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Abstract—In this paper, we consider a method for 

solving a linear programming problem with  fuzzy  

objective and coefficient matrix, where the fuzzy  

numbers are supposed to be triangular. By the proposed 

method, the Decision Maker will have the flexib ility of 

choosing. The solving method is based on the Pareto 

algorithm, which converts the problem to a weighted-

objective linear programming.  For more illustration, after 

discussing the problem and the algorithm, we present an 

example, which its solutions are independent from the 

objective weights. 

 
Index Terms—Fuzzy Linear Programming, Fuzzy  

Numbers, Pareto Algorithm, Multi-Object ive Linear 

Programming. 
 

I.  INTRODUCTION 

max(min) z cx  

 

subject to  

 

Ax b                                    (1) 

0x   

     

 

.

II.  PRELIMINARIES 

 

A.-- 

Suppose X is an arbitrary universal set. Then a fuzzy 

subset A in X is defined as follows: 

 

( , ( )) }
A

A x x x X                         (2) 

 

where  ( ) : 0,1
A

x X   is the so called membership 

function.
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B.-- 

A fuzzy  set A is normal if there exists 
0x X  with

0( ) 1
A

x   

C.-- 

 

ws: 

 

 ( ) ( ) 0ASupp A x X x                    (3) 

 

D.-- 

A weak cut o f a fuzzy set is a  set which  its members 

belong to the universal set and its membership function in  

the fuzzy set  ̃ has the value equal or greater than .  

 

 [ ] ( ) , [0,1]AA A x X x

       
         (4) 

 

In the defin ition above, if one neglects the equality 

condition of the membership degree, then the achieved 

set is called a strong  -cut. 

E.-- 

A fuzzy set A in
nX R  is convex if every -cut of A

for any (0 1)     is convex. In other words, a fuzzy 

set A  is convex if and only if for every
1 2,x x X and

 0,1  the following inequality holds: 
 

1 2 1 2[ (1 ) ] min[ ( ), ( )]
A A A

x x x x               (5) 

 

F.-- 

A fuzzy set A  on real numbers R , which satisfies the 

following condition is called a fuzzy number. 

 

1- A is a convex set. 

2- There exist only one unique x R , such that

( ) 1.A x   

3- ( )A x is piecewise continuous. 

 

G.-- 

A triangular fuzzy number with the center s  the left  

bound 0l  , and the right bound 0r  has the following 

membership function: 

 

( )
,               -

( )
( ) ,

0, . .

A

x s l
s l x s

l

s l x
x s x s l

r

o w



 
 


 

   





            (6) 

H.-- 

Suppose the triangular fuzzy numbers A and B are 

1 2 3( , , )a a a and
1 2 3( , , )b b b respectively

2 2,a b are the centers 

3 3,a b are the biggest and 
1 1,a b  are the s mallest possible 

values. Then the addition and subtraction of these two 

numbers are defined as follows: 

 

1 2 3 1 2 3( , , ) ( , , )A B a a a b b b    

1 1 2 2 3 3( , , )a b a b a b     

A  
1 2 3( , , )B a a a  

1 2 3( , , )b b b  

1 3 2 2 3 1( , , )a b a b a b                     (7)
 

 

I.-- 

If A and B are the triangular fuzzy numbers  in the 

form of ( , , ), ( , , )A a b c B x y z  , then we have [7]: 

 

( , , ), 0

( , , ), 0, 0

( , , ), 0

ax by cz a

A B az by cz a c

az by cx c




   
 

          (8) 

 

III.  RANKING OF FUZZY NUMBERS 

In this section, we present a new approach to fuzzy  

ordinary where for any two triangular fuzzy numbers

( , , )a a aa s l r and ( , , )b b bb s l r , a b


if and only if

,a b a a b bs s s l s l
 
     and .a a b bs r s r


  

 

J.-- 

Assume ( , , )a a aa s l r  and ( , , )b b bb s l r to be two 

triangular fuzzy numbers. The defin itions of the relations 
, , and

, ,
are given in below: 

 

, , ,a b a a b b a a b ba b iff s s s l s l s r s r         

, , .a b a a b b a a b ba b iff s s s l s l s r s r           (9) 

 

Remark 1: Denote a b


if and only  if a b or a b

and let 0 (0,0,0) be a zero
 
triangular fuzzy  number. 

Thus, any a  such that 0a  , is a zero too. 

