

The remainder of this paper is organized as follows.
Section Il introduces some recently related works on
Hilbert space-filling curves. Section Il presents an
iterated function system based method to generate six
Hilbert-type space-filling curve patterns systematically.
Section IV describes the corresponding variation versions
of Hilbert-type space-filling curves constructed in Section
I11. Section V draws some conclusions.
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Il. SOME RELATED WORKS

Since the fundamental work of Hilbert in which he
formulated curves that visit every point in a unit square,
there have been many research works on how to formally
specify the Hilbert space-filling curve using either an
operation model or a functional model. There are many
algorithms for Hilbert space-filling curves, such as the
Butz algorithm [12], the Quinqueton algorithm [13] and
the Agui algorithm [14]. However, these algorithms have
more or less restrictions on their applications, and this
makes them very difficult to be put in practice. For
example, Butz computed the mapping function by bit
operations such as shifting, exclusive OR, etc. The
algorithm is complex to compute and is difficult to
implement in hardware. Agui and Quinqueton used the
recursive functions to generate the space-filling curve,
and their algorithms were complex and took time to
compute the one-to-one mapping correspondence. So
their algorithms were very difficult to apply in real-time
systems. To improve the scanning efficiency via Hilbert
space-filling curve, Kamata et al. proposed a simple, non-
recursive algorithm for N-dimensional Hilbert space-
filling curve using lookup tables [15]. The merit of the
algorithm is that the computation is fast and the
implementation is much easier than previous ones.
Similar techniques based on lookup tables are adopted by
Zhang et al. [16]. Lin et al. proposed an algorithm to
generate Hilbert curves by tensor product [17]. The tensor
product formulas can be directly translated into computer
programs and therefore it is simple and easy to
manipulate. Liu presented four alternative patterns of the
Hilbert curve in [18]. The four patterns presented,
together with Hilbert’s original pattern [3] and Moore’s
pattern [19], comprise a complete set of the Hilbert
space-filling curve. Liu used a parameter called
resolution to describe the domain granularity of the
concerned curve, then constructed the Hilbert-type space-
filling curve patterns via generation of the configuration
of considered pattern from resolution k to k+1. The
generation is determined by some affine transformations
which are expressed in complex variable. However the
presented method is not practical as it does not give the
operable algorithm.

I1l. SIX HILBERT-TYPE SPACE-FILLING CURVE PATTERNS

Although the literature has almost exclusively referred
to the original pattern discovered by Hilbert, there exist
other five alternative patterns, including Moore’s in [19],
L1-L4 mentioned in [18]. As a matter of fact, any one of
the five alternative Hilbert-type space-filling curve
pattern at resolution k consists of four half-size Hilbert’s
original pattern at resolution k +1 placed end-to-end with
appropriate orientations. Set the unit square to be
[-0.5,0.5]%[-0.5,0.5], we will express the Hilbert-type
space-filling curves at this unit square by iterated
function systems.

Copyright © 2015 MECS

A. Hilbert’s Original Pattern

Hilbert’s original pattern starts at one corner of the unit
square, for example, (-0.5, -0.5), and ends up at its
adjacent corner, for example, (0,5,-0.5). Hilbert’s original
pattern at resolution k+1 can be determined by its vertices,
which can be derived from the pattern at resolution k by
the following transformations:

(50500
(4 20
n(o)-30 D)3l
W I T G

The matlab code to generate the Hilbert’s original
space-filling curve by iterated function system (1) is
outlined in function module hilbert(n), which may be
called in the form “[x,y] = hilbert(n)”. x, y stand for the
x-coordinate and y-coordinate of the vertices of Hilbert
original pattern at resolution n respectively. The initial set
is one single point set {(0,0)}. The corresponding
Hilbert’s original patterns with any resolution can be
generated by connecting the yielded vertices (x,y).

function [x,y] = hilbert (n)
if n <=0

x = 0;y = 0;
else

$recursive call to get coordinates
%at resolution n-1

[x0,y0] = hilbert(n-1);

