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Abstract—Fuzzy set theory was introduced by L.A.
Zadeh in 1965. Immediately, it has many applications
in practice and in building databases, one of which is
the construction of a fuzzy relational database based on
similar relationship. The study of cases of fuzzy
relations in different environments will help us
understand its applications. In this paper, the rough
fuzzy relation on Cartesian product of two universe sets
is defined, and then the algebraic properties of them,
such as the max, min, and composition of two rough
fuzzy relations are examined. Finally, reflexive, o-
reflexive, symmetric and transitive rough fuzzy
relations on two universe sets are also defined.

Index Terms— Rough Fuzzy Sets, Rough Fuzzy
Relations, Similarity Relations

I. Introduction

Rough set theory [1] proposed by Pawlak in about
1980s, is used to handle the redundancies, uncertainties
and incorrectness in data mining, as design databases [2]
or information systems [3]. This theory has been well
developed in both theories and applications. Along with
the study of the individual properties of rough set
theory, the rough set theory in combination with fuzzy
set theory [4] also gains great interest of researchers
and becomes a useful tool in exploring the feature
selection, the clustering, the control problem, etc. The
combination of fuzzy sets and rough sets lead to two
concepts [5]: rough fuzzy sets and fuzzy rough sets.
Rough fuzzy sets [3, 5, 6, 7] are the fuzzy sets
approximated in the crisp approximation spaces and
fuzzy rough sets [5] are the crisp sets approximated in
the fuzzy approximation spaces. As the construction of
fuzzy relations in fuzzy set theory, rough fuzzy
relationships building on rough fuzzy set theory has
important implications for both theories and
applications. In [8], S. Lan has built the fuzzy rough
relations on Boolean algebra. By 2011, the authors T. K.
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Samanta and B. Sarkar have built the fuzzy rough
relations on a given universe set [9]. In this paper, the
above results are extended to define the rough fuzzy
relations on the Cartesian product of two universe sets,
and subsequently their properties are examined.

The remaining parts of this paper is organized as
following: In section II, rough fuzzy sets are re-
introduced. After studying the rough fuzzy relation and
its properties in section 111, composition of two rough
fuzzy relation and inverse rough fuzzy relation are
presented in section IV and section V, respectively.
Last but not least, in section VI, the reflexive,
symmetric, transitive rough fuzzy relations are studied.
Finally, section VII proposes the similarity rough fuzzy
relation.

Il. Rough Fuzzy Sets

Let 7 be a non-empty set of objects, R is an
equivalent relation on U7. Then the space (U, R) is
called an approximation space. Let X be a fuzzy set on
U. We define the lower approximation set and upper
approximation of X, respectively

apip(X) = {x € U: [x]; © X} where

Haprg(x) = infoep{ix(y): ¥ € [x]g),

apr(X) = {x € U: [x]g N X = 0} where
Hapro(x) = SUPyerltix(¥): ¥ € [x]g),
Boundary of X, BND(X) = apr,(X) — apry (X).

The fuzzy set X is called a rough fuzzy set if
BND(X) # 0.
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50 Rough Fuzzy Relation on Two Universal Sets

The Cartesian product of two rough fuzzy sets X and
¥ is

XxY={(x,yv):x€eUyeV)
where

Py () = minfug (), uy (v)}

I1l. Rough Fuzzy Relation and Its Properties

In this section, we suppose that I7, ¥ are two non-
empty universal sets and R; Ry, are equivalent relations
on U,V respectively. Then R=R; xR, is a
equivalent relation on I x ¥ where

[(w.v)]e = {(xy) EUXV:x € [ulp, y€[vg, }

Definition 3.1. Let X, ¥ be the rough fuzzy sets on
U, V, respectively. We call R c U x V' is a rough fuzzy
relation on U x ¥V based on the X x ¥ if it satisfy

(RFi) pugx(xy) =1, for all (x,¥) €X xY where
X XY = apry, (X) X apry, (V).

(RFii) ug(xy) =0, forall (x,y) EUXV-XxY
where X x ¥ =a_erU (X) xa_erV (¥).

(RFiii) 0 < uy(x,y) <1, for all (x,y) EX x¥ —
AxY.

Note that:

The conditions (RFi), (RFiii) show that X x ¥ is a
rough fuzzy seton U x V.

