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Abstract—Intuitionistic Fuzzy Numbers (IFNs) transfer 

more information than fuzzy numbers do in uncertain 

situations. It is caused that many others tried to define 

methods for ranking of IFNs and arithmetic operations on 

them, which are used in practical applications of IFNs 

such as decision making. Arithmetic operators on IFNs 

changed membership and non-membership degrees. The 

resulted degrees have important interpretations in real 

application of IFNs. In this paper, we will first review the 

existing methods for ranking and arithmetic operations on 

several representations of IFNs. Then, we will propose a 

new method based on arithmetic mean and geometric 

mean to compute membership and non-membership 

degrees of resulted IFN from arithmetic operations on 

IFNs. It is caused that the resulted degrees don't change 

monotonousness and be closer to reality. Furthermore, a 

new method for ranking of IFNs will be proposed. Finally, 

the proposed methods are used in the numerical examples, 

compared to some other existing methods. 

 
Index Terms—Fuzzy Numbers, Intuitionistic Fuzzy 

Numbers, Ranking of IFNs, TrIFN. 

 

I.  INTRODUCTION 

After the introduction of the Theory of Fuzzy Sets (FSs) 

by Zadeh in 1965 [45]; Atanassov generalized Zadeh’s 

Fuzzy Sets in 1983, it is called Theory of Intuitionistic 

Fuzzy Sets (IFSs) [1]. These concepts enabled scientists 

to model vague and uncertain situations, occurred in 

many practical problems. However, because of more 

information which is carried out by the IFSs than FSs, 

recently, many authors have been interested to apply 

them in different contexts. IFSs are based on membership 

and non-membership degrees, but, in many real problems, 

these values are difficult to be expressed as crisp numbers. 

Instead, the range of them can be specified. In this case 

the concept of IFS generalized to Interval-Valued 

Intuitionistic Fuzzy Set (IVIFS) by Atanassov and 

Gargov [4]. More details on IFSs have been presented in 

[1-7]. 

Vague Sets, another concept for the analysis of 

vague/uncertain situations, proposed in 1992 by Gau and 

Buchrer [14]. Bustince and Burillo [10] showed that 

vague sets are IFSs. Xu [38] used this homology and 

developed some intuitionistic fuzzy aggregation operators 

for aggregating intuitionistic fuzzy information and 

established various properties of these operators. In [37], 

there exist more details on aggregation of IFS and IVIFS 

information which, were presented by Xu and Cai. Liu 

and Yuan [20] introduced another type of IFS called 

triangular IFS (TIFS) where, membership and non-

membership degrees are triangular fuzzy numbers in [0, 

1]. Beg and Rashid [9] introduced the concept of 

Trapezoidal-valued Intuitionistic Fuzzy Set (TrIFS), 

where membership and non-membership degrees are 

trapezoidal fuzzy numbers in [0, 1]. 

Qiang and Zhong [27, 28] proposed another type of 

Trapezoidal Intuitionistic Fuzzy Numbers (TrIFNs), are 

defined with real parameters, membership and non-

membership degrees. They proposed some aggregation 

operators on TrIFNs and apply them in solving multi 

criteria decision making problems. Parvathi and Malathi 

[25] defined arithmetic operations on symmetric TrIFNs. 

Solving of Multi Attribute Decision Making (MADM) 

problems is one of the most practical applications of IFNs 

that, apply the defined arithmetic operations on IFNs or 

their ranking methods [8, 9, 11-13, 15-18, 21-23, 26-36, 

40, 42, 46]. For example, Sagaya and Henry [29], 

proposed a new method for ranking intuitionistic fuzzy 

numbers based on the circumcenter of centroids of 

membership function and nonmembership function of 

intuitionistic fuzzy numbers. To compute the 

circumcenter of a trapezoidal intuitionistic fuzzy number, 

first the trapezoids of membership function and 

nonmembership function are divided into three regions, a 

triangle, a rectangle and a triangle respectively. Then the 

centroids of three figures of membership function and 

nonmembership function are calculated followed by the 

calculation of the circumcenter of these centroids. Finally 

ranking functions of membership function and 

nonmembership function of intuitionistic fuzzy number 

are defined which, are the Euclidean distances between 
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the circumceter point and the original point respectively 

to rank intuitionistic fuzzy numbers. In this paper, 

because of the importance of membership and non-

membership degrees of IFNs, we proposed a new method 

to determine them with respect to the obtained IFN from 

arithmetic operations, also, a new method for ranking of 

IFNs is proposed. 

The rest of the article is organized as follows: In 

Section two, needful preliminaries, such as fuzzy sets and 

fuzzy numbers, IFSs and IFNs, arithmetic operations on 

IFNs and some existing method for ranking of IFNs are 

presented. We proposed a new method for arithmetic 

operations on IFNs which is caused to membership and 

non-membership degrees obtained in a real manner in 

Section three. A new method for ranking of IFNs is 

proposed in Section four. Numerical examples are given 

in Section five. Conclusions and recommendations are 

presented in Section six. 

 

II.  DEFINITIONS AND PRELIMINARIES 

In this section, some basic concepts and definitions are 

introduced, which will be used in the sequent sections. 

Some real problems have uncertain or vague information. 

In these cases, Fuzzy Sets Theory, which has been 

introduced by Zadeh [45] in 1965, is very helpful. 

Atanassov [6] generalized FSs to IFSs, which carry out 

more information about uncertain situations. 

Definition 2.1 

Let X is the universal set: 

 

i) A set    , | 
A

m xA x x X  is called a fuzzy set 

of  X  where,     
A

m Xx     is membership 

function that, for all x X ; ( )
A

m x  expresses the 

degree of membership of element x  in A . 

ii) A set    , ( ) |,
A A

A x m n x Xx x   is called IFS 

of X where, ( ), ( )
A A

m x n x  are membership function 

and non-membership function, respectively, so that: 

0 ( 1, .( ) )
A A

m x n x x X      

 

For each IFS in X, ( ) 1 ( ) ( )
A A A

x m x n x     for all 

x X is called intuitionistic fuzzy index or hesitation 

degree of  x  in A . It is obvious that 0 ( ) 1
A

x  . Fig. 

