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Abstract— A new concept of a mixed strategy is given
for m -dimensional lexicographic noncooperative

C=T°T",...,I'™") game when on a set of pure
strategies M -dimensional probability distributions are
given. In this case each I (k=01,...,m-1)
criteria of I" game corresponds to its probability
distributions on sets of pure strategies. Besides, a
lexicographic M -dimensional order relation is given on
set of M -dimensional probability distribution. The
given construction is made by the methodology of
nonstandard analysis Therefore, the given mixed
strategy is called a nonstandard mixed strategy, and a
lexicographic game in such strategies is called a
nonstandard mixed extension. An equilibrium situation
in  mixed strategies is defined in I game. A
nonstandard mixed extension of lexicographic matrix
games is studied thoroughly. In such games, necessary
and sufficient conditions of the existence of a saddle
point are proved. The analyzed examples show that if in
a lexicographic matrix game doesn’t exist a saddle point
in standard mixed strategies then a saddle point maybe
doesn’t exist in nonstandard mixed strategies. If in a
lexicographic matrix game doesn’t exist a saddle point
in standard mixed strategies then there can be existed a
saddle point in nonstandard mixed strategies. Thus,
lexicographic games’ nonstandard mixed distribution is
a generalization of a standard mixed extension.

Index Terms— Game, Noncooperative, Lexicographic,
Strategy, Situation, Standard, Nonstandard, Equilibrium,
A Saddle Point

I. Introduction

Let discuss ™M -dimensional
noncooperative game [1-7] ,

I=<N{ri}ion.{H i} >=

lexicographic

roor,..,rmt

( ) M

where every teN={l...n} player’s payoff vector-
_ 0 m-1

function H, we note by Hi =(Hi... H, ) its
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set of pure strategies we note by

_ Lyl p;
X =% }and such kind of strategies set of
Z:Hﬂ(i- .
situations - by ieN leN 5 a player’s
standard mixed strategy
X; = (e XP) WX >0 X+ + %P =1

i=1..,n

In (1) game the situation in standard mixed strategies
has a form X=Xy Xy) .

situations in such strategies by S.

Let note a set of

on Z and S sets of situations the comparison of Hi
function’s meanings takes place lexicographic weak

L . L
7z and strict preferences - >~ . For two

a=(a,...4a,) and b=(b,..b,)

vectors

. . a >_L b . .
lexicographic preferance means that it fulfills
one of the following M conditions:

a,>b. 5 a=b a>b. .m,

1

alzbl - am_1=bm_l a >b

m m
L

and @b s a-"bo a=b
Let note a set of equilibrium situations in r games

standard mexed extension by O-(r). In such kind of
games the main problem is that in every r game there
doesn’t exist the equilibrium situation or mayby this set

will be empty - o(l) = g.

In the following article for r game we take a
player’s new type of concept of a nonstandard mixed
strategy, that is a -dimensional probability

1-*0 rmfl
distributions of I’ game’s on A criterion.
By wusing such distributions payoffs’ functions

H 0 H m-1
P e H . .
sum forms decreasing sequence. For this

reason, methodology of nonstandard analisis is capable
[8]. Namely analisis of hyperreal infinitesimal numbers.
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2 Lexicographic Strategic Games' Nonstandard Analysis

For conducting such analysis it is necessary to define

vectors lexicographic product operation by ® notation.

Let we have M _dimensional vectors
_ 0 m-1 _ 0 m-1
a_(a e @ )and b_(b Y )wenote
a®b=(a’b’ a’"'+a'b’,
a’b? +a'b’ +a’b?,
Opym-1 m-1},0
ab™+..+a™b
) @

1 2 m-1
(aObO’zakblfk’ Zakbsz, ,Zakbmflfk)
k=0 k=0 . k=0 .

It is obvious, that M _dimensional a®b vector’s

components are the following form of one variable m.
degree

a(t)=a’+a't+..+am"
and
b(t) =b® +b't+...+b"t"

coefficients of polynomials multiplication, only in
difference with, that in the process of their
mu Itip lication m -degree  polynomial can be
conservated.

In the following lemma some essential properties of
vectors lexicographic productis established.

Lemma 1.1  Lexicographic product’s ® operation
defined by (2) has got the following properties:

1) Commutativity - a®b-bh® a;

2) Associativity - (a®b)®c=a®(b®c).