Likewise, the representation of fuzzy relation [10],
the rough fuzzy relation can be represented by the
graphs, relational tables, matrices.

Definition 3.2. Let R is a rough fuzzy relation on
U xV based on the X x¥ . For any real numbers
A € [0,1], Ry is called A — cut of relation & and it was
defined following way:

Rixv)=1=2Rxyv=Ai
Rx,y)=0SR(x,y) <41

Example 3.1. Let U= {1,2,3,4},V = {6,7,89,10)
be two universal sets and Ry = {(x,y):xRyy if
x =y (mod2)}, Ry = {(z,t): zRyt if z =t (mod3)]}

are equivalent relations on U,V respectively.

y=1403,1, 08 , y 24,05, 1,08, 2
1 2 3 4 & 7 2 e 10
are rough fuzzy sets on U,V respectively.
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1 0.5 1 0.5 0.4 0.2 1 0.4 0.5
aprp, (N =1+F 43+ apr, ="+ Z+5+T+ 0
— 1. 08 1 08 -
and apr X)=-4+—+-+ , aor V) =
0.2 1vaioi Lot pRV()
—+ -+ -+ —+ —. Here we can define a rough
B T a 9 10

fuzzy relation R by a matrix:

0 05 1 0 06
_10 0o 0o o0 O
M(R) = 0 05 1 0 04
o 0 o0 0 0
and
0 11 01
_ |00 0 0 0
Ros = 0 11 00
0 0 0 0 0

We can see that A — cut of rough fuzzy relation R is
a crisp relation.

Now we consider some properties of rough fuzzy
relations.

Proposition 3.1. Let R ,,® , be two rough fuzzy
relations on U/ x V based on X x¥. Then R ; A R,
where  pg s, () = minfas, (6 y).um, (57))
for all (x,v) € Ux V, is a rough fuzzy set on U x V
based onthe X x Y.

Proof.
We show that R ; A R , satisfy definition 3.1.

(RFi). Since pg (x,y) =pg, (x,y)=1 for all
(x,y) EXxVthen uy ,q, (xy)=

min{p,,;,; . (x, v), tiy , (x, y)} =1 for all
(x,y) EX XV,

(RFii). Since ug (xy) =pg (x,y)=0 for all
(x,¥) € UxXxV—-XxY then
s am, (6y) = =min{ug_(x,y),pn_(xy)}=0
forall (x,y) E UxV —X xY.

(RFiii): Since 0 < py (%, ¥),ug  (xy) <1 for all
(x,y) EXXY —X xVthen 0 <py ,u, (xy)=

min{p,,;,; . (x, v), tiy , (x, y)} <1 for all
(x,V) EXxY—Xx¥.O

Proposition 3.2. Let R ;,% , be two rough fuzzy
relations on U x V based on X x¥. Then R, v R,
where  ug, 3, (%) = max{us, (%), 1, (.30}
for all (x,y) € U x V, is a rough fuzzy seton on U x V
based onthe X x ¥.
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Proof.

We show that R ; v R , satisfy definition 3.1.

(RFi). Since pg (x,y) =px, (x,y)=1 for all
(xy) eXxVthen py yu,(xy)=

max{_ug; ) (x, ), iy . (x, y}} =1 for all
(x,v) EX xV.

(RFii). Since pg (x,y) =px, (x,y) =0 for all
(xy) E UxV—-XxY then
ts vn, (6 y) = =max{ug (x,3),u5, (x)}=0
forall (x,y) E UxV —X x Y.

(RFiii): Since 0 < py  (x,¥),ux , (x,y) < 1 for all
(xy) EX XY —X xVthen 0 < uy 5, (xy) =

max{ iy Jxy)ug, (x V<1 for all
(v, V) EX XV —XxV.O

Lemma3.1. If 0 < a,b < 1 then
i) 0 <ab-=1 (obvious)

i0<a+b—ab<1

Indeed, since O<ab=<1 then
a+b =2y/ab > 2ab = ab =0, therefore
a+b—ab>0 . On the other hand
1—(a+b—ab)=(1—a)(1-b) =0 then
a+b—ab=<1.