 

Lemma 1: Assume a b Than .a b   

Proof. It is straightforward. 

 

Lemma 2: Assume , , ( ).a b c F Than, 

 

1) a a for every
 
a  (reflexivity); 

2) a b ,than b a (symmetry); 

3) a b and
 
b c , than a c  (transitivity). 
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Proof. It is straightforward. 

 

Remark 2 : In fact, Lemma up shows that the relation 

, , is an equivalence relation on ( ).F Moreover, if a is 

an element of ( ),F
 
the fuzzy subset of ( )F defined by 

 

[ ] { ( ) | }a b F a b                          (10)
 

 

is called the equivalence fuzzy set of a is thus the set of 

all elements which are equivalent to a . 

 

Lemma 3: Assume , , ( ).a b c F  The relat ion
, ,


is a 

partial order on ( ).F  

Proof. It is straightforward by evaluation the triple 

properties: reflexivity, symmetry and transitivity. 

 

Remark 3: We emphasize that the relation
, ,


is a 

linear order on ( ).F
 

 

Lemma 4: If a b


and ,c d


then .a c b d


    

Proof. It is straightforward. 

 

IV.  LINEAR PROGRAMMING PROBLEM WITH FUZZY 

RESOURCES AND COEFFICIENTS 

Consider the following fuzzy linear programming  

problem [2, 6, 9, 15]: 

 

1

, ( ) ( ) max
n

i j i j j

j

c x f x f x z c x


     

 

1

(1 )
n

ij j i

j

subject to A x B i m


             (11) 

 

0 (1 )jx j n    

 

where , ,ij i iA B c are fuzzy numbers. In this case, we 

assume that all of fuzzy numbers are triangular. As 

shown in Figure (1), ever triangular fuzzy number can be 

cast as 3 real numbers , , ,s l r  i.e. ( , , ).A s l r  

 

 

Fig.1. The Fuzzy Number A  

Now, the model (1) can be written as  

 

1

max ,
n

j j

j

c x c x


  

 

1

. . ( , , ) ( , , ) (1 )
n

ij ij ij j i i i

j

s t s l r x t u v i m


    

 

0 (1 )jx j n                           (12) 

 

Theorem 1 : For every two fuzzy numbers 

1 1 1 2 2 2( , , ), ( , , )A s l r B s l r  we have A B  if and only if 

1 2 1 1 2 2 1 1 2 2, , .s s s l s l s r s r      
 

Proof. It is straightforward. 

 

Using the above expressions, the model (12) can be 

converted to a classic linear program as follows:  

 

1

max ,
n

j j

j

c x c x


  

1

1

1

. .

( ) (1 )

( )

0 (1 )

n

ij j i

j

n

ij ij j i i

j

n

ij ij j i i

j

j

s t s x t

s l x t u i m

s r x t v

x j n









    

  

  







           (13) 

 

However, since all numbers involved in  constraints are 

real numbers and all goal coefficients are fuzzy numbers, 

this problem is an essentially fuzzy LP problem. 

K.-- 

A point *x X  is said to be an optimal solution to the 

fuzzy LP problem if it  holds that (in maximization case) 

if 
*, ,c x c x  for all x X . 

L.-- 

A point *x X  is said to be a no dominated solution 

to the fuzzy LP problem if there does not exist *x X

such that
*, ,c x c x holds. 

 

V.  MULTI-OBJJECTIVE FUZZY LINEAR PROGRAMMING 

PROBLEMS 

We consider the following Multi-Object ive Linear 

program (MOLP), which is strongly related to the fuzzy  

linear programing problem [9,15]. 

 

0 0 0max ( , , , , , )
( )

. . , 0

l c u Tc x c x c x
MOLP

s t Dx d x




 

        (14) 
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where 

 

0 01 02 0

1 11 12 1

0 01 02 0

( , ,..., ) ,

( , ,..., ) ,

( , ,..., ) ,

l l l l T

n

c c c c T

n

u u u u T n

n

c c c c

c c c c

c c c c





 

 

 

and the constraint Dx d  is constructed using the model 

(13). 

M.-- 

A point *x X  is said to be a complete optimal 

solution to the (MOLP) problem if it  holds that
* * *

0 1 0 0 1 0(( , ),( , ),( , )) (( , ),( , ),( , ))l c u T l c u Tc x c x c x c x c x c x  for 

all x X . 

