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Abstract— This paper expands a Multi Input Multi 

Output (MIMO) fuzzy baseline variable structure 

control (VSC) which controller coefficient is off-line 

tuned by gradient descent algorithm. The main goal is 

to adjust the optimal value for fuel ratio (FR) in motor 

engine. The fuzzy inference system in proposed 

methodology is works based on Mamdani-Lyapunov 

fuzzy inference system (FIS). To reduce dependence on 

the gain updating factor coefficients of the fuzzy 

methodology, PID baseline method is introduced.  This 

new method provides an optimal setting for other 

factors which crated by PID baseline method. The 

gradient descent methodology is off-line tune all 

coefficients of baseline fuzzy and variable structure 

function based on mathematical optimization 

methodology. The performance of proposed 

methodology is validated through comparison with 

fuzzy variable structure methodology (FVSC). 

Simulation results signify good performance of fuel 

ratio in presence of different torque load and external 

disturbance. 

 

Index Terms— Baseline Method, Gradient Descent 

Optimal Algorithm, Variable Structure Control, Fuzzy 

Inference System, Lyapunov Based Stability 

 

I. Introduction 

The internal combustion (IC) engine is designed to 

produce power from the energy that is contained in its 

fuel. More specifically, its fuel contains chemical 

energy and together with air, this mixture is burned to 

output mechanical power [1-3]. In an internal 

combustion engine, a piston moves up and down in a 

cylinder and power is transferred through a connecting 

rod to a crank shaft. The continual motion of the piston 

and rotation of the crank shaft as air and fuel enter and 

exit the cylinder through the intake and exhaust valves 

is known as an engine cycle. The fuel ratio can be used 

to determine which fuel system should have a larger 

impact on how much fuel is injected into the cylinder 

[4-9]. Since a direct fuel injector (DI) has immediate 

injection of its fuel with significant charge cooling 

effect, it can have a quicker response to the desired 

amount of fuel that is needed by an engine. Although a 

port fuel injector (PFI) may have a slower response due 

to its wall-wetting dynamics, the fuel ratio will impact 

the combustion characteristics of an engine. Fuel ratio 

also can be used to regulate or control two fuel types. 

For example, an engine may have the ability to run on 

gasoline and ethanol. The gasoline could be injected by 

a PFI, while the ethanol could be injected by a DI [1-9].  

Controller is a device which can sense information 

from linear or nonlinear system (e.g., IC engine) to 
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improve the systems performance [10-20].   The main 

targets in designing control systems are stability, good 

disturbance rejection, and small tracking error[21-30]. 

Some of IC engines are controlled by linear PID 

controllers, but the design of linear controller for IC 

engine is extremely difficult because this system is 

hardly nonlinear and uncertain [12, 31-40]. To reduce 

the above challenges, the nonlinear robust controller is 

used to control of IC engine. Variable structure 

methodology (VSC) is a powerful nonlinear robust 

controller under condition of partly uncertain dynamic 

parameters of IC engine’s dynamic [10-30]. Chattering 

phenomenon and nonlinear equivalent dynamic 

formulation in uncertain dynamic parameter are two 

main drawbacks in VSC [33-39]. The chattering 

phenomenon problem in VSC is reduced by using linear 

saturation boundary layer function but proves the 

stability is very difficult and increases the error. The 

nonlinear equivalent dynamic formulation problem in 

uncertain IC engine is solved by using fuzzy logic 

theorem and applied to VSC [41-55]. To estimate the 

system dynamics, fuzzy logic method is applied to VSC, 

but this method has problem to tune the FR. MIMO 

fuzzy variable structure control with saturation function 

is a chattering free dynamic model-free controller but 

this method has two main drawbacks; variable structure 

slope and error. Pure variable structure methodology 

and fuzzy variable structure methodology have 

difficulty in handling variation in torque load. It is 

possible to solve this problem by combining fuzzy 

variable structure method and baseline methodology to 

improve the systems adjust FR by off-line tuning 

method. 