The following properties of rough fuzzy relations are
obtained by using these algebraic results:

Proposition 3.3. Let ® ;,R , be two rough fuzzy
relations on U x v based on X xY. Then R ; & R,
where pug g w, (6¥) =pg, (x.¥).u5, (xy) for all
(x,y) € Ux V, is a rough fuzzy set on on U x V based
onthe X x¥.

Proof.

The relation R ; @ R , is satisfied definition 3.1.
Indeed:

(RFi). Since ug (xy) =ug (xy)=1 for all
(xy)eXxVthen uy gx, (Ly)=

Hy, (y).ug (xy) =1forall (x,y) EX xV.

(RFii). Since pg (x,¥) =pug (x,y)=0 for all
(x,y¥) E UxV—-XxY then
by, g n, 0Y)=px (6y).un, (xy) =0 for all
(x,y) E UXV -XxY.
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(RFiii): Since 0 < py (%, ¥),ug  (xy) <1 for all
(x,y) EX XY — X xY then
O<py, gu,xy)=pg, (y)ug, (xy)=1 for
all (x,y) EX XY — X x¥ (Lemma3.1i)). O

Proposition 3.4. Let B, , be two rough fuzzy
relations on U/ x V based on X x¥. Then R, & R,
where
by, o n, 0y)=ux, (6y) +ug, (6y) —

s, (463 1z, (4.7)
for all (x,y) € Ux V, is a rough fuzzy set on U x V
based onthe X x ¥.

Proof.
We show that R ; €@ R , satisfy definition 3.1.

(RFi). Since pug, (x,v) = b, (x,y)=1 for all
(57) EXXY then gy, gz, (x)) =

by, 6y) + px, (6y) —px, (Ly)ug, (xy) =1
forall (x,y) EX xY.

(RFii). Since ug (x,y) =pg (x,y)=0 for all
(x,v) E UxV-XxY then
by, n, (6Y) =un (6y)+ug, (6y) —
un, ), ) =0
forall (x,y) E UxV —X xY.

(RFiii): Since 0 < py (%, ¥),ug  (xy) <1 for all
(x,y) EXxY— XxY then
0<pun,gun,(y)=ug, (y)+puy, (xy) -

g, (y)-pg, (6y) <1
forall (x,¥) EX x¥Y — X x¥ (Lemma3.1ii)). O

IV. Composition of Two Rough Fuzzy Relations

Let U, V,W be the universal sets. R ,,H , are two
rough fuzzy relations on U xV,V x W based on
X xY,Y x Z, respectively.

Definition 4.1. Composition of two rough fuzzy
relations R ;R , denote ;K ; = R, which defined on
UJ x W based on X x Z where

Uz .3, (x,2) = max,ey(minfuy (x,y), 4, (v,2)]}
forall (x,z) E U x W.

Proposition 4.1. R ; = &, is a rough fuzzy relation
Ron U x W basedon X x Z.

Proof.
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(RFi) Since R ,,® , are two rough fuzzy relations
on U x V,V x W based on X x¥,¥ x Z, respectively.
Then ug  (y).ux,(r.2) =1 for all (x,y) EX XV
and (y,z) € ¥ x Z. We denote ¥ = aprg,, (¥) and we
have

Hst o5, (%.2)

= Maxyey{Ming ;e pez[un, (6 y). ux, ,2)1}

= maXyey {min(mz}%[”?ii (x:J’):ngaE{J’,Z)]}

v maxuev_g{min(x,z)e@[#m . (x,v), uy 2 (v, 2)1}
= 1
V max,cy y{Ming e pxzliin (%, v), uy . (v,2)]}
=1forall (x,z2) EX x Z.

(RFii) Note that py (x,¥),ug  (y,2) =0 for all
(x,y) EUxV—-XxYand (y.z) EVW-YxZ

We consider pg .q, (x,2)

= maxyev{mi“(x,z)ez.rxw—m[#ﬂ s (x, ), g . (¥.2)]}

For all (xz)EUXW-—XXZ , it exists
x € apr(X) so (xv) EUXV-XxY and
ug (x,v) =0 for all vev . Similarly, it exists
z@ apr(Z) so (17 EVXW-YxZ and
py,(v,z)=0forallvev.