3) Distributivity of summation —
(a+b)®c=a®c+b®c.

4) “Monotonicity in two cases:

a) Weak monotonicity. If
_ 0 m-1 m 0 m-1
a=( ,...a)eR! , (@,.,a")¢ <

(bo,...,bmil) (a Lﬁb),then a®a L<b®a,

b) Strict monotonicity.

7.0 m-1 m
Let a=(a,.,a")eR] and

@,..a"") =" 0..0)  @,..a"") ¢t

(boy-.-,bmil) and a.o #07 then a®a L < b®a
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Let note that in the conditions of b) case the
requirement of difference from first components’ xero

@°,.,a"")

is essential in vector.

Let say that (Q, A) is measurable space, where
Q (@ Rm. Let

+
m that fulfills the following conditions: if

AeA i=12.., A A @ iz]
L_JA eA  ulJA)=D u(A)

,then it =1
As a role of wunit we take a vector
_ 2 m-1
e=Lee. ") where € is hyperreal

infinitesimal number, and in addition the sum of €
components’is equal to number

discuss the transformation

u:A—>R

1-¢gm
l1-¢

l4+e+&’ +.. 4™ =

and its standard part is equal to 1.

In the second section of the article in

r=@°r,.,r"

game leN player’s

nonstandard mixed strategy X is given by the form of

Y . . i
a Pixm matrix, where Pi is an amount of | € N

player’s pure strategies. The set of X strategies is

noted by Zi . The set of situations in L' game is X

XZ(Xl""’X”)EZ is a situation in nonstandard

mixed strategies, and Iy is a mixed extension of [

game. The equilibrium situation is defined in s game

G(Ty)

and their set is noted by

In the third section a mixed extension Iy of a matrix
game and a saddle point in nonstandard mixed
strategies are discussed. The property of transformation
on nonstandard mixed strategies (lemma 3.1) and
necessary and sufficient conditions of a saddle point in

Iy game are proved.

In the fourth section the examples of a lexicographic
matrix games are discussed and it is shown that if in a
game does not exist a saddle point in standard mixed
strategies, then there can’t be a saddle point in
nonstandard mixed strategies either (example 4.1). If in
a lexicographic matrix game does not exist a saddle
point in standard mixed strategies, there can be a saddle
point in nonstandard mixed strategies (example 4.2).
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Lexicographic Strategic Games' Nonstandard Analysis

Il. Lexicographic Noncooperative Game’s

Nonstandard Mixed Extension

_ 0 1 m-1

Let define in lexicographic =1, 17)
game nonstandard mixed strategies and then make r
game’s mixed extension. For this, in advance, note m.

dimensional probability distribution on i set in I

game for ieN player, that has Pi amount of pure
strategies in the following form:

X (%)= (xio (Xi)s-ees Xim_l(xi ) eR’

X, = (X, XP)

In this connection

gxi (X,') =& %, e™) i—1.n

where € is a hyperreal infinitesimal number.

Let note M -dimensional probability distribution

X; (%) on 4i set of strategies for ieN player in a
form of following matrix

(X7 06), e XTH0K)
O I
()(io(xipi )’ B Xim_l(xipi ))

_(XP L XM

ixio(xil):]- ixik(xil)zgk

k=],...,m—1.

This X matrix is called 1€N player’s

nonstandard mixed strategy. It is obvious, that X
strategy gives probability distributions on r game’s

0 m-1 .
I T iterion for 1€ N player.

Let note in [ game leN player’s nonstandard

. . 2z N
mixed set of strategies by ! and a set of situations by

=11z
ieN | Let define [ game’s nonstandard mixed
extension by

Iy =<N, &} {Hi}in >
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Let in Iy game X= (X Xo) € X is a situation
in pure strategies, and XZ(Xl""’X“)EZ is a
situation in nonstandard mixed strategies. Then in X
situation 1 € N player’s payoffis

Hi(X) =2 H;(\) ®X(x)

Xey

= ©)
DD H I (X X)) ® X (%) ®.. X (X,)

XEX  Xn€n

For example let write (3) in case of two players i.e.

when N :{1’2}. In the (Xl’XZ) situation for first
player we have

Hl(X1'X2) =X, ® H1 ®X; =
DY X (%) ®X;(%,)

