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Abstract—In this paper, we consider a method for
solving a linear programming problem with fuzzy
objective and coefficient matrix, where the fuzzy
numbers are supposed to be triangular. By the proposed
method, the Decision Maker will have the flexibility of
choosing. The solving method is based on the Pareto
algorithm, which converts the problem to a weighted-
objective linear programming. For more illustration, after
discussing the problem and the algorithm, we present an
example, which its solutions are independent from the
objective weights.

Index Terms—Fuzzy Linear Programming, Fuzzy
Numbers, Pareto Algorithm, Multi-Objective Linear
Programming.

I. INTRODUCTION

In the recent years, the optimal decision making is a
difficult matter for managers of the big dynamic
companies and organizations. For making optimal
decisions the managers are facing different constraints
such as the limited financial and human resources. One of
the most common and simple tools which is used to
achieve the best outcome(such as maximizing the profit
or minimization the cost) subject to different constraints
is the Linear Programming (LP) methods. In general, a
linear programming problem can be written as:

max(min) z =cx
subjectto

Ax<b 1)
x>0

In practice, all of the needed information such as ¢,4, b
are not completely available or determined, or in the
other sense, these parameters include uncertainty and
they are called fuzzy variables. In the recent years, fuzzy
logic and optimization have found many applications in
different areas. The fuzzy decision making was
introduced by Bellman and Zadeh for the first time in
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1970 [1], and the in 1974 the mathematical fuzzy
programming was proposed by Tanaka et al [ 16]. Ramik
and Rimanek [14] also dealt with an LP problem with
fuzzy parameters in the constraints. Later, Delgado et al.
[3] studied a general model for fuzzy LP problems which
includes fuzziness both in the coefficients and in the
accomplishment of the constraints. The first fuzzy linear
programming formulation was discussed by Zimmermann
in 1978 [20], and then many other models and methods
were suggested by others. Negoita developed a
formulation for fuzzy linear programming problem based
on the fuzzy coefficient matrix [10]. Then, in 2003 multi-
objective fuzzy linear programming problem was
established by Zhang et al [ 18]. In the last years, Erfanian
et al. have worked on some concepts of generalized
derivative of fuzzy nonsmooth functions, generalized first
and second derivative for nonsmooth functions and
nonsmooth optimal control[4,5,11,12]

In this paper, linear programming problems with the
fuzzy resources and coefficients are discussed. Hence, in
section 2, some of the basic definitions and concepts of
fuzzy sets and fuzzy optimization are reviewed. In section
3, the concepts of ranking functions are introduced. In
section 4, a fuzzy linear programming with fuzzy
resources and coefficients is considered, and in section 5,
multi-objective fuzzy linear programs are discussed.
Finally, in section 6, a practical example is solved and in
the last section the results are summarized.

Il. PRELIMINARIES

In this section, we review some of the definitions and
concept of the fuzzy sets and calculus [19].

A.--

Suppose X is an arbitrary universal set. Then a fuzzy
subset Ain X is defined as follows:

A={(x, 15 ()| x & X} @

where ;(x): X —[0,1] is the so called membership
function.
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B.--

A fuzzy set Ais normal if there exists x, e X with
ﬂ;(xo):l
C.--

The support of a fuzzy set A is a set which its members
have non-zero membership degree, and is defined as
follows:

Supp(A) = {x eX |, (x) >0} ®

D.--

A weak cut of a fuzzy set is a set which its members
belong to the universal set and its membership function in

the fuzzy set A has the value equal or greater than «.

Aa:[A]d={xeX|yA(X)2a,ae[0,l]} @

In the definition above, if one neglects the equality
condition of the membership degree, then the achieved
setis called a strong a-cut.