1 shows geometrical interpretation of IFS and FS [31]. 

We can imagine a unit cube with three edges given by 

these parameters, as 3( , , ) [0,1]m n   . Because of the 

condition 1,m n     the values of the parameters 

characterizing an intuitionistic fuzzy set can belong to the 

triangle ABD  only. Each x X is mapped on  in the 

triangle ABD . If   0  , we have 1m n  that, in Fig. 1 

this condition fulfilled in segment AB . Then AB  viewed 

to represent a described FS  by two parameters; ,m n . 

The triangle ABC  is orthogonal projection of the 

triangle ABD gives a representation of an intuitionistic 

fuzzy set on the plane where, the interior of triangle 

ABC is the area with 0.   The orthogonal projection 

of segment AB  on the axis m  (in [0,1] ) gives a fuzzy 

set represented by only one parameter . 

 

 

Fig.1. Geometrical Interpretation of IFSs and FS 

Definition 2.2 

[3] Suppose that A  and B  be two IFSs with 

membership functions ( )
A

m x  and ( )
B

m x , non-

membership functions ( )
A

n x  and ( )
B

n x  respectively, 

then:  

 

1)        : ( ) ( ) ( ) ( );      
B BA A

A B x X m nx m x n x x  

2)        : ( ) ( ) ( ) ( );      
B BA A

A B x X m nx m x n x x  

3)    ' , ( ), | ; 
A A

A x n x m x Xx  

4) 

 

{( ,min( ( ), ( )),

max ( ), ( ) | };

 



BA

BA

A B x m x m x

n x n x x X
 

5) 
 

 

{( ,max ( ), ( ) ),

min ( ), ( ) | };

 



BA

BA

A B x m x m x

n x n x x X
                (1) 

6) 
( ) ( ) ( ). ( )

( ). ( ))

{( , ,

 | };

  



B BA A

BA

A B x m m m m

n n

x x

x xx X

x x
 

7) 
( ). ( ) ( ) ( )

( ) ( )

. {( , ,

. ) | };






B BA A

BA

x x x x

x x

A B x m m n n

n n x X
 

8) 
{( ,1 (1 ( )) , ( ( ))

}, 0;

) |  

 

A A
A x m x n x

x X

 


 

9) 
{( , ( ( )) ,1 (1 ( ))

},

) |

0.

  

 

A A
A x m x n x

x X
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An IFS such as A  on universal set X  is called 

intuitionistic normal if there exist 
0x X and 

1x X such 

that 
0)( 1

A
m x   and 

1 1)(
A

xn  . 

In the above definition, membership and non-

membership values are crisp but, in many real problems it 

is impossible to determine them exactly. Atanassov and 

Gargov [4] introduced the IVIFS, when the range of 

membership and non-membership degrees can be 

determined. 

Definition 2.3 

[4] An IVIFS A  over X is defined as an object of the 

form {( , ( ), ( )) | }
A A

A x m x n x x X   where, 

( ) [ ( ) , ( ) [0 ]] ,1l u

A A A
m x m x m x   and 

( ) [ ( ) , ( ) [0 ]] ,1l u

A A A
x x n xn n   are intervals, and for 

all  : ( ) ( ) 1.u u

A A
x X m x n x    

Let { ,[ , ,] , | }][l u l uA x a a b b x X     and 

{ ,[ , ,] , | }][l u l uB x c c d d x X     be two IVIFSs 

which are defined on universal , then ([4, 38]): 

 

1) ' { ,[ , , , | };] [ ]   l u l uA x b b a a x X  

2) 
{ ,[min{ , ,min{ , ], max

{

} } [

} {, ,max , | };}]

  

 

l l u u

l l u u

A B x a c a c

b d b d x X
 

3)  }, },[max{ , max{ , ], min{ , ,m[ } in ,{ |}]l l u u l l u uA B x a c a c b d b d x X    

4) 
{ ,[ . , . ,

[ . , . |

]

] };

      

 

l l l l u u u u

l l u u

A B x a c a c a c a c

b d b d x X
        (2) 

5) 
. { ,[ . , . ,[ . ,

|

]

. };]

 





 

 l l u u l l l l

u u u u

A B x a c a c b d b d

b d b d x X
 

6) 
) ){ ,[1 (1 ,1 (1

,( | }, 0;

],

( ) )

     

  

l u

l u

A x a a

b b x X

 

 




 

7) 
{ ,[( , ( 1 1 ,

1 (1

) ) ],[

| }, 0.

( )

) ]

   

    

l u l

u

A x a a b

b x X

   

 
 

 

Finally, normal and convex IFS  on  with upper 

semi-continuous membership function and lower semi-

continuous non-membership function called Intuitionistic 

Fuzzy Number (IFN). 

There are two types of IFNs. The first type contains the 

IFNs that are expressed, only, by the membership and 

non-membership degrees are interpreted as satisfaction 

and non-satisfaction degrees, respectively. These 

quantities may are crisp or uncertain, which will be 

discussed in detail. The latter, in addition to membership 

and non-membership degrees, are interpreted as the 

maximum of satisfaction and the minimum of non-

satisfaction degrees respectively, including fuzzy 

numbers. 

 

A.  The first type representation of IFNs 

Based on Vague Sets concept [14], which are 

characterized by a truth-membership function and a 

false-membership function  and its similarity to IFS, 

have been shown by Bustince and Burillo [10], Xu [38] 

defined  as an IFN or an intuitionistic fuzzy 

value (IFV), where  and  such that 

   It is obvious that in this form, (1,0) is the 

largest IFN and (0,1) is the smallest one. Voting can be a 

good example of such a situation as the human voters 

may be divided into three groups: vote for, vote against 

and abstain or giving invalid votes [31]. For instance let 

 the physical interpretation of such numbers 

can be expressed as " the vote for the resolution is 6 in 

favor, 1 against and 3 abstentions" [37]. 

Definition 2.4 

[37] Let ( ),
A A

A m n  and ( ),
B B

B m n  be IFNs. 