$calculate coordinates at
$resolution n by (1)

x = ,5*[-.5+y0 -.5+x0 .5+x0 .5-y0];
y = .5*[-.5+x0 .5+y0 .5+y0 -.5-x0];
end

plot(x,y,"'-");

B. Moore’s Pattern

Moore reported an alternative Hilbert-type space-
filling curve pattern [19]. The graphical representation of
Moore’s pattern of resolution 1 is the same as shown in
Fig. 1(a), and the representations of resolution 2, 3, 4 and
5 are depicted in Figs. 2(a)-(d). Moore’s pattern starts at
the midpoint of one side of the unit square, for example
(0,-0.5), and ends up at the same point. As mentioned
above, Moore’s space-filling curve consists of four half-
size Hilbert curves placed end-to-end with appropriate
orientations. Thus, Moore’s pattern at resolution k+1 can
be determined by its vertices, which can be derived from
the vertices, of which the Hilbert’s original pattern at
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resolution k consists, by the following transformations:
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The matlab code to generate Moore’s original space-

filling curve by iterated function system (2) is outlined in

function module moore. It calculates and returns the

coordinates of the nodes of Moore's space-filling curve
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pattern at resolution k . It also draws the curve at
resolution k . Note that in this pattern, one can utilizes
the vertices of the Hilbert original pattern at resolution
k-1 . The matlab code to generate other alternative
patterns is similar to that of Moore pattern.

function =
if k <
X
else
[x0,vy0] hilbert (k-1);
X 5*[-.5-y0 -.5-y0 .5+y0 .5+y0];
y DS5*[-.5+x0 .5+x0 .5-x0 -.5-x07;
end

plot(x,y,"'-");
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Fig. 1. Hilbert’s original patterns.
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Fig. 2. Moore’s patterns.

C. Pattern L1

Suppose the space-filling curve starts at the center of
the unit square and ends up at the same point. The
graphical representation of resolution 1 for pattern L1 is
the same as shown in Fig. 1(a), and the representations of
resolution 2, 3, 4 and 5 are depicted in Fig. 3. Similarly,
this space-filling curve consists of four half-size Hilbert
curves placed end-to-end with appropriate orientations.
Thus, one can apply the Hilbert’s original pattern at
resolution k to generate this pattern at resolution k+1.
The iterated function system is determined by

X} 1(-1 0)x) 1(-1
T, == +— ,
o3l S0
x) 1(1 0Y)(x) 1(-1
T, == +— :
y) 20 1){ly) 41
x) 1(1 0)x) 1(1
T, == +=| 1,
y, 20 1)ly) 41
-1 1
R EE g TR 3
y) 20 -1)ly) 4\-1
The matlab codes to generate L1 pattern and the rest
patterns of Hilbert-type space-filling curves by iterated
function system are similar to that of function module

moore, and so we omit the their corresponding matlab
source codes.

D. Pattern L2

Suppose the pattern curve starts at the midpoint of one
side of the unit square and ends up at the midpoint of the
opposite side. This yields a new space-filling curve
whose four patterns for resolution 2 to resolution 5 are
shown in Fig. 4. The graphical representation of
resolution 1 for pattern L2 is the same as Fig. 1(a). The
iterated function system is determined by

Copyright © 2015 MECS
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E. Pattern L3

If the Hilbert-type space-filling curve starts at the
lower left corner of the unit square and ends up at the
center of the square, we can produce an alternative space-
filling curve whose four patterns for resolution 2 to
resolution 5 are shown in Fig. 5. The pattern of resolution
1 is just the same as Fig. 1(a) for Hilbert’s original curve.
The iterated function system is determined by

()26 )40
TZFJ;(; o4

Do

Let the Hilbert-type space-filling patterns curve starts
at the midpoint of one side of the unit square and ends up
at the midpoint of its adjacent side. One can generate a
new space-filling curve whose four patterns for resolution
2 to resolution 5 are shown in Fig. 6. The iterated
function system is determined by

F. Pattern L4
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Fig. 5. Pattern L3.
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IV SOME VARIATION VERSIONS OF HILBERT-TYPE SPACE-

(c) resolution 4

FILLING CURVE

A. Variation of Hilbert’s Original Pattern

As mention in Section Ill, Hilbert’s original pattern
starts at one corner of the unit square, for example (-0.5, -
0.5), and ends up at one of its adjacent corners, (0.5,-0.5)
for example. To get a variation version, we change the

5)-3lo

i’]

(d) resolution 5
Fig. 6. Pattern L4.