X €N X2€X2

According to the definition of multiplication of ®

operation and its 2) property for X=(%,%,) € x we
write:

Xl(xl) ® Hl(x) = (Xf(xl)Hlo(X)’
XEOQH (X)) ot X () HR ()

Xl(xl) ® Hl(x) ®X; (Xz) =
(X7 () HL () X3 (%),
X7 O)HT X7 (%,) +
X7 O)HT ()XZ (%))

For every X € and X2 € X2 by summing given
expressions we get:
X, ®H, ®X] = (X HX?,
XPHIXE + XTHIXD + XPHIX? ...,
XPHP X 44 XPHTXG)
Analogically is for a second player too

H,(X,,X,)=X,®H, ®X;

Let note that M -vector’s components are players

0 1 m-1
payoffs certain sums in scalar .. games.

X 241 H _0‘0 x a
In these sums each summand has aform ~°1 "' 2

(i=12). Let change it by H® (X" X2")

a, +o, +a,

and say

- p. After this it is obvious that M -
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4 Lexicographic Strategic Games' Nonstandard Analysis

vectors components are such summands

ag a a,
H (X X ) , for which P numbers are constant
and accordlngly are equal to

p=0,p=1..,p=m-1

. Thus, in lexicographic

i e {12}

bimatrix I game

(X1, X,)

player’s payoff in

situation is equal to

Hi(Xsz) = (Hio(xl()’ XS),
D OUHE (X, X5)n Y H® (X, X52)).
p=1

p=m-1

@

Qy 24 a,
If we note for any M in H (X0 X))

. = + +...+ .
expression P=a,+a @+ then analogically

to (4) equality (3) has the following form:
H.(X)=H,(X,,...X,) =
(HY(X2,... X9,
S HE (X e X i),
p=1
D IH® (X X)),

p=m-1 ieN . (5)

Let take a notation

0 0
Xl Xi = Xy X, X, X g0, X))

thenanalogically to (4) we write:
0
Hi (0,6 ”. Xi) =

0
(HY (XD XD et X D),

n
0

Z Ho (X, X5, X ),

0

D TH (X, X, X))

p=m-1

Definition 2.1 We say that a situation in nonstandard

*

mixed strategies XeXisan equilibrium situation in

noncooperative Iy game, if

H (), H (XL X) vieN VX €3,

Copyright © 2013 MECS

Let note by G (FZ)

I’

= game.

a set of equilibriumsituations in

With the preceding definitions and notations that are
all about lexicographic noncooperative r game’s

nonstandard mixed extension of FZ, it is clear to see

the difficulty of the given apparatus. It seems that some
classical results about scalar noncooperative games

transfer to I games, but some do not. Some important

circumstances take place for Iy games. We discuss
some such kind of results for lexicographic matrix
games [9].

I1l. Lexicographic Matrix Game’s Nonstandard
Mixed Extension

Let discuss lexicographic PXA " matrix game

. 0 1 m-1
=TT by matrix of payoff

H ={(aj aj...a] )}

i=1.., p. j :1,...,q'

In this game 1 and 2 players’s commom (standard)
mixed strategies are:
X :(xl,...,xp) VX 20 X +..+X, =1

Y=(YYq) VY; 20 y+..+y, =1

In I' matrix game let note a set of equilibrium
situation by o(l) . As we have already stated above,
this setcould be empty - o(l) =®.

_ 0 1 m-1
Now discuss matrix =1, game
in nonstandard mixed extension. Let note

i=x =1.., p; i=y;=1..q

vector in the following for
H={H, y)k={H (0 y )k
{H™ (%, y)))

and write H

Analogically to a lexicographic noncooperative game,
in the given matrix game players’ nonstandard mixed
strategies for 1 and 2 players accordingly have the
following form:
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Lexicographic Strategic Games' Nonstandard Analysis 5

(X0, X" (X))
X = e,

(XX, ), X™H(X,))

(X0 X ™

Zp:x‘)(xi):l zp:xk(xi)=gk

k=1,..., m—l_

Let note [ matrix game’s mixed extension in
nonstandard mixed strategies as well as in the case of

noncooperative games by Iy .

X, V.