Then: 

 

1) 
' ( ;),

A A
A n m  

2) (min } { }{ , ,max ;), 
B BA A

A B m m n n  

3) (max } { }{ , ,min ;), 
B BA A

A B m m n n  

4) ( . , . ;)   
B B BA A A

A B m m m m n n                (3) 

5) . ( ;). , . 
B B BA A A

A B m m n n n n  

6) ( )1 (1 , , 0;?)   
A A

A m n    

7) ,1 (1 ,( ) ) 0.   
A A

A m n     

 

Intuitionistic fuzzy aggregation operators are 

developed by Xu, see [37], he also, introduced Interval-

Valued IFNs (IVIFNs) and developed aggregation 

operators on them [41]. 

Definition 2.5 

[41] an ordered pair such as ([ , ],[ , ])A a b c d  where, 

[ , ]a b  and [ , ]c d  are subinterval in [0,1]  such that 

1,b d  is called an IVIFN. In this form, ([1,1],[0,0]) is 

the largest IVIFN and ([0,0],[1,1])  is the smallest one.  

Some defined operational laws of IVIFNs are 

introduced as follows: 

 

Let ]([ , , ,[ ])l u l uA a a b b  and ]([ , , ,[ ])l u l uB dc c d  

be two IVIFNs, then ([34, 41]): 

 

1) 
' ( ][ , ,[ ]), ; l u l uA b b a a  

2) 
} }([min{ , ,min{ , ],

max{ , ,max} { } ;[ ), ]

  l l u u

l l u u

A B a c a c

b d b d
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3) 
} }([max{ , ,max{ , ],

min{ , ,min} { } ;[ ), ]

  l l u u

l l u u

A B a c a c

b d b d
 

4) 
]

[ ]

([ . , . ,

. , . );

     l l l l u u u u

l l u u

A B a c a c a c a c

b d b d
    (4) 

5) 
. ([ . , . , . ,[

);.

]

]

 

 

 l l u u l l l l

u u u u

A B a c a c b d b d

b d b d
 

6) 
( )([1 (1 ) ,1 1

( , ( , 0;

],

[ ) ) ])

    



l u

l u

A a a

b b

 

 




 

7) 
([( , ( ],[1 (1 )) )

)

,

1 (1 ]), 0.

  

  

l u l

u

A a a b

b

   

 
 

 

Liu and Yuan [20] displayed the membership and non-

membership degrees of an IFN by triangular fuzzy 

numbers in [0,1]  and introduced Triangular IFNs 

(TIFNs). Also, similarly to Liu's work, Beg and Rashid [9] 

and Ye [42] defined the trapezoidal IFNs (TrIFNs). 

Definition 2.6 

[20] A triangular intuitionistic fuzzy number that, its 

membership and non-membership degrees are triangular 

fuzzy numbers in [0, 1], displayed by 

[ , , ,] ][ , ,l u l ua a a b b b   where, , , , , , [0,1],l u l ua a a b b b  and 

1.u ua b   

Also, Liu and Yuan [20] presented some operations of 

two TIFNs.  

Let 
1 1 1 1 1 1][ , , , ] [ ,, l u l uA a a a b b b  and 

2 2 2 2 2 2][ , , , ] [ ,, l u l uB a a a b b b  be two TIFNs. 

Then [20]: 

 

1) 
1 2 1 2 1 1 1 1 1 2

1 2 1 2 1 2 1 2

[ . , . ,

. . ,], . , .[ ;]

       

 

l l l l u u

u u l l u u

A B a a a a a a a a a a

a a b b b b b b
 

2) 
1 2 1 1 1 2 1 2 1 2

1 2 1 2 1 2 1 2

. [ . , . ],, . .

, . .

[

, ] ;

 

   

 



l l u u l l l l

u u u u

A B a a a a a a b b b b

b b b b b b b b
 

3) 
1 1 1

1 1 2

) ) )

) )

[1 (1 ,1 (1 ,1 (1 ],

[( , ( , ( ] , 0;)

       

 

l u

l u

A a a a

b b b

  

  




         (5) 

4) 1 1 1 1

1 2

( , ( , ( ,[1 (1 ,1

(1 ,1 (1 , 0.

[ ) ) ) ] )

) ) ]

    

    

l u l

u

A a a a b

b b

    

  
 

 

Definition 2.7 

[42] A TrIFN which, its membership and non-

membership degrees are trapezoidal fuzzy numbers in 

[0,1]  displayed by  

 

 

Fig.2. General TrIFN & TIFN 

1 2 3 4 1 2 3 4][ , , , ,[ , , , ]A a a a a b b b b    where, 

1 2 3 4 1 2 3 4, , , , , , , [0,1]a a a a b b b b   and 
4 4 1.a b   

Some defined operational laws for two TrIFNs are as 

follows [9, 42]:  

Let 
11 12 13 14 11 12 13 14][ , , ], ,[ , , ,A a a a a b b b b    and 

21 22 23 24 21 22 23 24][ , , ], ,[ , , ,B a a a a b b b b    be two TrIFNs. 

Then: 

 

1) 

11 21 11 21 12 22 12 22

13 23 13 23 14 24 14 24

11 21 12 22 13 23 14 24

[ , ,

,

. , . , . , . ;

],

[ ]

      

 



 

A B a a a a a a a a

a a a a a a a a

b b b b b b b b

 

2) 

11 21 12 22 13 23 14 24

11 21 11 21 12 22 12 22

13 23 13 23 14 24 14 24

. [ , , ,

, ,

,

]

[

] ;

,

  

 



   

A B a a a a a a a a

b b b b b b b b

b b b b b b b b

             (6) 

3) 
11 12 13

14 11 12 13 14

[1 (1 ,1 (1 ,1 (1 ,

1

)

(1 , , , ,

) )

) ] [   0;, ]

       

   

A a a a

a b b b b

  

    




 

4) 

11 12 13 14 11

12 13

14

[ , , , 1 (1 ,

1 (1 ,1 (1 ,

1 (1 ,? 0

],[ )

)

) ] .

)

  

   

  





A a a a a b

b b

b

     

 

 

 

 

B.  The second type representation of IFNs 

Qiang and Zhong defined another type of IFNs [27]. In 

this type, IFNs are defined based on membership and 

non-membership functions, where, right basis function of 

membership function and left basis function of non-

membership function are continuous monotone 

decreasing functions, left basis functions of membership 

function and right basis functions of non-membership 

function are continuous monotone increasing functions. 