B. Variation of Moore’s Pattern

Let the space-filling curve starts at the midpoint of one
side of the unit square, for example (0, -0.5), and ends at
the same point. Meanwhile, the curve passes through

end point to be (0.5,0.5), that is, the space-filling curve is T X _ 1 0
from one corner of the unit to the opposite corner instead 2\1
of the adjacent corner. We can also get a space-filling x) 1(0
curve and the iterated function system is determined by [ ] = 5(1
y

x) 1(0 1 X 0

Tl = T3 = 1
y) 21 y) 2\-1
X 0

)

y) 2

(-4
G4
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C. Variation of Pattern L1

o))

center of the unit square two times from which the
Moore’s pattern is different. We can also get a space-
filling curve. The iterated function system is defined by

(8)

Suppose the space-filling curve starts at the center of

()

the unit square and ends at the same point. However the

curve is different from pattern L1. We can also get a

space-filling curve with iterated function system
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Suppose the curve starts at the midpoint of one side of
the unit square and end up at the midpoint of the opposite
side and the curve pass through the center two times. This
yields a new space-filling curve whose four patterns for
resolution 4 and resolution 5 are shown in Fig. 10. We
can get a variation version of pattern L2 with iterated
function system
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Suppose the curve starts at the lower left corner of the
unit square and ends up at the center of the square, but
this time the curve passes through alternative way
different from L3. This yields a new space-filling curve
whose two patterns for resolution 4 and resolution 5 are
shown in Fig. 11. We can get a variation version of
pattern L2 with iterated function system
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F. Variation of Pattern L4

Suppose the curve starts at the midpoint of one side of
the unit square and ends up at the midpoint of its adjacent
side. But it passes the center two times from which
pattern L4 is different. This yields a new space-filling
curve whose two patterns for resolution 4 and resolution
5 are shown in Fig. 12. The corresponding iterated
function system is defined by
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V. CONCLUSIONS

Hilbert-type space-filling curve has attracted much
interest thanks to its mathematical importance and
extensive applications in signal processing, such as
encoding, image clustering, encryption, image
storing/retrieving, and pattern recognition, etc. Besides
the original one discovered by Hilbert himself, there exist
other patterns. Moore presented such a pattern in 1900.
Liu explored other four alternative ones in 2004. In this
paper, we construct the six patterns form an iterated
function system point of view. The constructed iterated
function system for the considered pattern can be easily
generated by cooperating a recursive calling the common
Hilbert original space-filling curve and IFS consisting of
four affine transformations. It is then easy to depict the
pattern and to be applied to image processing. Besides the
six Hilbert patterns mention in [18], we construct their
corresponding variation versions thoroughly as well. The
applicability of all these Hilbert-type patterns may be
paradigm-dependent. For example, the finite-element-
method in electromagnetic field analysis would benefit
from a particular pattern, since there are various boundary
conditions that may make sense to wrap around the finite
grid in defining a region.

1.J. Information Technology and Computer Science, 2015, 12, 12-22



20

An Iterated Function System based Method to Generate Hilbert-type Space-filling Curves

0E 0.5
I R e SR
oa| :I | FJ [| I_I_Y_ uaq:;‘-_r ﬁr_j{__ﬂg]Eer—anJ
02 [ = - nz |_ '_| [_'_I
JE2oREntd hEERsERd
g ] | u’fnu’#b]_ w15 21 Ll D: DQE]T,—LL
o2 L ’*l M s {Qﬂ; E“ 5{%
a3l — 403 l_l [y o |
-4 _]_I _l IJ ::| i L -O-IE E- [-L:‘Ll:l_rl
asl—= L L L aglr= u_ru[’r]d fr][lrtl

(a) resolution 4 (b) resolution 5

Fig. 7. Variation of Hilbert’s original patterns.

