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Abstract— Both fuzzy logic and sliding mode can
compensate the steady-state error of proportional-
derivative (PD) control. This paper presents parallel
sliding mode compensations for fuzzy PD controllers.
The asymptotic stability of fuzzy PD control with first-
order sliding mode compensation in the parallel
structure is proven. For the parallel structure, the finite
time convergence with a super-twisting second-order
sliding-mode is guaranteed.

Index Terms— Fuzzy Logic Control, Sliding Mode
Control, PD Control, Parallel Sliding Mode
Compensation

. Introduction

Robot manipulator is a N Degrees Of Freedom (DOF)
serial or parallel links. In serial links robot manipulator
the axes of first three joints are known as major axes,
these axes show the position of end-effector and design
a position controller is based on first three axes. One of
the significant challenges in control algorithms is a
linear behavior controller design for nonlinear systems
(e.g., robot manipulator). Some of robot manipulators
which work in industrial processes are controlled by
linear PD, proportional-integral-derivative  (PID)
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controllers, but the design of linear controller for robot
manipulators is extremely difficult because they are
hardly nonlinear and uncertain [1-2, 6]. To reduce the
above challenges, the nonlinear robust controller is used
to compensate the linear control of robot manipulator.

Controller is a device which can sense information
from linear or nonlinear system (e.g., robot manipulator)
to improve the systems performance [3]. The main
targets in designing control systems are stability, good
disturbance rejection, and small tracking error[5].
Several industrial robot manipulators are controlled by
linear methodologies (e.g., Proportional-Derivative (PD)
controller, Proportional- Integral (PI) controller or
Proportional- Integral-Derivative (PID) controller), but
when robot manipulator works with various payloads
and have uncertainty in dynamic models this technique
has limitations. From the control point of view,
uncertainty is divided into two main groups: uncertainty
in unstructured inputs (e.g., noise, disturbance) and
uncertainty in structure dynamics (e.g., payload,
parameter variations). In some applications robot
manipulators are used in an unknown and unstructured
environment, therefore strong mathematical tools used
in new control methodologies to design fuzzy PD
controller based on sliding mode compensation to have
an acceptable performance (e.g., minimum error, good
trajectory, disturbance rejection) [4-5].
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Fuzzy-logic aims to provide an approximate but
effective means of describing the behavior of systems
that are not easy to describe precisely, and which are
complex or ill-defined [7-11, 22]. It is based on the
assumption that, in contrast to Boolean logic, a
statement can be partially true (or false) [12-21, 23-33].
For example, the expression (I live near SSP.Co) where
the fuzzy value (near) applied to the fuzzy variable
(distance), in addition to being imprecise, is subject to
interpretation. The essence of fuzzy control is to build a
model of human expert who is capable of controlling
the plant without thinking in terms of its mathematical
model. As opposed to conventional control approaches
where the focus is on constructing a controller
described by differential equations, in fuzzy control the
focus is on gaining an intuitive understanding (heuristic
data) of how to best control the process [28], and then
load this data into the control system [34-35].

Sliding mode control (SMC) is obtained by means of
injecting a nonlinear discontinuous term. This
discontinuous term is the one which enables the system
to reject disturbances and also some classes of
mis matches between the actual system and the model
used for design

[12, 36-44]. These standard SMCs are robust with
respect to internal and external perturbations, but they
are restricted to the case in which the output relative
degree is one. Besides, the high frequency switching
that produces the sliding mode may cause chattering
effect. The tracking error of SMC converges to zero if
its gain is bigger than the upper bound of the unknown
nonlinear function. Boundary layer SMC can assure no
chattering happens when tracking error is less than ;
but the tracking error converges to & ; it is not
asymptotically stable [13]. A new generation of SMC
using second-order sliding-mode has been recently
developed by [15] and [16]. This higher order SMC
preserves the features of the first order SMC and
improves it in eliminating the chattering and fast
convergence [45-53].