In the following, TIFNs, TrIFNs and some defined 

arithmetic operations on them are reviewed. Fig. 2 shows 

a general TrIFN and TIFN. 

Note: If for an IFN, ; 1,2,3,4,i ia b i  it is called 

canonical IFN. 

Definition 2.8 

[20] A TIFN such as  represented by 
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1 1 4 4( , , , , ; ,) a aA b a a b a b m n     where 
1 1 4 44 ;b a b a a b      

is a special case of IFN with membership function 
A

m  

and non-membership function 
A

n  which are defined as: 

 

1 4

1
1

1

4
4

4

0; ,

; ,

; ,

; ,

 



  


 


 

 


a

A

a

a

x a or x a

x a
m a x a

a a
m

m x a

a x
m a x a

a a

 

 

 

1 4

1

1

1

4

4

4

1; ,

; ,

; ,

; .

 


    
 

 


   
  



a

a

A

a

a

a

n

x b or x b

b x n x b
n b x b

b b
n

x b

x b n b x
n b x b

b b

 

 

Definition 2.9 

[20] A TrIFN such as  represented by 

1 1 2 2 3 3 4 4( , , , , , , , ; ,) a aA b a b a a b a b m n    where 

1 1 2 2 3 3 4 4        ;b a b a a b a b        is a special 

case of IFN with membership function 
A

m  and non-

membership function 
A

n  which are defined as: 

 

1 4

1
1 2

2 1

2 3

4
3 4

4 3

0; ,

; ,

; ,

; ,

 



  


 

 
 

 


a

A

a

a

x a or x a

x a
m a x a

a a
m

m a x a

a x
m a x a

a a

 

 

 

 

1 4

2 1

1 2

2 1

2 3

3 4

3 4

4 3

1; ,

; ,

;

;

,

.

 


    
 

 
 

   
  



a

a

A

a

a

a

x b or x b

b x n x b
n b x b

b b
n

b x b

x b n b x
n b x b

b b

n

 
 

In this paper, a TrIFN is displayed by 

1 2 3 4 1 2 3 4( ), , , ; , ( , , , );  a aA a a a a m b b b b n  and 

1 4 1 4)( , , ; , ( , , ; )a aA a a a m b b b n    displayed a TIFN. 

The arithmetic operations of this type of IFNs are defined 

similarly to the arithmetic operations of fuzzy numbers. 

As we will see, to compute membership and non-

membership degrees of resulted IFN from arithmetic 

operations, there exist three methods. The first method is 

presented by Qiang and Zhong [27] in 2009, the second, 

introduced by Nan et al. [21] and Li [18] in 2010, also, 

the latest one is presented by Wang et al. [34] in 2013. 

Definition 2.10 

[27] Suppose 
11 12 13 14 11 12 13 14( ), , , ; , , ;( ), ,  a aA a a a a m b b b b n  

and 
21 22 23 24 21 22 23 24( ), , , ; , ( , , ), ;  b bB a a a a m b b b b n  to be two 

TrIFNs, then: 

 

1) 

11 21 12 22 13 23 14

24 11

21 12 22 13 23 14

24

( , , ,

; ). , (

, , ,

; . ) ;

      

  

 





a b a b

a b

A B a a a a a a a

a m m m m b

b b b b b b

b n n

 

2) 

11 24 12 23 13 22 14

21 11

24 12 23 13 22 14

21

( , , ,

; ). , (

, , ,

; . ) ;

  

 



   



  

a b a b

a b

A B a a a a a a a

a m m m m b

b b b b b b

b n n

             (7) 

3) 

11 21 12 22 13 23 14 24

11 21 12 22 13 23 14 24

11 24 12 23 13 22 14 21

11 24 12 23 13 22 14 21

( . , . , . , . ; . ,

( . , . , . , . ;

. , 0, 0;

( . , . , . , . ; . ,

. ( . , . , . , . ;

. )

)

0,

)

)

,





   



 

   

a b

a

b a b

a b

a

b a b

a a a a a a a a m m

b b b b b b b b n

n n n A B

a a a a a a a a m m

A B b b b b b b b b n

n n n A B

14 24 13 23 12 22 11 21

14 21 13 22 12 23 11 24

,

0;

( . , . , . , . ; . ,

( . , . , . , . ;

. ) , 0, 0

)

;
















 

    

a b

a

b a b

a a a a a a a a m m

b b b b b b b b n

n n n A B

 

4) 11 12 13 14

11 12 13 14

( , , , ;1 ( ) )

( )

1 ,

, , , ; 0.;

   



a

a

A a a a a m

b b b b n





    

    
 

 

If A  and B be two TIFNs, it is sufficient to replace in 

the above formulas 
12 13 1a a a   and

12 13 1 b b b . 

The following definition shows how to compute 

membership and non-membership degrees of resulted 

IFNs from arithmetic operations (the second method): 

Definition 2.11 

[18, 21] Let 
11 1 14 11 1 14)( , , ; , ( , , ; )  a aA a a a m b b b n  and 

21 2 24 21 2 24)( , , ; , ( , , ; )  b bB a a a m b b b n  to be two TIFNs, 

then: 

 

1) 11 21 1 2 14 24

11 21 1 2 14 24

( , , ;min{ ,

( , , ;max

, })

, }{ ;

     

  

a b

a b

A B a a a a a a m m

b b b b b b n n
 

2) 11 24 1 3 14 21

11 24 12 23 13 22 14 21

( , , min{ ,

( , , , ; . )

; , })

;

   





  

a b

a b

A B a a a a a a m m
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3) 

11 21 12 22 13 23 14 24

11 21 12 22 13 23 14 24

11 24 12 23 13 22 14 21
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})

, }
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n n
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,
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;

)
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a b
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n n A B
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4) 

11 12 13 14

11 12 13 14

14 13 12 11
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( , , , ;1 (1
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,
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If A  and B  be two TrIFNs, the above definition can 

be generalized to obtain operational laws of TrIFNs: 

Suppose 
11 12 13 14 11 12 13 14( ), , , ; , , ;( ), ,  a aA a a a a m b b b b n  

and 21 22 23 24 21 22 23 24( ), , , ; , ( , , ), ;  b bB a a a a m b b b b n  to be 

two TrIFNs, then: 

 

1) 
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;min{ , ( ,
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,
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m
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4) 11 12 13 14

11 12 13 14

( , , , ;1 ( ) )

( )

1 ,

, , , ; 0.;

   



a

a

A a a a a m

b b b b n





    

    
 

 

Wang et al. [34], firstly, expressed the weaknesses of 

the previous approaches in determining of membership 

and non-membership degrees in arithmetic operations, 

then, they proposed a new method to compute them. 