N.-- 

A point *x X is said to be a Pareto optimal solution to 

the (MOLP) problem if there is no x X , such that
* * *

0 1 0 0 1 0(( , ),( , ),( , )) (( , ),( , ),( , ))l c u T l c u Tc x c x c x c x c x c x holds. 

 

Theorem 2: Let  point *x X be a feasible solution to 

the fuzzy LP prob lem. 
1 2, ,..., nc c c are determined by the 

reference functions, i.e., for the triangular fuzzy number

,j jc L and jR are respectively the left and right reference 

functions, and also  level set of jc is represent as interval

[ , ].L R

i ic c  If 

 

1 10 11 2 10 21

0 1

( (1 ) ) ( (1 ) ) ...

( (1 ) ),

L m L m

L m

n n n

L c c L c c

L c c

  

 

     

  
       (15) 

 

1 10 11 2 10 21

0 1

( (1 ) ) ( (1 ) ) ...

( (1 ) ),

L m L m

L m

n n n

R c c R c c

R c c

  

 

     

  
      (16) 

 

then *x is an optimal solution to the problem if and only if
*x is a complete optimal solution to the (MOLP) problem.  

Proof. If *x is an optimal solution to the fuzzy LP 

problem, then for any x X , we have
*, ,c x c x . 

Therefore, for any [0,1] , 

 

*

1 1

*

1 1

,

L L
n n

i i i i

i i

R R
n n

i i i i

i i

c x c x

c x c x

 

 

 

 

   
   

   

   
   

   

 

 

 

 

and 

 

*

1 1

.

m m
n n

i i i i

i i

c x c x
  

   
   

   
 

 

 

That is 

*

1 1

.

m m
n n

i i i i

i i

c x c x
  

   
   

   
   

 

So 

 

   * * *

0 1 0 0 1 0, , , , , , , , , , .
T T

L m R L m Rc x c x c x c x c x c x  

 

Hence *x is a complete optimal solution to the (MOLP) 

problem. 

Now if *x is a complete optimal solution to the (MOLP) 

problem, then for all x X , we have 

 

   * * *

0 1 0 0 1 0, , , , , , , , , , ,
T T

L m R L m Rc x c x c x c x c x c x

 

i.e., 

 

* *

0 0 1 1

1 1 1 1

,
n n n n

L L m m

i i i i i i i i

i i i i

c x c x c x c x
   

      

 

and 

*

0 0

1 1

.
n n

R R

i i i i

i i

c x c x
 

 
 

 

Then 

 

   *

0 1 0 1

1 1

(1 ) (1 ) , [0,1].
n n

L m L m

i i i i i i

i i

c c x c c x    
 

       

 

According to Eq. (15), we have 

 

11 0 1[0,1], (1 ) , 1,2,..., .L m L

i i ic c c i n         

 

(if
1 1,  it is clear that 1 1 .)L m

i ic c
 

So 

 

1 1

*

1 1

.
n n

L L

i i i i

i i

c x c x 
 

   

 

Similarly, 

 

   *

0 1 0 1

1 1

(1 ) (1 ) , [0,1].
n n

R m R m

i i i i i i

i i

c c x c c x    
 

       
 

 

According to Eq. (16), we have 

 

22 0 1[0,1], (1 ) , 1,2,..., .R m R

i i ic c c i n         

 

(if 2 1,  it is clear that 1 1 .)R m

i ic c
 

So 

 

2 2

*

1 1

.
n n

R R

i i i i

i i

c x c x 
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For fuzzy numbers ( ) , 1,2,..., ,
i ii L Rc i n since the 

reference functions
iL and

iR  are strictly decreasing, so
1

and
2 can take every value in the interval [0,1] .We can 

take the proper  to 
1 2    as well as suggested also 

in [6]. Then, we have 

 

*

1 1

n n
L L

i i i i

i i

c x c x 
 

   

 

and 

 

*

1 1

, [0,1],
n n

R R

i i i i

i i

c x c x  
 

     

 

1 1

*

1 1

1,
i i

n n
m m

i i

i i

c x c x for
 

  
 

 

for any [0,1].  Therefore, *x  is an optimal solution to 

the fuzzy LP problem and the proof is completed. 

 

Remark 4 : For the fuzzy LP problem, if the fuzzy  

coefficients , 1,2,..., ,ic i n   have the same shapes, the 

eqations (15) and (16) hold. 
 