Hence min g, exxzlpn, (x, V), un, (v.2)] =0 for
all (x,z)EUXW—-XxZ and veV. So that
Hy,em, (x,2)

= MaXyey{Min, oy wzlin, (6Y). ux, 0.2)]}

=0forall (x,z) EUXxW —X xZ.
(RFiii) We must proof

0 < max,,{min[uy NEAURTS y.2)]}=1 for
all (,z2) EXXZ—-XxZ.

Since (x,z) & X xZ then at least existing
x € X =aprp, (X) or z&Z=apr,(Z) so that
min[pg (x,¥), tx, (3,2)] <1 for all yey. On
the other hand, i, (x,v) = pig (v,2) = 0 for all
(c,z)EUXW—-XxXZ and vEV then we have
0 < {min[ug NEADNT NG 2)|}<1 for all
(x,z) EXxZ—XxZ. and y€ Y. Hence, we have

0= 1'7ru;tx“._.e,;{min[_u,gi X (x, ), 13 . (v, z)]} =1 or
0< pg .z, (xz)<1forall(x,2) EXXZ—X xZ.
O -

Proposition 4.2. Let U,V,W,W' be the universe
sets. ®,,R,, Ry are rough fuzzy relations on
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UxV,VxWWxW based on X xV,VxZ,Zx27,
respectively. Then ( R,°H, ) ooRy=
Rie(Rz°Ry)

Proof.

Forallx e U,y € V,z € W,t € W' we have
HR o ,08 )X t)

= maxyey (minfus, (6, x5, (3 O1)

maxyey {minfug  (x,y),max,ey{minfug_ (,2),

us, (2O

maxzey{min{max,ey{minfus  (x,y).u5 , 00.2)],
ts, (z. 013
= max ey {minfugy i z{x, V), U . (.0
= U@, ,%, 0.0

We note that ®, e R, #+ R, o R, because the
composition of two rough fuzzy relations
* 1, | ;exists but the composition of two rough fuzzy
relations $R 5, , does not exist necessarily.

V. Inverse Rough Fuzzy Relation

Let X and ¥ be the two rough fuzzy sets on U7 and V,
respectively. SR c U x ¥ is a rough fuzzy relation on
U xVbased on X x¥. Then we defineR1cvxU
is a rough fuzzy relation on ¥ x U/ based on ¥ x X as
following:

px-2(v.x) = pg(x,y) forall (y,x) e Vx U.

Definition 5.1. The relation 81 is called the inverse
rough fuzzy relation of H.

Proposition 5.1.
HDE =R

ii) Let R,,R, be two rough fuzzy relations on
UxV,VxW based on X x¥,¥ x Z, respectively.
Then (R, °R,) =R, e R,

Proof.

) pmy-1(x%y) = py-1(y.x) = pg(xy) =1, for
all (x,y) EX xY

pm—ij—i{x,y} = pg-1(v,x) = ux(x,y) =0, for all
(x, V) EUXV—-XxY

1.J. Intelligent Systems and Applications, 2014, 04, 49-55



Rough Fuzzy Relation on Two Universal Sets 53

0 < pg2y-2(x,¥) = pg21(y,x) = pgx(x,y) <1 for
all (x,y) EXXxY—XxV.

It means (R~1)"! = R.

i) Forall x € U,y € V,z € W we have
H,o® (z.x) = Hx %, (x,2)

= maxyep{min[p,;ﬁ NEAURTS (v,2)]}

= max,cy{minfug NERYNTN (r.2)]}

= maxyey {min [_u,:,i 7 (z.y). g = (v, X)H

T2y

Thatmeans (R, = R,)1=R, e R, .o

In the same way, the representation of fuzzy relation,
we can represent the rough fuzzy relation % by using
matrix M (). So that, the inverse rough fuzzy relation
R-1 of rough fuzzy relation % by using
matrix M(R)?, it is the transposition of the matrix
M(R).

Example 5.1. Let U = {1,2,3,4},V = {6,7,89,10)
be two universal sets and Ry; = {(x,v): xRy if only if
x =y (mod2)}, Ry = {(z,t): 2Ryt if z =1t (mod3))

are equivalent relations on U,V respectively.
1 0.5 1 0.8 0.4 0.5 1 0.8 1
X=-"+—+-+—,¥Y="+—+-+—+—
1 2 3 4 & 7 8 9 10

are rough fuzzy sets on UV, respectively.