Let define in ( ’y‘) situation the first player’s
payoff analogically to the operations held in (4) it is
equal:

H(X,y;)=X®H., =
1 m-1
(XHS D X HE L D OXMHY)
k=0 k=0 ,
j=1..q9

We get the second player’s payoff in the same way

(%, Y)

situation

(H{’.YO,zl:Hik.
k=0

H(XI,Y):HI®Y: Ylfk
mz_lH.k Y m—l—k)
yony = i=l..p, ™
(X,Y)

The first player’s payoff in situation

analogically to (5) is equal

HX,Y)=X®H®Y =
(X°H°Y°,ZX“1H“2Y“3,..., ZX"“H“ZY%)
1=1

I=m-1

Copyright © 2013 MECS

l=¢, +a, +
where 1 2 3,

From the (6) definition of noncooperative game’s

equilibrium situation we getthe following definition.

Iy matrix game with matrix of

* *

Definition 3.1 In

H payoff we call (X,Y) situation the equilibrium
(sadle point), if for any X and Y nonstandard mixed
strategies take place

FOHQY "SAXQH®Y "(X®OH®Y

or (7) accordingly

* Q3

* 0 xalHazY
(X°H°Y .. .:;1 )L<
* 0 * 0 X ' Ha2§ :
(X HOY yreny I:;—l )L<
- X HazYa3)
(X°HY°,..., ;1 . ®
If the (8) conditions fulfil we write

(X,Y) €G(Iy)

It is clear, that in noncooperative s games the
property of transformation on nonstandard mixed

strategies is fulfilled. Let prove it for matrix Iy game.

Lemma 3.2 Let in Iy game are any nonstandard

0 m-1
mixed Y = (YY) strategies of the second

. amfl)

0
player’s and @ is a vector and inequalities

are fulfilled
0 m-1 H
H.®YL_(a",...a"") i=1l..,p

Then for any nonstandard mixed

X - (X%, X™)
inequality is fulfilled

strategy of the first player the

XQH®Y ' (@,...a"") o)

Proof. Accordingto (7) we write

(Hi°.Y°,Zl:Hi".
k=0

m—'

Yk,

1
H-k Y m-1-k
= ) L@ ..a™) i=1.,p

1.J. Intelligent Systems and Applications, 2013, 07, 1-8



6 Lexicographic Strategic Games' Nonstandard Analysis

Each inequality for every 1=1.P e mu ltip ly
_ 0 m-1
accordingly on X(%) = (X7 (%) X7 (X)) .
According to lemma 1.1 inequalities are remained and
by the definition of the operation D e get:
%)

(X(XH Y Y XA (x)H Y* .,

1=1

ZX“l(x)H Y“B)

I=m-1

\

(@’x (X)Za X (x
=1...p

Let sum these inequalities and take into account that
in the components of vectors every summands except

0
one that consists of € =1 infinitesimal numbers.
With the help of their ignorance we get:

XOHOY O, S X EHEY %, X “H Y
( 2 > ) |

I=m-1
<

1 p m-1 p
@, a O X (), 2,2 QX (X))
k=0 i=1 k=0 i=1

(a°x°(xi),Zale-k(xi>,...,mZakxm‘“(xi»

Zak m-1-k (x.))

Hence (9) is proved.

Analogically will be the transformation on
nonstandard mixed strategies in othereniqualities.

(X, Y)eG(F)

Theorem 3.1 For this purpose

is necessary and sufficient for every =P and

1=1..q the following inequalities should be
fulfilled

H.®Y L _xeHeY ' X®H,

Proof. Sufficiency. If we use the both sides of (10)
lemma 3.1, we get (3).

Copyright © 2013 MECS

Za Xmlk(X))

Necessity. In  (8) conditions by following
consequences let suppose that

A&, e™)
x| 00..0)
(0,0,...,))
(0,0....,0)

X - Le,..,e™h)
00...)) )
(0,0....,0) -

x| ©0..0)
(1,5,....',.5”“*1)

Then, if we neglect summands, that take place

2 m-1
8 € e left side of (8) hasa form

1
(HOY? D THE.
é Ylfk yeeny
§Hik Y m—1—k) . .
k=0 - < X®H®Y
for any i=1..p and thusiit fulfills (10) left part.