Theorem 3: Let  point *x X be a feasible solution to 

the fuzzy LP problem. Then *x is a no dominated 

solution to the problem if and only if *x is a Pareto 

optimal solution to the (MOLP) problem. 

Proof. Let  *x X  be a no dominated solution to the 

fuzzy LP problem. On the contrary, we suppose that there 

exists an x X such that 

 

   * * *

0 1 0 0 1 0, , , , , , , , , , ,
T T

L m R L m Rc x c x c x c x c x c x  

 

i.e., 

 

* *

0 0 1 1

1 1 1 1

,
n n n n

L L m m

i i i i i i i i

i i i i

c x c x c x c x
   

      

 

and 
 

*

0 0

1 1

.
n n

R R

i i i i

i i

c x c x
 

 
 

 

Then 

 

   *

0 1 0 1

1 1

(1 ) (1 ) , [0,1].
n n

L m L m

i i i i i i

i i

c c x c c x    
 

         

 

According to Eq.(15), we have 
 

11 0 1[0,1], (1 ) , 1,2,..., .L m L

i i ic c c i n         

 

(if
1 1,  it is clear that

1 1 .)L m

i ic c
 

So 

 

1 1

*

1 1

.
n n

L L

i i i i

i i

c x c x 
 

   

 

Similarly, 

 

   *

0 1 0 1

1 1

(1 ) (1 ) , [0,1].
n n

R m R m

i i i i i i

i i

c c x c c x    
 

       
 

 

According to Eq. (16), we have 
 

22 0 1[0,1], (1 ) , 1,2,..., .R m R

i i ic c c i n         

 

(if
2 1,  it is clear that

1 1 .)R m

i ic c
 

So 

 

2 2

*

1 1

.
n n

R R

i i i i

i i

c x c x 
 

   

 

And for 1 2 1   , we have 

 

2 2

*

1 1

.
n n

m m

i i i i

i i

c x c x 
 

   

 

That is
*, ,c x c x



. 

 

However, this contradicts the assumption that *x X  

is a no dominated solution to the fuzzy LP problem. 

On the other side, let *x X  be a Pareto optimal 

solution to the (MOLP) problem. 

If *x is not a no dominated solution to the problem, 

then there exists x X  such that *, ,c x c x


. Therefore, 

for any [0,1] , we have 

 

*

1 1

*

1 1

,

,

R R
n n

i i i i

i i

L L
n n

i i i i

i i

c x c x

c x c x

 

 

 

 

   
   

   

   
   

   

 

 

 

 

and 

 

*

1 1

.

m m
n n

i i i i

i i

c x c x
  

   
   

   
   

 

That is 

 
* *, , , , , L L R Rc x c x c x c x     

 

and 
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*, ,m mc x c x  . 

 

Hence, for 0    and 1  , we have 

 
* * *

0 0 1 1 0 0, , , , , , , ,L L m m R Rc x c x c x c x c x c x   . 

 

It contradicts the assumption that *x X  is a Pareto 

optimal solution to the (MOLP) problem. 

Consider a multip le objective optimizat ion problem 

with k  fuzzy goals
1 2, ,..., kz z z , which are introduced by 

fuzzy sets , 1,2,...,iZ i k , and fuzzy constraints  are

1 2, ,..., md d d , which are shown by fuzzy sets

, 1,...,jD j m . By generalizing the analogy from the 

single objective function, the resulting fuzzy decision is 

given as 

 

1 2 1 2... ... .k mZ Z Z D D D  

 

In terms of corresponding membership values for the 

fuzzy goals and the fuzzy constraints, the resulting 

decision is 

 

( ) min[ , ].
i j

z Df
X  

 
 

An optimum solution 
*X is one at which the 

membership function of the resulting decision f is 

maximum. That is 

 
*( ) max ( ).

f f
X X   

 

The shape of the membership functions such as a linear, 

concave, or convex function, for various objectives and 

constraints, can affect the optimum solution significantly. 

A linear approximation has been most commonly used 

because of simplicity and expediency [17]. 

Applying the triangular fuzzy parameters as triangular 

fuzzy number the MOLP will be written as follows: 

 

1

1

1

1

max ( , , )

. .