Normal combinations of PD control with fuzzy logic
(PD+FL) and sliding mode (PD+SMC) are to apply
these three controllers at the same time [17], while FLC
compensates the control error, SMC reduces the remain
error of fuzzy PD such that the final tracking error is
asymptotically stable [18]. The chattering is eliminate,
because PD+SMC and PD+FL work parallel. In this
paper, the asymptotic stability of PD control with
parallel fuzzy logic and the first-order sliding mode
compensation is proposed (PD+SMC+FL). The fuzzy
PD is used to approximate the nonlinear plant. A dead
one algorithm is applied for the fuzzy PD control. After
the regulation error enter converges to the dead-zone, a
super-twisting second-order sliding-mode is used to
guarantee finite time convergence of the whole control
(PD+FL+SMC). By means of a Lyapunov approach, we
prove that this type of control can ensure finite time
convergence and less chattering than SMC and
SMC+FL [33-53].
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This paper is organized as follows; second part
focuses on the modeling dynamic formulation based on
Lagrange methodology, fuzzy logic methodology and
sliding mode controller to have a robust control. Third
part is focused on the methodology which can be used
to reduce the error, increase the performance quality
and increase the robustness and stability. Simulation
result and discussion is illustrated in forth part which
based on trajectory following and disturbance rejection.
The last part focuses on the conclusion and compare
between this method and the other ones.

Il. Theory
2.1 Robot Manipulator’s Dynamic:

Dynamic modeling of robot manipulators is used to
describe the behavior of robot manipulator such as
linear or nonlinear dynamic behavior, design of model
based controller such as pure sliding mode controller
and pure computed torque controller which design these
controller are based on nonlinear dynamic equations,
and for simulation. The dynamic modeling describes the
relationship between joint motion, velocity, and
accelerations to force/torque or current/voltage and also
it can be used to describe the particular dynamic effects
(e.g., inertia, coriolios, centrifugal, and the other
parameters) to behavior of system[1]. The Unimation
PUMA 560 serially links robot manipulator was used as
a basis, because this robot manipulator is widely used in
industry and academic. It has a nonlinear and uncertain
dynamic parameters serial link 6 degrees of freedom
(DOF) robot manipulator. The equation of an n-DOF
robot manipulator governed by the following equation
[1, 4, 15-29, 41-53]:

M(@g+N(g,q) =1 1)

Where 1is actuation torque, M (q) is a symmetric and
positive define inertia matrix, N(q, q) is the vector of
nonlinearity term. This robot manipulator dynamic
equation can also be written in a following form [1-29]:

=M(q@)§ + B(@lg ¢l + c(@[4]*> + G(g) ©)

Where B(q) is the matrix of coriolios torques, C(q) is
the matrix of centrifugal torques, and G(q) is the vector
of gravity force. The dynamic terms in equation (2) are
only manipulator position. This is a decoupled system
with simple second order linear differential dynamics.
In other words, the component § influences, with a
double integrator relationship, only the joint variable g,
independently of the motion of the other joints.
Therefore, the angular acceleration is found as to be [3,
41-53]:

g=Mp.{r —N(q,9)} ©)

This technique is very attractive from a control point
of view.
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2.2 Model free Control Technique

The model-free control strategy, is based on the
assumption that the joints of the manipulators are all
independent and the system can be decoupled into a
group of single-axis control systems [18-23]. Therefore,
the kinematic control method always results in a group
of individual controllers, each for an active joint of the
manipulator. With the independent joint assumption, no
a priori knowledge of robot manipulator dynamics is
needed in the kinematic controller design, so the
complex computation of its dynamics can be avoided
and the controller design can be greatly simplified. This
is suitable for real-time control applications when
powerful processors, which can execute complex
algorithms rapidly, are not accessible. However, since
joints coupling is neglected, control performance
degrades as operating speed increases and a manipulator
controlled in this way is only appropriate for relatively
slow motion [44, 46]. The fast motion requirement
results in even higher dynamic coupling between the
various robot joints, which cannot be compensated for
by a standard robot controller such as PD [50, 51-60],
and hence model-based control becomes the alternative.
Based on above discussion;

el(t) = edesired (t) - Bactual(t) (4)

T{I= Kpael+KVaé1 (5)

2.3 Sliding Mode Controller

Consider a nonlinear single input dynamic system is
defined by [6]:

x®™ = f@ + b@u (6)

Where u is the vector of control input, x™ is the nt*
derivation of x, x = [x,%,%,..,x" VT is the state
vector, f(x) is unknown or uncertainty, and b (x) is of
known sign function. The main goal to design this
controller is train to the desired state; x,; =