Definition 2.12 

[34] Let 
11 1 14 11 1 14)( , , ; , , , );(a aA a a a m b b b n    and 

21 2 24 21 2 24)( , , ; , , , );(b bB a a a m b b b n    be TIFNs, let  

 

11 1 14 1 14

21 2 24 21 2 24

2 2
, ,

4 4

2 2
, ,

4 4

a a a b b b
A A

a a a b b b
B B

   
 

   
 





 

 

then: 

 

1) 
11 21 1 2 14 24

11 21 1 2 14 24

( , , ; ),

( , , ; ) ;
 

 


     




   



a b

a b

A m B m
A B a a a a a a

A B

A n B n
b b b b b b

A B

  (10) 

2) 
11 21 1 2 14 24

11 24 1 2 14 21

( , , ; ),

( , , ; ) .


     




   



a b

a b

A m B m
A B a a a a a a

A B

A m B m
b b b b b b

A B

 

 

Ranking of IFNs, is necessary in some practical 

application of IFNs, is discussed by many authors [13, 15, 

17, 18, 22, 26, 27, 29, 36, 46]. In the rest of this section, 

some of the existing ranking methods will be reviewed. 

Li [17, 18] proposed to use value and ambiguity 

indices. Let 
1 4 1 4), (( , , ; ), ; ,a aA a a a m b b b n   be a 

TIFN, then  

 

 

( , ) ( ) ( ( ) ( )),

( , ) ( ) ( ( ) ( )), 0,1 ,

  

   

V A V A V A V A

A A A A

  

  

 

  

 

A A A A
 

 

are value and ambiguity indices respectively where,  

 

 
   

 

 
   

 

0

1

,
2

,
2











a

a

m

n

L R
V A f d

L R
V A f d





 
 

 
 

                (11)

 

 

( )f   on [0, ]am  is nonnegative and non-decreasing 

function, satisfied in (0) 0f   and 

0

( ) .
am

af d m   Also, 



 Operations and Ranking Methods for Intuitionistic Fuzzy Numbers, a Review and New Methods 41 

Copyright © 2016 MECS                                                             I.J. Intelligent Systems and Applications, 2016, 1, 35-48 

nonnegative and non-increasing function ( )g   with 

conditions 
1

( ) 1 , 
a

a

n

g d n   (1) 0g   is defined on [ ,1]an . 

Now, if 
1 4( , ), ; ,a aA a a a m n    and 

1 4( , , ); ,b bB b b b m n    

be two arbitrary TIFNs, based on proposed method in 

[17], the TIFN which, its value index is greater will be 

better, else, if their value indices are equal, the greater 

one, has a small ambiguity index. If both value indices 

and ambiguity indices of these TIFNS are equal, then 

they are equal. 

Also, based on ambiguity and value indices, Li [18], 

proposed to obtain  

 

( , )
( , )

1 ( , )

V A
R A

A







 A
 

and 

 

( , )
( , )

1 ( , )




V B
R B

B




A
, 

 

then the bigger one has greater ratio. 

Qiang and Zhong [27] proposed accuracy function and 

score function with respect to TrIFN 

1 2 3 4( , , , ); ,a aA a a a a m n    as follows: 

( ( )) ) ( a aS A I A m n    is its score function, 

( ( )) ) ( a aH A I A m n   is its accuracy function and  

 

1 2 3 4 (( )
(

8

) 1
) a aa a a a m n

I A
     

  

 

is mean value of TrIFN .A  Then the number which, its 

score function is greater, has greater rank, otherwise, the 

greatest number has a greater accuracy function. If, both 

accuracy function and score function of two TrIFNs are 

equal, then, they are equal.  

Nayagam et al. [22] proposed a new method for 

ranking of interval-valued intuitionistic fuzzy sets. Let 

[ , ],[ , ]A a b c d   , be an interval-valued intuitionistic 

fuzzy number, a general accuracy function LG of an 

interval-valued intuitionistic fuzzy value, based on the 

unknown degree is defined as 

 

( )(1 ) (2 )
( ) ,

2

    


a b c d
LG A

 

          (12)

 

 

where, [0,1]   is a parameter depending on the 

individual intention. If 
1 1 1 1 1[ , ,[ ,] ]A a b c d    and 

2 2 2 2 2[ , ,[ ,] ]A a b c d    be two IVIFSs. For some values 

of   we have 
1 2) )( (LG A LG A , then 

1 2A A , and for 

some other values of   we have
1 2) )( (LG A LG A , 

then
1 2A A . 

Peng and Chen [26], in order to rank the canonical 

IFNs, proposed a new method based on the concepts of 

center index and radius index of canonical intuitionistic 

fuzzy numbers. According to this method, let  

[ , , , ; , , 1, , ,] 2 ,  i i i i i i iA a b c d m n i n  be arbitrary 

canonical intuitionistic fuzzy numbers. Then with respect 

to each number, first calculate center index 

 
2

2

2 2 ( 1)
( [

6 3

(1 (1 ( 1

)

]) ) ) ,

    
 

    

i i i i i i
CIF i

i i i i

a b c d m n
m A

n n m n

 

 

and radius index 

 
2

2

2 2 (
)

)

1)
( [

6 3

(1 (1 )( 1)].