E.--

A fuzzy set Ain X =R" is convex if every « -cut of A
for any a(0 < <1) is convex In other words, a fuzzy
set A is convex if and only if for every x,x, € X and

A €[0,1] the following inequality holds:

ﬂA[ﬂ')ﬁ +1-)x]= min[ﬂA(X1)a ﬂ,&(xz)] (5)

Fo

A fuzzy set A on real numbers R, which satisfies the
following condition is called a fuzzy number.

1- Aisaconvexset.
2- There exist only one unique X€R , such that

A (X) =1.
3-  u,(x)is piecewise continuous.

G-

A triangular fuzzy number with the center S the left
boundl >0, and the right bound r >0 has the following
membership function:

@, s-l<x<s
()= EHD=X s<x<s+l ®)
r
0, o.W.
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H.--

Suppose the triangular fuzzy numbers A and B are
(a,a,,a,)and (b, b,,b,) respectively a,,b, are the centers
a,,b,are the biggest and a b are the smallest possible

values. Then the addition and subtraction of these two
numbers are defined as follows:

A®B=(a,,a,,8)D(b,b,,b)

=(a,+b,a, +b,,a;+h,)
AOB=(a,a,a)O (b,b,b)

:(a1 —b3,32 _bz’as_bl) (7)

If AandB are the triangular fuzzy numbers in the
form of A=(a,b,c),B =(x,y,z), thenwe have [7]:

(ax, by, cz), a0
A® B =1 (az,by,cz), a<0,c>0 8)
(az,by,cx), c<0

I1l. RANKING OF FUzzY NUMBERS

In this section, we present a new approach to fuzzy
ordinary where for any two triangular fuzzy numbers

a=(s,1,,r,) and b=(s,.1,,5,) , a<b if and only if

S, <S8, —l,<s, I, and s, +r,<s, +1,.
J.--

Assume a=(s,,I,,r,)) and b=(s,l,,r) to be two
triangular fuzzy numbers. The definitions of the relations

'~ and '’ are given in below:

a~biff s, =s,,s, . =s,—1,,s, +1, =S, +1,,

a<biff s, <s,,s, -1, <s,—,,s, +r, <s, +6. (9

a

Remark 1: Denote 555 ifand only if &~b ora<b

and let 0=(0,0,0) be a zero triangular fuzzy number.

Thus,any & suchthat &~ 0, is a zero too.

Lemma 1: Assume &<b Than—-d>-b.
Proof. It is straightforward.

Lemma 2: Assume &,b,¢ e F(R). Than,

1) a=
2) a=
3) a~b and b=¢, thand=¢ (transitivity).

for every @ (reflexivity);
thanb~4a (symmetry);
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Proof. It is straightforward.

Remark 2: In fact, Lemma up shows that the relation
'&' is an equivalence relation on F(RR). Moreover, if d is
an element of F(R), the fuzzy subsetof F(IR) defined by

[4]={b e F(R)|a~b} (10)

is called the equivalence fuzzy set of dis thus the set of
all elements which are equivalentto §.

Lemma 3: Assume &,b,¢ e F(R). The relation’ <'is a

partial order on F(R).

Proof. It is straightforward by evaluation the triple
properties: reflexivity, symmetry and transitivity.

Remark 3: We emphasize that the relation '<'is a

linear orderon F(R).

Lemma 4: If éfﬁ and Cf&, then é+6§5+d.

Proof. It is straightforward.

IV. LINEAR PROGRAMMING PROBLEM WITH FUzZzyY
RESOURCES AND COEFFICIENTS

Consider the following fuzzy linear programming
problem [2, 6, 9, 15]:

>

Il
™
>

(€,x) = f,(x;) = f,(x) =max

Il
AN

subjectto Y Ax,<B (I<i<m) (11)
j=1

X;20 (1<j<n)
where AJ.,E?i,Ci are fuzzy numbers. In this case, we

assume that all of fuzzy numbers are triangular. As
shown in Figure (1), ever triangular fuzzy number can be

castas 3 real numbers s,I,r, ie. A=(s,l,r).