1,05, 1,05 _ 04,05 1 0.4 , 0.5
ﬂRUJ[X)—IJFT‘i‘g"‘T! ﬂnﬂ’ (Y}— 6 + 7 +3+ g +10

_ 1,08,1,08 — _
and apry (X)) = Tttt apty, (V) =
0.8 1 1 0.8 1 "
—+-+—-+—+ —. Here we can define a rough
6 7 2 e 10

fuzzy relation § as following:

05 1 0 06

0
_l10o o o0 0 o
M(R) = 0 05 1 0 04

0 0 0 0 O

Then ®~1is an inverse rough fuzzy relation of R, it
is represented by using matrix

0 0 0 O
05 0 05 0
MBEHD=M@®R) =1 0 1 0
0 0 0 O
6 0 04 0

VI. The Reflexive, Symmetric, Transitive Rough
Fuzzy Relation

In this section, we consider some properties of rough
fuzzy relation on a set, such as reflexive, symmetric,
transitive properties.
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Let (I/, R) be a crisp approximation space and X is a
rough fuzzy set on (17, R). We consider rough fuzzy
relation in  definition 3.1 in the case
U=V,Ry; =Ry =R,and X = V. From here onwards,
the rough fuzzy relation %W is called rough fuzzy
relation on (U7, R) based on the rough fuzzy set X.

Definition 6.1. The rough fuzzy relation R is said to
be reflexive rough fuzzy relation if pg (x, x) = 1 for all
(,x)EU XU, uy(x) > 0.

Proposition 6.1. Let % ,,% , be two rough fuzzy
relation on U based X. If ®,,R , are the reflexive
rough fuzzy relations then R,iAR,,
RivA, R, @R, R,BR,, R4 2 R, also.

Proof.

If 3R {,H , are the reflexive rough fuzzy relations
then pg  (x,x), pun, (x,x) =1 for all (x,x) EU XU,
py(x) = 0. We have

ts ax, (6x) = min{py  (6x),u5_ ()} =1
for all (x,x)EU XU, puy(x)>0and R; AR, is
reflexive rough fuzzy relation.

s yw, (6x) = max{py (xx),u5_(xx)}=1
for all (xx)eEUxU, uy(x)>=0 and
R, v R ,reflexive rough fuzzy relation.

bR, @R, (x,x)= b, [x,x).,u,ggz (x,x) =1 for all
(x,x) EUx U, pg(x)=0and R, ® R, reflexive
rough fuzzy relation.

Hx 1B R, (xrx) = .‘u’?ﬂl (x,x) + [ 2 (X,X} -

Hy 1 (X,X).ﬂggz (X,X} =1
for all (xx)eEUxU, uy(x)>=0 and
R, & R, reflexive rough fuzzy relation.

by 1R, (x,x) =

maxyep{minfug (x,1), 15 (v,0]} =1
for al (xx)EUxU, Ug(x) =0 and
R 4 ° R, reflexive rough fuzzy relation. O

Definition 6.2. The rough fuzzy relation % is said to
be o-reflexive rough fuzzy relation where
o= MiNp . cp % if ug (x;,v)=cc; for all
(x,v)EU x U, v € [x;]z and uy(x) = 0.

Proposition 6.2. Let % ,,% , be two rough fuzzy
relation on U based X. If R ,,R , are the a-reflexive
rough fuzzy relationsthen R y A R ,, R 4 v R ,also.

Proof.

IfR ,,R , are the a-reflexive rough fuzzy relations
then uy, (xpy) = pgm, (2, y) = where
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54 Rough Fuzzy Relation on Two Universal Sets

o= My ey % i py, (6y) = uy, (.y) =
for all (x,v) EU x U, y € [x;]p and uy(x) > 0. We

have
Hx am, () = minfug (6, 1), g, (4, 3)} =

where ®= MMy cv S if
ug , (opy) = ps, () = for all (x,y) €U x U,
VE|[x]g and puy(x)=0 for al (x,x)EUxU,
pg(x) >0 and R, A R, a-reflexive rough fuzzy
relation.