[xd,xd,jtd,...,xd(”‘l)]T, and trucking error vector is
defined by [6]:

XF=x—x4=[% .., x" VT @)

A time-varying sliding surface s(x,t) in the state
space R™ is given by [6]:

s(x,t) = (%+/1)"‘15z= 0 )

where X is the positive constant. To further penalize
tracking error, integral part can be used in sliding
surface part as follows [6]:

sx,t) = (%+A)"‘1 (f 5c'dt> =0 9)
0
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The main target in this methodology is kept the
sliding surface slope s(x, t) near to the zero. Therefore,
one of the common strategies is to find input U outside
of s(x,t) [6].

1d
2% s?(x, ) < —qls(x, )l (10)

where ( is positive constant.
If S(0)>0— dits(t) < -1 1)

To eliminate the derivative term, it is used an integral
term from t=0 to t=t,.4cp

t=tyreach d t=treach
f —s@) < - f n
t t

o a _
’ S (o) — S(0) 12

= _((treach -0)

Where ¢, is the time that trajectories reach to the
sliding surface so, suppose S(t,.q.n = 0) defined as;

s@)

0-5(0) < _n(treach) = breach = T (13)
and
if$0)<0-0-50) <-—ntpuen)
- 500) < -7t )
505" (14)
- treach = n
Equation (14) guarantees time to reach the sliding

. S0 - . -
surface is smaller than l(—()l since the trajectories are

outside of S(t).
if S, =50)—-error(x—x,)=0 (15)
suppose Sis defined as

d
sx,t) = (a+l) X

= X —x4) 10

+ Alx — x4)

The derivation of S, namely, S can be calculated as
the following;

§=GE-%g) +A(x—x%xg4) 1

suppose the second ordersystemis defined as;

¥=f+u -8S=f+U—-3%, (18)
+ Ax —x4)
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Where f is the dynamic uncertain, and also since
S =0and S = 0, to have the best approximation ,T is
defined as

U=—-F+%; — 2x—%4) (19

A simple solution to get the sliding condition when

the dynamic parameters have uncertainty is the
switching control law [52-53]:

Uys =U0— K@ t)-sgn(s) (20)

where the switching function sgn(S) is defined as [1, 6]

1 s>0
sgn(s) =)-1 s<0 1)
0 s=0

and the K(*,t) is the positive constant. Suppose by
(10) the following equation can be written as,

1d
—2 2 - Q.
e (x,)=S-S
= [f -7 — Ksgn(s)] 22)
-S
=(f-7f)-s—Klsl
and if the equation (14) instead of (13) the sliding
surface can be calculated as

s(x,t) = (%+/1)2 (f fdt)
0

= (x —x4) (23)
+22(x — x4)
— 22 (x — xq)

in this method the approximation of U is computed as
6]

0=—-F+i&,;—2Ax—xy)
‘ + 22 (xjxd) (24)

Based on above discussion, the sliding mode control
law for a multi degrees of freedom robot manipulator is
written as [1, 6]:

T =Teq + Ty (25)

Where, the model-based component ., is the
nominal dynamics of systems calculated as follows [1]:

T =[M1(B+C+6)+5]m (26)
and t4;, is computed as [1];
Tais = K - sgn(s) (27)

By (27) and (26) the sliding mode control of robot
manipulator is calculated as;

Copyright © 2013 MECS

t=[M'B+C+6)+8M+K
-sgn(s) (28)

where S=7Ae+¢é in PD-SMC and S=21e+¢é+
(5)*Zein PID-SMC.