 

II. Theory 

2.1 Dynamic Formulation of IC Engine 

Dynamic modeling of IC engine is used to describe 

the nonlinear behavior of IC engine, design of model 

based controller such as pure variable structure 

controller based on nonlinear dynamic equations, and 

for simulation. The dynamic modeling describes the 

relationship between fuel to air ratio to PFI and DI and 

also it can be used to describe the particular dynamic 

effects (e.g., motor pressure, angular speed, mass of air 

in cylinder, and the other parameters) to behavior of 

system[1].  

The equation of an IC engine governed by the 

following equation [1, 4, 25, 29, 43-44]: 
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Where     is port fuel injector,    is direct injector, 

 ̇    is a symmetric and positive define mass of air 

matrix,        is the pressure of motor,   is engine 

angular speed and    is matrix mass of air in cylinder. 

Fuel ratio and exhaust angle are calculated by [25, 29, 

43-44]: 
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(2) 

The above target equivalence ratio calculation will be 

combined with fuel ratio calculation that will be used 

for controller design purpose.  

 

2.2 Variable Structure Controller 

Consider a nonlinear single input dynamic system is 

defined by [11]: 

        ⃗⃗      ⃗⃗    (3) 

Where u is the vector of control input,      is the      

derivation of   ,       ̇  ̈             is the state 

vector,      is unknown or uncertainty, and      is of 

known sign function. The main goal to design this 

controller is train to the desired state;    

     ̇   ̈      
       , and trucking error vector is 

defined by [16]:  

 ̃         ̃    ̃        (5) 

A time-varying variable structure (VS) surface 

       in the state space    is given by [22]: 

        
 

  
        ̃    

(6) 

where λ is the positive constant and calculate it is 

play important role to have the best performance. The 
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main target in this methodology is kept the VS 

surface slope        near to the zero. Therefore, one of 

the common strategies is to find input   outside of 

       [28]. 
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where ζ is positive constant. 

If  S(0)>0 
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To eliminate the derivative term, it is used an integral 

term from t=0 to t=       

∫
 

  

        

   

      ∫  
        

   

               
              

(9) 

 

Where        is the time that trajectories reach to the 

VS surface so, suppose  S(          defined as; 
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Equation (11) guarantees time to reach the VS 

surface is smaller than  
|    |

 
  since the trajectories are 

outside of     . 
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suppose S is defined as  
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The derivation of S, namely,  ̇ can be calculated as 

the following; 

 ̇    ̈   ̈      ̇   ̇       (14) 

 

suppose the second order system is defined as; 

 ̈        ̇       ̈ 

    ̇   ̇     
(15) 

Where   is the dynamic uncertain, and also since 

         ̇   , to have the best approximation , ̂ is 

defined as 

 ̂    ̂   ̈     ̇   ̇     (16) 

A simple solution to get the VS condition when the 

dynamic parameters have uncertainty is the switching 

control law [21-55]: 

      ̂     ⃗⃗                (17) 

where the switching function        is defined as 

[11, 16] 
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and the    ⃗⃗     is the positive constant. Suppose by 

(7) the following equation can be written as, 
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and if the equation (11) instead of (10) the VS 

surface can be calculated as  
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in this method the approximation of   is computed as 

[26] 

 ̂    ̂   ̈      ̇   ̇  
           

(21) 

Based on above discussion, the variable structure 

control law for IC engine is written as [11,36]: 

                      (22) 

Where, the model-based component          is the 

nominal dynamics of systems calculated as follows [18]: 
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and          is computed as [25]; 

                  (24) 

By (24) and (23) the VSC of IC engine is calculated 

as;  
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where       ̇   

 

Figure 1 is shown pure VSC. 

 
Fig. 1: Variable structure control of IC engine 

 

2.3 Baseline Methodology 

The design of a baseline methodology to control the 

fuel ratio was very straight forward. Since there was an 

output from the fuel ratio model, this means that there 

would be two inputs into the baseline controller. 

Similarly, the output of the controller result from the 

two control inputs of the port fuel injector signal and 

direct injector signal. In a typical PID method, the 

controller corrects the error between the desired input 

value and the measured value. Since the equivalence 

ratio and fuel ratio are the two measured signals, two 

controllers were cascaded together to control the PFI 

and DI inputs [14-18]. The first was a PID controller 

that corrected the error between the desired equivalence 

ratio and the measured equivalence ratio; while the 

second was only a proportional integral (PI) controller 

that corrected the fuel ratio error. 