     
 

    

i i i i i i
CIF i

i i i i

a b c d m n
m A

n n m n

  

 

Then, compute ranking index 

 

) )( ,
)

(
1 (

 


i CIF i

CIF i

r A m A
m A




          (13)

 

 

where,    reflects the degree of optimism of a decision 

maker. A larger value of  indicates a higher degree of 

optimism. Finally, the ranking of the n  canonical 

intuitionistic fuzzy numbers are according to non-

increasing order of ( 1 2, ,), , ir A i n . 

Sagaya [29] based on the circumcenter of centroids of 

membership function and non-membership function of 

intuitionistic fuzzy numbers proposed a ranking method 

for TrIFNs. In this method, one obtain circumcenters of 

centroids of membership function and non-membership 

function of TrIFN 
1 2 3 4 1 2 3 4)( , , , ; , ( , , , );  a aA a a a a m b b b b n  

as 
0 0( , )x y  and ' '

0 0( , )x y  respectively. Then, 

2 2

0 0( )r A x y   and ' 2 ' 2

0 0( )r A x y    are used in 

comparison process: 

Let A  and B  be TrIFNs then  A B  if we have 

) ( )(r A r B   or ) ( )(r A r B   & )( ( )r A r B    . If 

) ( )(r A r B  and ) ( )(r A r B  , then  A B .  

Recently, De and Das [13], similarly to Li's method, 

proposed another method to compare TrIFNs. For each 

TrIFN 
1 4( , ), ; ,a aA a a a m n    they obtain the value 

and ambiguity indices based on Li's method as  

 

( ) ) ( ) ( )1 1
( , ) , ( ,

2 2 2

(
)

2

 
 

V A V A A A
V A A

   A A
 A

 
 

and compute 1 1
( ) ( , ) ( , ).

2 2
R A V A A  A  Based on this 

method, the greater TrIFN has greater ( ).R A  
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Wang et al. [35] presented the correct centroid formula 

for fuzzy numbers and justify them from the viewpoint of 

analytical geometry: 

Definition 2.13 

Suppose 
1 2 3 4, , , ;( )A a a a a m  to be a TrFN. They 

computed the coordinates the center of gravity of the  as: 

 

3 4 1 2
0 1 2 3 4

3 4 1 2

3 2
0

3 4 1 2

 1
[ ],

3 (

 
[1

( ) )

3  ( )
].

()


    

  


 

  

a a a a
x a a a a

a a a a

a am
y

a a a a

     (14) 

 

Finally, the rank of fuzzy number  determined by: 

 

0 0( ) .R A x y . 

 

We will extend the above definition for IFNs and apply 

it for ranking of IFNs. 

 

III.  NEW METHODS FOR ARITHMETIC OPERATIONS ON 

IFNS AND RANKING OF THEM 

In this section we proposed new methods for arithmetic 

operation on IFNs and ranking of them. 

A.  A new method for arithmetic operation on IFNs 

It is believed that the IFNs carry out more information 

than the FNs. It is because of non-membership degree 

which is used in IFNs simultaneously with membership 

degree. Membership and non-membership degrees play 

basic roles in the analysis of resulting information from 

data processing. Therefore, obtaining right degrees are 

important issues in arithmetic operation processes. As we 

see before, there are many methods to compute these 

degrees. In some methods min and max operators [19] are 

used to determine these parameters and the other one 

used mathematical formulas to compute them [7, 27, 34]. 

But, using  and  operators caused to the other 

degrees don't participate in computing final degrees. In 

the proposed methods in [7, 27], let , 1,2, , , iA i n  

be IFNs which their membership and non-membership 

degrees displayed by ,
i iA A

m n , then  

 

1 1

1 (1 ), ,
 

    
i i

n n

A A A A
i i

m m n n  

 

are membership and non-membership degrees of 

1

n

i
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and  

 

1 1
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are membership and non-membership degrees of 

1

,?



n

i

i

A  

respectively. In this method, because of 

0 , 1
i iA A

m n   then 

 

1 1

1 (1 ) 1, 0
 

      
i i

n n

A A A A
i i

m m n n , 

 

while n increased, and it is a problem. For this reason, 

we use arithmetic and geometric mean operators to obtain 

membership and non-membership degrees of resulted 

IFNs from the arithmetic operations process on the IFNs 

which are introduced by Wang [27]. Based on our 

proposed method, the arithmetic operations on TrIFNs 

and TIFNs can be defined as follows: 

Definition 3.1 

Let 
11 12 13 14 11 12 13 14)( , , , ; , ( , ; ), ,  a aA a a a a m b b b b n  and 

21 22 23 24 21 22 23 24)( , , (, ; , , , , ; )  b bB a a a a m b b b b n  to be two 

TrIFNs, then: 

 

1) 

11 21 12 22 13 23 14

24 11 21 12

22 13 23 14 24

( , , ,

; ), ( , ?
2

, , ; . ) ;

      


 

  

a b

a b
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m m
a b b b
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4) 

11 12 13 14
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14 13 12 11
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The above definition, in a similar way, can also be 

updated to canonical TrIFNs. For any numbers of 

canonical TrIFNs, the definition 3.1 is extended as 

follows:  

Definition 3.2 

Let [ , , , ; , , 1,2, ,]  i i i i i i iA a b c d m n i n ; be canonical 

TrIFNs, be positive canonical TrIFNs, then 

 

1 1 1 1 1

[ , , , ; , ]
    

     
n n n n n

i i i i i

i i i i i
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and  
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                                                                                       (17)

 

 

are TrIFNs, where 
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The following theorem shows that the obtained 

membership and non-membership degrees are satisfied in 

intuitionistic fuzzy condition. 

Theorem 3.1 

Let [ , , , ; , , 1,2, ,]  i i i i i i iA a b c d m n i n ; be 

canonical TrIFNs, then membership and non-membership 

degrees of 

1

n

i i

i

A A


  and '

1

i

n

i

i

A A




  are satisfied in 

IFN's condition, where 0, 1,2, ,i i n    ; i.e.: 
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Proof 
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.
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  Based on the definition 

of IFNs, for all 1 :0 1i ii n m n      and we have: 
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in the other hand, we know that geometric averaging of 

numbers is less than their arithmetic averaging, hence: 
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and then from Eq. 18 and Eq. 19, we have: 
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B.  A new method for ranking of IFNs 

In this subsection we proposed a new method based on 

centroid points, to rank IFNs. 