Fig.1. The Fuzzy Number A
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Now, themodel (1) can be written as

max(C,x>:Zn:6jxj
=1

n

st D (sl )X < (@t u,v)  (L<i<m)

j=1

X; 20 @<j<n) (12)

Theorem 1: For every two fuzzy numbers
A=(s,l,r),B=(s,,1,,r,) we have A<B if and only if

S, <8,,8, -1, <s,—1,,85,+1, <s, +71,.
Proof. It is straightforward.

Using the above expressions, the model (12) can be
converted to a classic linear program as follows:

y =L)X <t —u. (L<i<
;(Su IJ)XJ i ul ( I m) (13)

n
D (s + )X <t +v,
=

szo

However, since all numbers involved in constraints are
real numbers and all goal coefficients are fuzzy numbers,
this problem is an essentially fuzzy LP problem.

K.--

A point x" e X is said to be an optimal solution to the
fuzzy LP problem if it holds that (in maximization case)

if (¢,x")=(¢,x) forallxeX .
L.--

A point x" € X is said to be a no dominated solution
to the fuzzy LP problem if there does not exist x™ e X

suchthat (€, x) > (¢, X") holds.

V. MULTI-OBJECTIVE FUZZY LINEAR PROGRAMMING
PROBLEMS

We consider the following Multi-Objective Linear
program (MOLP), which is strongly related to the fuzzy
linear programing problem [9,15].

max (<cg,x>,<c§,x>,<C§,X>)T

(14)
s.t. Dx<d, x=0

(MOLP){
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where

c [ |
:(Coycozv"'vCOn)Tl
T

(ur 1210 n) )

C0 = (C01’Cozv"vcgn)T eR",

and the constraint Dx < d is constructed using the model
(13).

M.--

A point x" e X is said to be a complete optimal
solution to the (MOLP) problem if it holds that

(o X, (6, X), (5, X)) = (G5, %), (5, X), (G5, X)) for
allxe X .

N.--

A point x” e X is said to be a Pareto optimal solution to
the (MOLP) problem if there is no Xe X , such that

(), X, (c5, X, (€4, X)) < (e, X), (¢, %), (c¥, X))" holds.

Theorem 2: Let point x” e X be a feasible solution to
the fuzzy LP problem. ¢,¢C,,...,C, are determined by the

reference functions, i.e., for the triangular fuzzy number
€;,L;and R; are respectively the left and right reference

functions, and also 4 level set of C; is represent as interval

[ct cE 1 If

L (6 + (= 2)ey) = L, (Ae, + A= A)cz) = ...

15
= I‘n (ﬂ“crl;o +(1_ﬂ“)crr1nl)! ( )

Ry(Cp + (- A)c) = R, (Acy + (- A)cy;) =

(16)
=R, (A, + (U= A)epy),

then x” is an optimal solution to the problem if and only if

X" is a complete optimal solution to the (MOLP) problem.

Proof. If x"is an optimal solution to the fuzzy LP
problem, then for any Xe X , we have <C,x*>2<é, X) .
Therefore, for any 4 €[0,1],

and

That is
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So

(5 ek ) = (e ()

Hence x” is a complete optimal solution to the (MOLP)
problem.

Now if x” is a comp lete optimal solution to the (M OLP)
problem, thenfor allx e X , we have

(650 ko)) (650 e ) (2.

n

ZCIO i cho |’ZC|1 i ZZCiTXi

i=1

and

cho i >zclo it
Then

Z(/lc,0+(l Aer )% Z(zci;+(1—,1)ci";)xi,v,ze[o,1].

i=1
According to Eg. (15), we have

34 €[0,1], Aci; + 1-A)cy =c; ,i=12,..