2.4 Proof of Stability

The lyapunov formulation can be written as follows,

1
V= EST.M.S (29)

the derivation of V can be determined as,
V="ST.M.5+5" M§ (30)

the dynamic equation of robot manipulator can be
written based on the sliding surface as

MS=-VS+MS+B+C+G (31)

it is assumed that

ST(M-2B+C+6G)S=0 (32)
by substituting (31) in (30)
1
V= ESTMS —STB+CS
+ ST (M5 +B +CS
+6) (33)
=S"(M5+ B +CS
+6)

suppose the controlinput is written as follows
ﬁ = UNmear + ﬁtg_\
=[M-1B+C+6)
+ 5|M + K.sgn(s) (34)
+B+CS+G
by replacing the equation (34) in (29)

V=STMS5+B+C+G—-MS$

—-BFCS+G
- ngf(.S) - (35)
= s"(M$+B¥CS
+ G- ngn(S))
and
|M$ + BFCS + G|
< |MS$| + |BFCs+ 6| (36)

the Lemma equation in robot armsystemcan be written
as follows
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K, =[|M8|+ 1B +cs+6l+n], i

37
=1,234,.. S

and finally;

n
i=1

2.5 Fuzzy Logic Methodology

Based on foundation of fuzzy logic methodology;
fuzzy logic controller has played important rule to
design nonlinear controller for nonlinear and uncertain
systems [53]. However the application area for fuzzy
control is really wide, the basic form for all command
types of controllers consists of;

Input fuzzification (binary-to-fuzzy [B/F] conversion)

Fuzzy rule base (knowledge base), Inference engine
and Output defuzzification (fuzzy-to-binary [F/B]
conversion). Figure 1 shows the fuzzy controller part.

Inference
mechanism

A

Fuzzification
Defuzzification

Rule Base

Fig. 1: Fuzzy Controller Part

The fuzzy inference engine offers a mechanism for
transferring the rule base in fuzzy set which it is divided
into two most important methods, namely, Mamdani
method and Sugeno method. Mamdani method is one of
the common fuzzy inference systems and he designed
one of the first fuzzy controllers to control of system
engine. Mamdani’s fuzzy inference system is divided
into four major steps: fuzzification, rule evaluation,
aggregation of the rule outputs and defuzzification.
Michio Sugeno use a singleton as a membership
function of the rule consequent part. The following
definition shows the Mamdani and Sugeno fuzzy rule
base [22-33]

ifxisAandyis Bthen zis C 'mamda 20)
if xisAand y is B then z is f(x,y)'sug

When x and y have crisp values fuzzification
calculates the membership degrees for antecedent part.
Rule evaluation focuses on fuzzy operation (AND /OR)
in the antecedent of the fuzzy rules. The aggregation is
used to calculate the output fuzzy set and several
methodologies can be used in fuzzy logic controller
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aggregation, namely, Max-Min aggregation, Sum-Min
aggregation, Max-bounded product, Max-drastic
product, Max-bounded sum, Max-algebraic sum and
Min-max. Defuzzification is the last step in the fuzzy
inference system which it is used to transform fuzzy set
to crisp set. Consequently defuzzification’s input is the
aggregate output and the defuzzification’s output is a
crisp number. Centre of gravity method (COG) and
Centre of area method (COA) are two most common
defuzzification methods.

111. Methodol ogy

Based on the dynamic formulation of robot
manipulator, (3), and the industrial PD law (5) in this
paper we discuss about regulation problem, the desired
position is constant, ie., g; =0 . In most robot
manipulator control, desired joint positions are
generated by the trajectory planning. The objective of
robot control is to design the input torque in (1) such
that the tracking error

€ =(qq —qa (40)
When the dynamic parameters of robot formulation

known, the PD control formulation (11) shoud include a
compensatoras

T=—k,e—kse+ (G +F) (41)

Where G is gravity and F is appositive definite
diagonal matrix friction term (coulomb friction).

If we usea Lyapunov function candidate as

1 1

Voa =54"™Mq +se"kye (42)
2 2

Voa = —4"kag < 0 (43)

It is easy to known ¢ = 0and e = 0 are only initial
conditions inQ = {[g,el:V = 0}, for which [g,e] €
for al 1t < 0. By the LaSalle’'s invariance principle,
e » 0andé — 0.When Gand F in (11) are unknown, a
fuzzy logic can be used to approximate them as

M
&) = Zelel () = 0TE(x) (44)
=1

Where

6= (6%, ...,0M" el =
(X)), ., EM O, and £1x) =

w1l
L, — LT, MA%(xi))- 6t,...,0" are
adjustable parameters in (44). 1 Cey), ..., puam(xy,) are
given membership functions whose parameters will not
change over time.
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The second type of fuzzy systems is given by