( )

( ) (1 )

0. (1 )













  

    

  









n
c l u

i ij j

j

n

ij j i

j

n

ij ij j i i

j

n

ij ij j i i

j

j

z c c c x

s t s x t

s l x t u

s r x t v i m

x j n
        

(17) 

 

Since 

 

1

max ( , , ) 1,2,..., ,
n

c l u

i ij j

j

z c c c x i k


 
 

 

we get 
iz as 1 2 3( , , )i i iz z z  where, 

 

1

1

2

1

3

1

( ) , 1,2,...,

( ) , 1,2,...,

( ) , 1,2,..., .

n
c

i ij j

j

n
c l

i ij j

j

n
c u

i ij j

j

z c x i k

z c c x i k

z c c x i k







 

  

  







 

 

Thus the objective function of the problem (17) 

becomes 

 
1 2 3 1 2 3

1 2 3max( , , ,..., , , )k k kz z z z z z  

 

To solve this multi-object ive problem we use Pareto’s 

method to form weighted objective function 

 
1 2 3 3

1 1 2 1 3 1 3max ... ,k kw z w z w z w z     

 

and with the same constraints as in (17) along with the 

additional constraint .kw S  [13]
  

 

VI.  NUMERICAL EXAMPLE 

In this section, we present a simple example to  

illustrate the above concepts. 

 

Example . A Company would  like to produce two  

products ,A B . There are 150 man-hour and 120 kg 

material availab le. In addit ion, suppose the gained profit 

from producing each unit o f A   and B  is almost known. 

The aim of the company is to maximize the overall profit  

of producing these two products. 

Suppose
1x  is the production amount for the product A , 

and
2x  is the production amount for the product B . 

So, this problem can be modeled as: 

 

1 2 1 1 2 2

1 2

1 2

1 2

max ( , )

. .

(5,2,1) (4,3,1) (150,50,40)

(3,2,1) (4,2,1) (120,40,30)

, 0

z f x x c x c x

s t

x x

x x

x x

  

 

 



 

 

The membership function is: 

 

1

40
, 40 45

5

60
( ) , 45 60

15

0, . .

c

x
x

x
x x

o w
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2

30
, 30 36

6

40
( ) , 36 40

4

0, . .

c

x
x

x
x x

o w




 




  



  

 

Therefore, the objective function will be as follows: 

 

1 2 1 2max ( , ) (40,45,60) (30,36,40)z f x x x x    
 

According to the discussed algorithm, the human 

resources constraint can be written as: 

 

1 2

1 2

1 2

5 4 150

3 1 100

6 5 190

x x

x x

x x

 


 
    

 

Also, the constraint for the available materials can be 

cast as: 

 

1 2

1 2

1 2

3 4 120

1 2 80

4 5 150

x x

x x

x x

 


 
    

 

Now, we can rewrite the above problem as a linear 

programming: 

 

1 2

1 2

1 2

max 40 30

45 36

60 40

z x x

x x

x x

 

 

 
 

 

1 2

1 2

1 2

1 2

1 2

1 2

1

2

. .

5 4 150

3 1 100

6 5 190

3 4 120

1 2 80

4 5 150

0

0

s t

x x

x x

x x

x x

x x

x x

x

x

 

 

 

 

 

 



  

 

After solving the above problem using LINGO, the 

following optimal Pareto solution is achieved: 

 
* *

1 2( , ) (30,0)x x   

 

Therefore, the above solution is a non-dominated. Here, 

for solving the linear programming, we maximize the 

objective-weighted form of the problem as follows: 

 

1 2 1 1 2

2 1 2

3 1 2

max ( , ) (40 30 )

(45 36 )

(60 40 )

z x x w x x

w x x

w x x

 

 

 
 

 

The optimal solution of the above problem can be 

found using different weights. Note that
3

1

1.i

i

w


  

Table 1. The Optimal Solution of Example 

w3 w2 w1 
Optimal 
Solution  

0.5 0.5 0 (30,0) 

0.5 0 0.5 (30,0) 

0 0.5 0.5 (30,0) 

 

The optimal solution will be presented as: 

 
* *

1 2( , ) (30,0)x x 

 

 

Therefore, 

 
* *

1 2 1 2max ( , ) (30,0) 30 0z f x x f c c     

 

1200
, 1200 1350

150

1800
( ) , 1350 1800

450

0, . .

f

x
x

x
x x

o w




 




  





 

 

VII.  CONCLUSION 

In this paper, the linear programming  problems with  

fuzzy budget and constraints have been discussed. An 

algorithm to solve such problems has been discussed and 

for more illustration the mentioned algorithm has been 

applied to a numerical example. As a result of this 

example, it  has been highlighted that the solution is 

independent from the chosen weights. 
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