(if 4, =1, it is clear thatc}; =cj.)
So

Similarly,

Z(ﬂ%*(l Aen )% >Z(/1c,0+(1 Ayen )%, VA e[0,1].

i=1
According to Eq. (16), we have

34, €[0,1], Ac + (- A)cf =¢ff ,i=12,..,n

(if 4, =1 it is clear thatcj, =cj.)
So

Z% . Z% !
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For fuzzy numbers (G).z,i=12,..,n, since the
reference functions L, and R; are strictly decreasing, so 4,
and 4, can take every value in the interval [0,1] We can
take the proper Ato 4, =4, = 1as well as suggested also
in [6]. Then, we have

n n
L * L
260X = D 63X
i=1 i=1

and

Yeix =>clix, vie[o1],
i—1 i—1
c'x, 2> ¢, fori=1,
i=1 i=1

for any 4 [0,1]. Therefore, x” is an optimal solution to
the fuzzy LP problem and the proofis completed.

Remark 4: For the fuzzy LP problem, if the fuzzy
coefficients ¢,i=12,..,n, have the same shapes, the

eqations (15) and (16) hold.

Theorem 3: Let point x” e X be a feasible solution to
the fuzzy LP problem. Then x" is a no dominated
solution to the problem if and only if x™ is a Pareto
optimal solutionto the (MOLP) problem.

Proof. Let X" e X be a no dominated solution to the
fuzzy LP problem. On the contrary, we suppose that there
exists an X € X such that

(AR RC R I (CRIRCEIXC R

ie.,
n n n n
L* Lo my* my
Ci0X| 2 CiOXi’ Cilxi 2 Cil i
i=1 i=1 i=1 i=1
and
n - n "
choxi ZZCIO i
i=1 i=1
Then

i(m}o +(L- A )X, = i(m}o +(@1- )] )%, VAe[01].

i=1
According to Eg.(15), we have

34 €[0,4], Ac, + A1—-A)c] =c},

Wi =12,..,n
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(if 4, =1,it is clear thatc) =c].)
So

Similarly,

Z":(cho +(1-A)c )X 2 y (4cfy +@-2)c] )%, VAe[0,1].

i=1 i=1
According to Eq. (16), we have

34, €[0,1], Ac} + (- A)c =cf;

IXQ,i =12,..,n.

(if 4, =1,it is clear thatc =c]].)
So

Andfor 4 =4,=1, we have
zn:cﬁzxfzzn:cﬂ?z.
i=1 i=1

That is (€, X) > (€,X").

However, this contradicts the assumption that X~ € X
is a no dominated solution to the fuzzy LP problem.

On the other side, let X" € X be a Pareto optimal
solution to the (MOLP) problem.

If X" is not a no dominated solution to the problem,
then there exists X € X such that<c,y>>_<e, X*>. Therefore,

for any A €[0,1], we have

and
[Sew] (2]
That is
o)) )t o
and
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70 Solving a Linear Programming with Fuzzy Constraint and Objective Coefficients

Hence, forA=0 and A =1, we have
(c5.%) = (cg, X ). (el X) = (eI, X). (e5 . X) = (¢, 7).

It contradicts the assumption that x” € X is a Pareto
optimal solutionto the (MOLP) problem.
Consider a multiple objective optimization problem

with k fuzzy goals 7, 7,,...,Z,, which are introduced by
fuzzy sets Zi,i:1,2,...,k, and fuzzy constraints are
d,d,,..d, ,
D;,j=1..,m. By generalizing the analogy from the

single objective function, the resulting fuzzy decision is
given as

which are shown by fuzzy sets

Z,NZ,N..NZ,NB,NB,N..ND,.

In terms of corresponding membership values for the
fuzzy goals and the fuzzy constraints, the resulting
decision is

He (X ) =minfg;  p15 1

An optimum solution X" is one at which the
membership function of the resulting decision fis
maximum. That is

;uf' (X *) =max /’lf” (x )

The shape of the membership functions such as a linear,
concave, or convex function, for various objectives and
constraints, can affect the optimum solution significantly.
A linear approximation has been most commonly used
because of simplicity and expediency [17].