2
;VI=1 6! [H?=1 €xp (‘ <&;_la£> )]

o I\? (45)
Z?”zl[ﬂ?zleXp <_ <x16!ai> )]

Where 6! ,a} and §! are all adjustable parameters.
From the universal approximation theorem, we know
that we can find a fuzzy system to estimate any
continuous function. For the first type of fuzzy systems,
we can only adjust ' in (45). We define " (x|6) as
the approximator of the real function f(x).

fl) =

i (x16) = 6Te(x) (46)

We define 6* as the values for the minimum error:

6* = argmin |sup | f"(x]6) — g(x)l] 47
6€n Lyey

Where 2 is a constraint set for 6. For specific
x,supyeylf &xl0)—f&)| is  the  minimum
approximation error we can get.

We used the first type of fuzzy systems (44) to
estimate the nonlinear system (12) the fuzzy
formulation can be write as below;

fx18) = 6Te(x)
_ 27, 6" [ﬂAl(x)] (“8)
DX TRIE)

Where 61, ...,0™ are adjusted by an adaptation law.
The adaptation law is designed to minimize the
parameter errors of 8 — 6*. The SISO fuzzy system is
define as

fl) =67 e(x) (49)

Where

]
1 2 M
9T= (91,...,9m)T = |92t9 ,-..,92 | (50)

el) = '), ..., M), et(x) = H’leuA%(xi)/
2 (M i (x)), and i (x,)is defined in (48). To

reduce the number of fuzzy rules, we divide the fuzzy
systemin to three parts:

Fi(q,¢) =o' (q,q)

= [0:7e (g, .61 e (g, ]T (51)
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F?(q,d,) = ©%" ¢ (q,G,)

T (52)
= [HfTe (q,d,),..,62" ¢ (q,d,) ]
F3(q,§) =03 ¢ (q,§)
T
= [6:"e . 0),..037 (@, | 3
The control security input is given by
=M §,+ B(@gqg+Cc(@gq?+
9@ +F'(q,¢)+ F*(q,4§,)+ F(q,4) —  (54)
K,e — K,é
Where M" |, B(q)qq,C(q)q* g(q) are the

estimations of M(q).

Based on sliding mode formulation (28) and PD
linear methodology (5);

SNeW = (6 + /1@) (55)
And Ug,;; .1, is Obtained by

Uswitch = K()_()' t) - Sgn(SNew) = K(i t) !

sgn (K(é + 2e)) (56)
The Lyapunov function in this design is defined as
M
—1STMS+1Z:1 T 57
= 2]=1y3j¢ b, (57)

where y,; is a positive coefficient, ¢ = 0" — 6, 8" is
minimum error and 0 is adjustable parameter. Since
M — 2V is skew-symetric matrix;
. 1 . .
STMS + ESTMS =ST(MS +VS) (58)

If the dynamic formulation of robot manipulator
defined by

1=M@§+V(g,d)g+6(q (59)

the controller formulation is defined by
T=Mj,+V4.+G—-AS—K (60)
According to (58) and (59)

M(@i+Vig, g+ 6@ =Mj, +Vq, +
G—AS—-K (61)

Sinceq, =¢q—Sand g, =G-8
MS+ W +DS=Af —-K )

MS=Af —K-VS—2S
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The derivation of V is defined

M
; A 1 )
V=STMS+—STM5+Z—¢T.¢]- (63)
2 ]:1 Sj
M
, . 1 .
V=ST(MS+VS)+Z—¢T.¢,.
]ZIYS]'

Based on (61) and (62)

V=ST(Af—K—VS—AS+VS) +

where Af =M(@Q4 +V(g, g+ 6@l -
M., OT ()
M M 1
V= Z[s,.(Afj — K| -sTas + Z — 7. p;
J=1 =1 Ysi
suppose K; is defined as follows
Z{wﬂ 6’jl [MA(S]')]
K =———7—-—=07T¢(S. 65
b EmOREAL] )
Where
5 (5;) = 157 (5)),67(5,), 7 (5D, .., G (S)1"
et ()
3H(s) =5 (66)

IR
where p ;) is membership function.