whH AL o4 I [15 231 5 251 T 15
lelJ 8 e Tl
f'luull e P A GH G T e
e F o, g T e e
| g el s | gl m.fijfdﬁ“iu“.fibﬁ‘ﬁ
" Jblbdxj WEN g rp o el
W KRR i 5 i e
I C JET (Eabdasanaeenbday

(a) resolution 4

(b) resolution 5

=

f

n3

L

0z

1]

01

i

-1

C
i

Lok

ANz

E

N3

04

L

Copyright © 2015 MECS

=)
rg

Fig. 8. Variation of Moore’s patterns.

| N s e e ]
AR ..Qﬂj[_ﬂiLfgaqﬂﬂ
Ijl_ = T T Lo
mESRSE, W (3 150, C
e N A ST o
1 asjugcurpouloouag ol

I: I; _Mf'—’c |—r!Jl—1|[_neE|_r|_-l£:]_‘rl_

U dhmthth Vil realra

0 05 %s
(a) resolution 4 (b) resolution 5

Fig. 9. Variation of Pattern L1.

1.J. Information Technology and Computer Science, 2015, 12, 12-22



An Iterated Function System based Method to Generate Hilbert-type Space-filling Curves

21

g i e el i ] i L T
JCUOOT| e
! I_U hi il i C Ean_lLr_IQ_-niﬂ_n_'l
”'[_1 L] L‘ — n?j_lr-_||_nrl, E;{UTPEETFJ
el 1 Crl ErbEasenbdnaenbd
ml L] L’E g_- il | ’_'5 E]' L‘JE E]'_L}LL
02 ?D L ] azlg n BT E']m 2nbd
iyl M 5yt o B LEE,
i g 0 8 == LF mdjﬂjuh
35 o 05 35 03
(a) resolution 4 (b) resolution 5
Fig. 10. Variation of pattern L2.
][] R e
st ] T COC 'ﬁa? I RLT
ol [ L i B L,ﬂ?ju "_”_[ﬂ LEPE J:}] T
¥ = E R EEREY MU rp GU AN [ P 61 (U
| | N 1o el ol e et s
: ' fﬁ CUaCUSacuUacoe
ot FA U J 0 s Cn Ll S Ll pb dn Gl
W nbSpGen  ereaetiieco
SIMLA] M s '“E“LEUJ[ FopBEnnh )
A L] [ W CE G ]
N (a) resolution 4 . (b) resolution 5
Fig. 11. Variation of pattern L3.
0§ 05 —
04 | I I | | |_‘ 04 r'lLTL L_LJUT: I'LTll: I——HL_
03 ;] LI [———1 [ v-fﬁ[ﬂrmﬁ F EEJljrq
w0 T
1l W Il C‘aﬁfu 5Nt enbdng
.ut;ﬂ [: Tj :TL- -utElE[‘Il]lJILIL TI:EIL:LLIIZJEXI]-
02 _] i el | mHLIJéLI[{ “m_c;nl;é
WL A 3 B ;jﬁlrﬁ L0 e e s
dlnac il )] “Echsereiehey
(a) resolution 4 (b) resolution 5
Fig. 12. Variation of pattern L4.
ACKNOWLEDGMENT REFERENCES
The authors thank the reviewers for their precious [1] G Peano._Sur une courbe qui remplit toute une aire plane.
comments. This research is partly supported by National Mathematische Annalen, 36, pp. 157-160, 1890.
Natural Science Foundation of China (No. 11271238). [2] H.Sagan, Space-Filling Curve, Springe- Verlag, 1994.

Copyright © 2015 MECS

1.J. Information Technology and Computer Science, 2015, 12, 12-22



22 An Iterated Function System based Method to Generate Hilbert-type Space-filling Curves

[3] D. Hilbert. Ueber die stetige abbildung einer linie auf
Flaechenstueck. Mathematische Annalen, 38, pp. 459-460,
1891.

[4] L. Tian, S. Kamata, K. Tsuneyoshi and H. J. Tang, A fast
and accurate algorithm for matching images using Hilbert
scanning distance with threshold elimination function,
IEICE Trans. E89-D, No. 1, pp. 290-297, 2006.