Analogically, if we put in (8) the second player’s
strategies by sequence

Y =(Leé,...e™)",(0,0,....0)",....,(0,0,...0)"),
Y =((00,..0)" @ &0)" 1., (00,..0)")

Y =((0,0,...,0)",(0,0,....0)",.... L &,..., &) ")
we get that it fulfills (10)’-s right part for every
1=1..9 . The theorem is proved.

Corollary. Let (X,Y) is a saddle point in Iy game

- (X,Y) e (_B(FE) . Then according to (10) that for

every [ and J

1.J. Intelligent Systems and Applications, 2013, 07, 1-8



Lexicographic Strategic Games' Nonstandard Analysis 7

(X, Y)HO .Y < XOHOY? < XOHO,,

0 0
That means that (X%, Y7) situation in standard
mixed strategies ik a saddle point in the first scalar

0 0 0
matrix [° game (X5Y7) ¢ o)

r=@°r.,r"

lexicographic matrix game.

1V. Examples
On the basis of stated aparatus let conduct analysis of

_ (70 71
a lexicographic matrix r=@".r )game, which is
given by matrix of payoff. Firstly, discuss a matrix

_ (10 11
game =T ) that was studied by P. Fishburn
and showed that there is no saddle point in it -

o) =2 p,
Example 4.1 A lexicographic matrix game
0 11
=T )is given by matrix of payoff
L _[@O (00
00 (0

Here o(I') :®.

_ (10 11

Let define for I'=(",17)
mixed strategies:

e, )
Q—a,e-p) 1)

Y =(.6)".0-y.6-6)")

game nonstandard

. X®H..
In this case the vectors H"®Y, ® } and

XOH®Y have been already defined above as the
following forms:

H1.®Y:(7,5)’ H2.®Y:(O,l—7/),
X®H, =(a,,B), X®H., :(O,l—a),

X®H®Y _(ay,ad+pfr+ay+l-a—y)

According to the theorem 3.1 we write the following
inequalities:

Copyright © 2013 MECS

(,6) }
01-y)]  _(ar.ad+ By +ay+1-a-y)

Li(éz'—ﬂ;)

. 0 .
As in I scalar game the first and the second
players’ optimal strategies are accordingly

: (12)

X =(a"1-a") a €[0]]

0 _ * _ * * _
and Y =(r 1=y ) /4 _0, therefore according
to (12) the following inequalities must by fulfilled

(o,é)} { (@.p)
0D ©Oa5+1-a)r_[01-a")

but that is impossible. Thus, in the given game there
also does not exist a saddle point in nonstandard mixed
strategies.

Example 4.2 Let there is a lexicographic matrix

_ (10 11
game =17 with a matrix of payoff

( 01 @ 0)]

(20) (01)
There is nosaddle point in it _o(l) :Q.

Let check up in the given game if there is a saddle
point in it or not in nonstandard mixed strategies. For
this let define (11) strategies and check up the theorem

0
3L Asin I’ game players’ optimal strategies are

X0 =(a" 1-a")=(2.3)

and

*

Y =("1-7)=(42)

therefore the condition (10) has the following form:

(2i+e-57) 2 4 2.
3.2+25) (5 a2,

{(%,%we*—zzf*)
| G+s)

1.J. Intelligent Systems and Applications, 2013, 07, 1-8



8 Lexicographic Strategic Games' Nonstandard Analysis

* *_ 1
These inequalities fulfill when & =0, B =3

_1 _ (10 11
"3 _Thus in I'=(".17) game p layers’ optimal
nonstandard mixed strategies are accordingly to

o
)*(=(%1’%j " T T

50) Y=(GO".G.H

and CI:) » @
H(X,Y)=(2,2)

319

. The first player’s payoff is

Thus, offering construction considers necessities of
vectorial criterion and is a generalization of a game’s

mixed extension. It is obvious that if O-(r) * Q, then
G(Fz) * @

V. Conclusion

By nonstandard mixed extension of lexicographic
strategic games a generalization standard mixed
extension has been conducted by using of nonstandard
analysis, namely by analysis hyperreal infinitesimal
numbers. It has been shown that if in the given game
there exists an equlibrium situation in nonstandard
mixed strategies, then in the same game there exists
also an equilibrium situation in nonstandard mixed
strategies. Such kind of analysis helps us to solve the
problem about the existence of an equilibrium situation
in games with the help of simple formal procedures
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