Applying the triangular fuzzy parameters as triangular
fuzzy number the MOLP will be written as follows:

n
maxZ, = (c°,¢',c");X;
=

st. ;X <t,
j=1
17
(sy —1y))x; <t -y, )
=
(sy +1)x; <t +v; (I<i<m)
-1
X, 20, t<j<n)
Since
~ % c | u R
maxZ, = » (c°,c'c %X, 1=12...k,

=i
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we get 2,as (z',z°,2°) where,

1 . c H
z, :Zl(c i X i=12,..k
A=
zizzzd(cC —c')ijxj, i =12,k
=
27=2 "+ )y x;, =12k
=

Thus the objective function of the problem (17)
becomes

1,2 ,3 1,2 ,3
max(z, ,z,,Z;,..1 2, 1 Zg, Z,)

To solve this multi-objective problem we use Pareto’s
method to form weighted objective function

Maxw,z," +W,z7 +W,Z} +...+ W, 2,

and with the same constraints as in (17) along with the
additional constraint D W, =S. [13]

VI. NUMERICAL EXAMPLE

In this section, we present a simple example to
illustrate the above concepts.

Example. A Company would like to produce two
products A,B . There are 150 man-hour and 120 kg
material available. In addition, suppose the gained profit
from producing each unit of A and B is almost known.
The aim of the company is to maximize the overall profit
of producing these two products.

Suppose X, is the production amount for the product A ,
and x, is the production amount for the product B .

So, this problem can be modeled as:

max Z =f (X;,X,)=CX, +C,X,

st.

(5,2,1)x, +(4,3,1)x, < (150,50,40)

(3.2,D)x, +(4,2,1)x, < (120,40,30)
X1, X, >0

The membership function is:

X=40 " 4o<x<45
5
60— x
_(X) = , 45<x<60
e, (X) I
0, o.W.

1.J. Intelligent Systems and Applications, 2016, 7, 65-72



Solving a Linear Programming with Fuzzy Constraint and Objective Coefficients 71

X=30  35<x<36
6

s, (X) = #, 36<x<40
0, 0.W.

Therefore, the objective function will be as follows:

max 7 = f(x,x,)=(40,45,60)x, +(30,36,40)X,

According to the discussed algorithm, the human
resources constraint can be written as:

5x, +4x, <150
3x, +1x, <100
6%, +5x, <190

Also, the constraint for the available materials can be
castas:

3x, +4x, <120
1x, +2x, <80
4%, +5x%, <150

Now, we can rewrite the above problem as a linear
programming:

max  z =40x, +30x,
+45x, + 36X,
+60x, +40x,
st.

5x, +4x, <150
3x, +1x, <100
6x, +5x, <190
3x, +4x, <120
Ix, +2x, <80
4x, +5x, <150
X, 20

X,>0

After solving the above problem using LINGO, the
following optimal Pareto solution is achieved:

(x.%;) =(30,0)

Therefore, the above solution is a non-dominated. Here,
for solving the linear programming, we maximize the
objective-weighted form of the problem as follows:
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max  z(X;,X,) =W, (40x, +30x,)
+ W, (45x%, +36X,)

+ W, (60x, +40x,)

The optimal solution of the above problem can be

3
found using different weights. Note that > w, =1.

i=1

Table 1. The Optimal Solution of Example

Soution . e e
(30,0) 0 05 05
(30,0) 05 0 05
(30,0) 05 05 0

The optimal solutionwill be presented as:
(%, %) =(30,0)
Therefore,

maxz = f(x,X,) = f(30,0) = 30¢, +0¢,

X=1200 1500 < x <1350
150
u, (x) = 1800-X 1350 < x <1800
0, O.W.

VII. CONCLUSION

In this paper, the linear programming problems with
fuzzy budget and constraints have been discussed. An
algorithm to solve such problems has been discussed and
for more illustration the mentioned algorithm has been
applied to a numerical example. As a result of this
example, it has been highlighted that the solution is
independent from the chosen weights.
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