Bz, v, (6Y) = max{ug | (. 9).u5, (x, y)} ==

where o= MMy pcr %i if
bx (. ¥) = pg, (x,y) =05 for all (x,¥) EU xU,
VE[x]g and puy(x)=0 for al (x,x)EUxU,
pg(x) >0 and R, v R, a-reflexive rough fuzzy
relation.

Definition 6.3. The rough fuzzy relation % is said to
be  symmetric rough  fuzzy  relation if
px(xy) = pgy (v, x) forall (x,y) e Ux U.

We note that if %R is a symmetric rough fuzzy
relation then matrix M () is a symmetric matrix.

It is easy to see that:

Proposition 6.3. Let ® ;,R , be two rough fuzzy
relations on U based rough fuzzy set. If R , ,R , are the
symmetric rough fuzzy relations then B, AR ,,
RiVAL,, R, @R, R,B8R,, Ry R,also.

Definition 6.4. The rough fuzzy relation %R is said to
be transitive rough fuzzy relation if R = R = R.

VII. Similarity Rough Fuzzy Relation

Definition 7.1. The rough fuzzy relation g on U
based on the rough fuzzy set X is called a similarity

rough fuzzy relation if it has the reflexive, symmetric,
transitive.

Definition 7.2. The rough fuzzy relation R on UJ
based on the rough fuzzy set X is called a a- similarity

rough fuzzy relation if it has the a-reflexive, symmetric,

transitive.

Now, we consider an illustration example.

Example 7.1. We consider the decision system in
Table 1. In which {4,B,C} is the collection of

condition attributes and D is the decision attribute.

Copyright © 2014 MECS

Table 1: A decision system

AtU A B C D
ul 0.1 0.2 0.3 Y
u2 0.1 0.3 0.4 N
u3 0.2 0.3 0.5 Y
u4 0.2 0.3 0.5 Y
us 0.6 0.4 0.3 N

R =IND(A,B,C) is an equivalent relation on U,
(U,R) is a crisp approximation space and

U/ = {(u1}, fuz), {u3, u4), (us})

. 0.1 0.2 0.4 1 1 .
We consider F=—+ —+—+—+4+— is a
ul u2

ul ud ud
fuzzy set in 7. We compute

U 02 0.4 0.4 1

222 +—+l+l.
u?

a—mﬂ (F) - ud  ud

It is easy that WR[F} # apry (F), so F is a rough
fuzzy set on UJ.

We can put pg (udus) =1; ug (uiuj) =1, if
I, J=12 and 0 < pg_(ui,uj) < 1inthe other cases.

0 0 g rn, s |

0

M (R F )= s T Tz Tay I3
M T Tz Ty Ty

Fsr T2 Tsz T 1

According the definition 3.1 we have R, is a rough
fuzzy relation on IJ based on F.

Note that the fuzzy set
=204 £+ 04,04 + |s not the rough fuzzy
1 ul u3 ud

set on U because

0. 0.2 0.4 0.4 1
anpF)=r+otatates

a () ly 02,04 04 1
_aer(Fl)_u1+u2+u3+u=l-+u5'

. 1 1,04 1 1.
We consider FZ=—1+—7+—3+—4+—5 IS a
U, UL iu U iU

rough fuzzy set on UJ with

Fy = aprp(Fy) = =+ —+ =+ —+— and

ul u3

- 1 1 1 1 1
Fp =aprp(F) = diw stats=v

A rough fuzzy relation on U based on F, where

1.J. Intelligent Systems and Applications, 2014, 04, 49-55



Rough Fuzzy Relation on Two Universal Sets 55

00
00
oot 1y
MRE )= 2 2 |
’ 00~ 1y
2 2
110 0 1]

1
Eﬂpz is clearly the E - reflexive, symmetric rough

fuzzy relation.

i 0 0 1]
0 01
00110
Wehave M(R o Rpg )= 2 2 .
00 - -0
2 2
110 0 1]

It is obvious that M(%Rg °Re)=M(FHg) then
R, is the transitive rough fuzzy relation; so that, R is

1
a E - similarity relation.

VIII. Conclusion

In this paper, we have developed the rough fuzzy
relation on two universe sets and studied some
theoretical results of rough fuzzy relations. In the future,
we will explore the information measures based on
rough fuzzy relations and apply in the feature selection
problems, as well as find the attribute reduction sets in
the data table or build databases based on rough fuzzy
relations.
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