[5] V. Suresh and C.E. Veni Madhavan, Image Encryption
with Space-filling Curves, Defence Science Journal, 62(1),
pp. 46-50, 2012.

[6] Zhexuan Song, Nick Roussopoulos, Using Hilbert curve
in image storing and retrieving, Information Systems, 27,
pp. 523-536, 2002.

[71 J. E. Hutchinson, Fractals and self similarity, Indiana
University Journal of Mathematics, 30, pp. 713—747,
1981.

[8] S. Demko, L. Hodges, B. Naylor, Construction of Fractal
Objects with Iterated Function Systems, SIGGRAPH,
Volume 3, pp. 271—276, 1985.

[91 M. F. Barnsley, Fractals Everywhere, Academic Press.
1993.

[10] A. E. Jacquin, Image coding based on a fractal theory of
iterated contractive image transformations, IEEE Trans.
Image Processing, 1, pp. 18—30, 1992..

[11] Y. Fisher, Fractal lage Compression-Theory and
Application, Springer-Verlag, New York, 1994,

[12] R. Butz, Convergence with Hilbert’s Space Filling Curve,
Journal of Computer and System Science, 3(2), pp. 128-
146, 1969.

[13] J. Quinqueton and M. Berthod, A locally adaptive Peano
scanning algorithm, IEEE Trans. Pattern Anal. Mach.
Intell., PAMI-3, 4, pp. 403-412, 1981.

[14] T. Agui, T. Nagae and M. Nakajima, Generalized Peano
Scans for Arbitrary-sized Arrays, IEICE Trans. Info. and
Syst., E74, 5, pp.1337-1342, 1991.

[15] S. Kamata, R. O. Eason and Y. Bandou, A New
Algorithm for N-Dimensional Hilbert Scanning, IEEE
Trans. Image Processing, 8(7), pp. 964-973, 1999.

[16] J. Zhang, S. Kamata, Y. Ueshige, A Pseudo-Hilbert Scan
for  Arbitrarily-sized  Arrays, IEICE Trans. on
Fundamentals of Electronics, Communications and
Computer Sciences, Vol. E90-A, No. 3, pp. 682-690, 2007.

[17] Shen-yi Lin, Chih-shen Chen, Li Liu, and Chua-Huang
Huang, Tensor Product Formulation for Hilbert Space-
Filling Curves, ICCP, pp.99, 2003 International
Conference on Parallel Processing (ICPP'03), 2003.

[18] Xian Liu, Four alternative patterns of the Hilbert curve,
Applied Mathematics and Computation, 147, pp. 741-752,
2004.

[19] E. Moore, On certain crinkly curves, Trans. Am. Math.
Soc., 1, pp. 72-90, 1900.

Authors’ Profiles

Ruisong Ye was born in 1968 and received
the B.S. degree in Computational
Mathematics in 1990 from Shanghai
University of Science and Technology,
Shanghai, China and the Ph. D. degree in
Computational Mathematics in 1995 from
& Shanghai University, Shanghai, China. He

has been a professor at Department of
Mathematics in Shantou University, Shantou, Guangdong,
China since 2003. His research interest includes bifurcation
theory and its numerical computation, fractal geometry and its

L

Copyright © 2015 MECS

application in computer science, chaotic dynamical system and
its application in computer science, specifically the applications
of fractal chaotic dynamical systems in information security,
such as, digital image encryption, digital image hiding, digital
image watermarking, digital image sharing. He has published
more than 100 academic papers.

Li Liu is a graduate student at department
of mathematics in Shantou University, His
research field is chaotic dynamical system
and its application in information security.

How to cite this paper: Ruisong Ye, Li Liu,"An Iterated
Function System based Method to Generate Hilbert-type Space-
filling Curves", International Journal of Information
Technology and Computer Science(JITCS), vol.7, no.12,
pp.12-22, 2015. DOI: 10.5815/ijitcs.2015.12.02

1.J. Information Technology and Computer Science, 2015, 12, 12-22