In the Sagaya's method [29], let  A and B  be TrIFNs 

where  and  are centroid points of their 

membership functions, respectively. Let  

and  be the centroid points with respect to 

their non-membership functions, respectively. Then, this 

method expressed incorrect result  A B . 

In our proposed method, Wang's method is used to 

obtain the centroid points of membership function and 

non-membership function. If we assume that 

1 2 3 4 1 2 3 4)( , , , ; , ( , , ; ),a aA a a a a m b b b b n    be a TrIFN, 

we extend the Wang's method to determine circumcenter 

points of membership and non-membership functions. As 

we know in definition of TrIFN, membership and non-

membership functions are trapezoids. According to the 

Wang's method, the centroid point of membership 

function is obtained i.e. 
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Now, based on the Wang's method, we calculate the 

circumcenter point ' '

0 0( , )n nx y  of determined trapezoid 

by
1 2 3 4  , , ,( );1 ab b b b n . Then, the circumcenter point of the 

determined trapezoid by 
1 2 3 4( , , , ); ab b b b n  is obtained as: 
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      (21) 

 

Finally, in order to avoid some of the flaws in methods 

such as Euclidean distance or the product of the 

coordinates [44], we propose the following algorithm: 

According to the obtained centroid-points of TrIFNs 

A  and B  (4 points), we have eight parameters. In the 

proposed algorithm, the parameters of the memberships 

have direct effects in determining the rank of TrIFNs and 

non-membership's parameters has indirect effects on it. 

 

IV.  THE PROPOSED ALGORITHM 

We will describe two steps in our algorithm. 

Let 0 0,( )a aA x y and 
' '

0 0,( )a aA x y  be the centroid 

points of membership and non-membership functions of 

IFN A . Also, 0 0,( )b bB x y  and 
' '

0 0( , )b bB x y  are the 

centroid points of membership and non-membership 

functions of IFN .B  

 

Step 1 Choose the centroid points of membership 

functions i.e. 0 0 0 0( , ,? () :),a a b bA x y B x y
 

 

If 0 0a bx x  then  A B , 

else if 0 0a bx x  then A B , 

else if 0 0a bx x  and 0 0a by y  then ,A B  

else if 0 0a bx x  and 0 0a by y  then ,A B  

else if 0 0a bx x  and  0 0a by y  then 

go to step 2. 

 

Step 2 Choose the centroid points of non-membership 

functions i.e.
' ' ' '

0 0 0 0, ,?( ) ),a a b bA x y B x y  : 

If 
' '

0 0a bx x  then A B , 

else if 
' '

0 0a bx x   then A B , 

else if 
' '

0 0a bx x  and 
' '

0 0a by y  then ,A B  

else if 
' '

0 0a bx x  and 
' '

0 0a by y  then ,A B  

else if 
' '

0 0a bx x  and 
' '

0 0a by y  then A B . 

 

In the following theorem, some useful properties of the 

proposed algorithm are proved: 

Theorem 4.1 

Let ,A B  and C be three TrIFNs, then: 

 

i. A B If and  A B , then A B . 

ii. A B  imply that A C B C   . 

iii. If A B  and B C , then A C . 

 

Proof 

i. Assume that A B  and A B . If, in the proposed 

algorithm, there exists at least one equation that is 

satisfied as " " , then we have only A B  or 

A B  and it contradicts the assumptions. It means 

that
0 0 ,?a bx x  ' '

0 0 0 0,a b a by y x x   and ' '

0 0  a by y , 

finally .A B  

ii. Let A B  and C  be an arbitrary IFN. Based on 

the defined properties for fuzzy addition, 

A C and B C  are IFNs which, are obtained 

from the same shifting A  and B  by C . Then, 

ranking order of initial IFNs doesn't vary, 

i.e. A C B C   . 

iii. Assume that A B  and B C , we show that the 

case A ≮ C can't be satisfied. If A ≮ C  then 

A C  or A C . 

 

If A C , then C  has at least one parameter, 

i.e. '

0 0 0, ,c c cx y x  or '

0cy , that is worse than its 

corresponding in A  and finally, because of A B , it is 

worse than its corresponding in B , i.e. C B . It 

contradicts the assumption B C . 

In the other hand, if A C , then, based on the 

proposed algorithm, 
0 0a cx x

, 
' '

0 0 0 0, a c a cy y x x  

and ' '

0 0a cy y . Assumption A B  implies that A  (and 

then, based on the above equality, C ) has at least one 

parameter which is worse than its analog in B . It means 

that C B  and contradicts the assumption B C .
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Then, we have  A C . 

 

V.  NUMERICAL EXAMPLES 

In this section we compare the proposed method and 

the other ones. 

Example 1 

Let  

 

   2,3,4,5;0.2,0.7A , 

 1,1.5,2,2.5;0.2,0.6B , 

 0,0.5,1,1.5;0.1,0.8C , 

 1,3,5,7;0.1;0.7D , 

   1.5,2.5,3.5,4.5;0.3,0.6E , 

 

be TrIFNs. These numbers express that the satisfaction 

degrees are very low and non-satisfaction degrees are 

high. We expect that a similar interpretation is provided 

from each composition of them. Table 1 shows the 

combined results of the different methods and it is easy to 

compare them.
 

The second column in the Table 1 shows, as the 

number of contributed values in summation increased, the 

satisfaction degree (membership degree) is increased and 

dissatisfaction degree is decreased. 

If we multiply the above IFNs, we have Table 2. 

Based on Def. 2.10, in the second column of Table 2, 

as the number of IFNs are increased, satisfaction degree 

tends to 0 , while dissatisfaction degree tends to 1 . 

Therefore, answering to the question " What are the 

satisfaction and non-satisfaction degrees of obtained IFNs 

from         A B C D E     and  . . . .A B C D E  ?" by our 

proposed method is closer to reality. It is because of the 

closeness of the obtained degrees to initial degrees in 

both addition and multiplication. 

Example 2 

Let    0.3,0.2,0.1,0.25,0.15W   be the multiplication 

vector of the given numbers in the Exam. 2. Then, the 

total factor of them is obtained as in Table 3. 