The fuzzy systemis defined as

FO) = 1455y = Zj:lﬁT (G = yle,eé) (67)

where 6 =(60%,60%,65,.....,0M) is adjustable
parameter in (65) according to (62), (63) and (65);

V=M [S;Af, — 07¢(S)] —STAS +

e L 9
Basedon¢p =0*—0 >0 =0"—¢
V =
M. IS af = 07e(s) + 0"e(s,)] —sTas +
M 1T (69)
]=1y ¢ ¢]
sj

M
V= [s,@af, - ()74(s))] 572
J=1

M
1 .
+]ZY_SI'¢]T [¥s;-S;-§; (Sj) + ;D
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where 8; = y,;5;¢;(S;)is adaption law, @, = -0, =
_YSij(j(Sj)

V is considered by
V= Z[s,.A];. —(@)7g,(s))1- 5728 (70)
j=1
The minimum error is defined by
eny = 5= (@774,(5))) 7
Therefore V is computed as
j=1

<YM 1S llem;| —STAS

m
= D015 lew 1 = 45"
=1

= > 155 1(lem; | = 45)) )
j=1

For continuous function g(x), and suppose € > 0 it
is defined the fuzzy logic systemin form of

SupreylfG) — gl < e 72
the minimum approximation error (e,,;) is very small.

if Aj=a that a|Sj| > e (Sj;t
0) then V<O for (Sj #0) (75)

This method has two main controller’s coefficients,
K, and K;,. To tune and optimize these parameters

mathematical formulation is used

U= Ufuzzy + Usliding + UPD (76)

U= Ufuzzy + Uswitch = [M_1(B +C+
G) + S|M + K -sgn(s) +

N2
n _( Az
Hl:lexp( ( 5}1 >2 >} +Kpae1 + (77)
H?:leXp<_<Xi__lai) )}

8§

M, o

M
D) (=)

Ky, é,+K; Ye,

The most important different between PD+SMC and
PD+SMC+FL is the uncertainty. In PD+SMC the
uncertainty is d = G+F + f. The sliding mode gain must
be bigger than its upper bound. It is not an easy job
because this term includes tracking errors e, andq;,.
While in PD+SMC+FL, the uncertainty n is the fuzzy
approximation error for G + F + f.
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110
N
o
G+F+f= x‘_;l . (78)
el 0]

Itis usually is smaller than G + F + f; and the
upper bound of it is easy to be estimated.

IV. Results and Discussion

In this section, we use a benchmark model, PUMA -

algorithms [22]. We compare the following controllers:
classical PD controller, PD fuzzy controller and serial
fuzzy sliding mode PD controller which is proposed in
this paper. The simulation was implemented in
MATLAB/SIMULINK environment.

Close loop response of tracking result without any
disturbance: Figure 2 illustrates the tracking
performance in three types of controller; linear PD
controller, linear PD controller based on fuzzy logic
estimator and nonlinear estimator based on fuzzy logic
and sliding mode controller.

560 robot manipulator, to evaluate our control
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Fig. 2: Linear PD, PD+FLC and Proposed method trajectory following without disturbance
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Based on Figure 2; pure PD controller has oscillation
in first and three links, because robot manipulator is a
highly nonlinear controller and control of this system by
linear method is very difficult. Based on above graph,
however PD+FUZZY controller is a nonlinear
methodology but it has difficulty to control this plant
becauseit is a model base controller.

Close loop response of trajectory following in
presence of load disturbance: Figure 3 demonstrates
the power disturbance elimination in three types of
controller in presence of disturbance for robot
manipulator. The disturbance rejection is used to test
the robustness comparisons of these three
methodologies.

Based on Figure 3; by comparison with the PD and
PD+FLC, proposed serial compensator
PD+Fuzzy+SMC is more stable and robust and our
method doesn’t have any chattering and oscillation.

V. Conclusion

The main contributions of the paper are twofold. The
structure of fuzzy PD control with sliding mode
compensation is new. We propose parallel structure:
parallel compensation. The key technique is dead-zone,
such that fuzzy control and sliding mode control can be
switched automatically. The stability analysis of fuzzy
sliding mode PD control is also new. Stability analysis
of fuzzy PD control with first-order or second-order
sliding mode is not published in the literature. The
benefits of the proposed method; the chattering effects
of fuzzy sliding mode PD control, the slow convergence
of the fuzzy PD and the chattering problem of sliding
mode PD control are avoided effectively.
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