Example 3 

Let  

 

  [7,8,9,10;0.1];[6.5,7.5,9.5,10;0.8] ,A  

[5,6,7,8;0.5];[4,5.5,7.5,9;0.3] ,B   

[4,5.5,7.5,9;0.3];[7.25,7.75,8.75,9;0.6] ,C   

[2,3,4,5;0.6];[1.5,2.5,4.5,5.5;0.2]D   

 

and 

 

  [5,6,7,8;0.4];[4.5,5.5,7.5,8;0.3]E  

 

be TrIFNs. Table 4 gives arithmetic operators on them 

based on some existing methods and the proposed 

method. 

Example 4 

Let  

 

1  [(3,5,5,7);0.6,0.4] ,A 

2  (3,5,5,7);0.5,0.3 ,A 

3   (5,7,9,10);0.5,0.3A   

 

and 

 

4   [(5,7,9,10);0.5,0.4]A  . 

 

Then: 

Table 1. The Sum Operator in IFNs 

Table 2. The Product Operator in IFNs 

Sum Definition 2.10 Proposed method 

A B   3,4.5,6,7.5;0.36,0.42    3,4.5,6,7.5;0.2,0.648   

A B C    3,5,7,9;0.424,0.336    3,5,7,9;0.166,0.695   

A B C D     4,8,12,16;0.4816,0.2352    4,8,12,16;0.15,0.696   

 A B C D E      5.5,10.5,15.5,20.5;0.63712,0.14112   5.5,10.5,15.5,20.5;0.18,0.676  

Product Definition 2.10 Proposed method 

.A B   2,4.5,8,12.5;0.04,0.88    2,4.5,8,12.5;0.2,0.65  

. .A B C   0,2.25,8,18.75;0.004,0.976   0,2.25,8,18.75;0.159,0.7  

. . .A B C D   0,6.75,40,131.25;0.0004,0.9928   0,6.75,40,131.25;0.1414,0.7  

. . . .A B C D E   0,16.875,140,590.625;0.00012,0.99712   0,16.875,140,590.625;0.164,0.68  



46 Operations and Ranking Methods for Intuitionistic Fuzzy Numbers, a Review and New Methods  

Copyright © 2016 MECS                                                             I.J. Intelligent Systems and Applications, 2016, 1, 35-48 

Table 3. The Sum Operator IFNs with Positive Coefficients 

Table 4. The Arithmetic Operators on TrIFNs 

Table 5. Ranking Order based on Li's Method 

 

1) Li's method [18] based on different values of 𝜆, 

gives different orders which are displayed in Table 5. 

2) De's method [13] gives: 

 

3 4 2 1       . A A A A    

 

3) Peng's method [26] for an optimistic decision maker 

( 1)   gives: 

 

4 3 1 2     . A A A A    

 

4) Our proposed method gives the following order: 

 

3 4 1 2       .A A A A    

 

Example 5 

 

Let 

 

 1  0.592,0.774,0.774,0.910 ;0.6,0.4A  ,

 2  0.769,0.903,0.903,1 ;0.4,0.5A   

 

and 

 

 3   0.653,0.849,0.849,0.956 ;0.5,0.2A 
 

 

be canonical IFNs. Based on the proposed method, we 

have 
2 3 1    A A A  . This ranking order is similar to Peng's 

method [26] for an optimistic decision maker  1 . 

 

VI.  CONCLUSIONS 

We know that the IFNs are expressed with membership 

and non-membership degrees. These characteristics will 

be changed during the arithmetic operations on IFNs. It is 

important that the changes are not far from reality. This 

significance is observed in our proposed method for 

arithmetic operations on IFNs. Moreover, ranking of 

IFNs is unavoidable in many practical applications of 

them. Although, some methods have been proposed for 

arranging IFNs, depending on the parameter and others, 

they do not report the correct order in special 

circumstances. We proposed to use center of gravity of 

membership and non-membership functions. It is help us 

to sort IFNs reality. In the future, we can apply proposed 

methods to solve practical problems such as MADM 

problems.

Weighted Sum Definition 2.10 Proposed method 

1 2 3 4 5 w A w B w C w D w E      1.28,2.5,3.48,4.58;0.18,0.63   1.28,2.5,3.48,4.58;0.18,0.67  

Sum Wang’s method Nan’s method Proposed method 

A B  [12,14,16,18;0.55],[10.5,13,17,19;0.24]  [ ;0.1],[ ;0.8]  [ ;0.3],[ ;0.49]  

A B C   [19.5,22,24.5,27;0.64],[17.75,20.75,25.75,28;0.144]  [ ;0.1],[ ;0.8]  [ ;0.267],[ ;0.524]  

A B C D    [21.5,25,29,32;0.856],[19.25,23.25,30.25,33.5;0.00288]  [ ;0.1],[ ;0.8]  [ ;0.35],[ ;0.412]  

A B C D E     [26.5,31,36,40;0.9136],[23.75,28.75,37.75,41.5.;0.00864]  [ ; 0.1],[ ; 0.8]  [ ;0.36],[ ;0.387]  

Product    

A.B  [35,48,63,80;0.05],[26,41.25,71.25,90;0.86]  [ ;0.5],[ ;0.3]  [ ;0.223],[ ;0.55]  

A.B.C  [262.5,384,535.5,720;0.01],[188.5,319.69,623.44,810;0.944]  [ ;0.5],[ ;0.3]  [ ;0.215],[ ;0.56]  

A.B.C.D  [525,1152,2142,3600;0.006],[282.75,799.225,2805.48,4455;0.9712]  [ ;0.6],[ ;0.2]  [ ;0.495],[ ;0.475]  

   1
R A   2

R A   3
R A   4

R A  Ranking 

0.2  1.67  1.44  2.01  2.05  
4 3 1 2
      A A A A    

0.4  1.67  1.59  2.22  2.16  3 4 1 2
      A A A A    

0.6  1.67  1.75  2.45  2.28  
3 4 2 1
      A A A A    

0.8  1.67  1.92  2.69  2.4  
3 4 2 1
      A A A A    

1  1.67  2.1  2.94  2.52  
3 4 2 1
      A A A A    
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