                       (26) 
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2.4 Fuzzy Logic Methodology 

Based on foundation of fuzzy logic methodology; 

fuzzy logic controller has played important rule to 

design nonlinear controller for nonlinear and uncertain 

systems [33]. However the application area for fuzzy 

control is really wide, the basic form for all command 

types of controllers consists of; 

Input fuzzification (binary-to-fuzzy [B/F] conversion)  

Fuzzy rule base (knowledge base), Inference engine 

and Output defuzzification (fuzzy-to-binary [F/B] 

conversion). Figure 2 is shown a fuzzy controller part. 
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Fig. 2: Fuzzy Controller Part 

 

The fuzzy inference engine offers a mechanism for 

transferring the rule base in fuzzy set which it is divided 

into two most important methods, namely, Mamdani 

method and Sugeno method. Mamdani method is one of 

the common fuzzy inference systems and he designed 

one of the first fuzzy controllers to control of system 

engine. Mamdani’s fuzzy inference system is divided 

into four major steps: fuzzification, rule evaluation, 

aggregation of the rule outputs and defuzzification.  

Michio Sugeno use a singleton as a membership 

function of the rule consequent part. The following 

definition shows the Mamdani and Sugeno fuzzy rule 

base 

                                           

                                               
(32) 

When   and   have crisp values fuzzification 

calculates the membership degrees for antecedent part. 

Rule evaluation focuses on fuzzy operation (       ) 

in the antecedent of the fuzzy rules. The aggregation is 

used to calculate the output fuzzy set and several 

methodologies can be used in fuzzy logic controller 

aggregation, namely, Max-Min aggregation, Sum-Min 

aggregation, Max-bounded product, Max-drastic 

product, Max-bounded sum, Max-algebraic sum and 

Min-max. Two most common methods that used in 

fuzzy logic controllers are Max-min aggregation and 

Sum-min aggregation. Max-min aggregation defined as 

below; 
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The Sum-min aggregation defined as below 
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where   is the number of fuzzy rules activated by    

and    and also  ⋃     
   

          is a fuzzy 

interpretation of      rule. Defuzzification is the last 

step in the fuzzy inference system which it is used to 

transform fuzzy set to crisp set. Consequently 

defuzzification’s input is the aggregate output and the 

defuzzification’s output is a crisp number. Centre of 

gravity method       and Centre of area method 

      are two most common defuzzification methods, 

which     method used the following equation to 

calculate the defuzzification 

           
∑   ∑              

 
    

∑ ∑              
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and     method used the following equation to 

calculate the defuzzification 

           
∑                 

∑               
 (36) 

 

Where            and            illustrates the 

crisp value of defuzzification output,      is discrete 

element of an output of the fuzzy set,               is 

the fuzzy set membership function, and   is the number 

of fuzzy rules. 

 

III. Methodology 

3.1 Design Fuzzy Baseline Variable Structure 

Controller 

As shown in Figure 1, variable structure controller 

has two main parts: error-based part and model-based 

part. Error-based part is based on performance based 

switching function to have stability, but it can caused to 

system’s chattering.  Model-based part is based on IC 

engine’s dynamic formulation, based on nonlinear; 

MIMO and uncertain dynamic formulation. To have an 

IC engine’s dynamic independent methodology, fuzzy 

logic theory is applied to VSC. Based on literature [43-

44, 58-61], most of researchers are designed fuzzy 

model-based VSC. In this method fuzzy logic method is 

used to estimate some unknown dynamic formulation. 

Above methods have acceptable performance based on 

dynamic modeling of IC engines but this research is 

focused on eliminate the nonlinear IC engine’s dynamic 

formulation. In this method; nonlinear dynamic model 

based part is replaced by performance/error-based 

Mamdani’s fuzzy inference system. It has considered 

one input; variable structure surface   , one output; 

       and totally 7 rules instead of the nonlinear 

dynamic model part.  Figure 3 is shown Mamdani’s 

fuzzy inference variable structure methodology. This 

method has an important challenge to adjust the 

variable structure slope      To solve above challenge 

new based-line method is applied to fuzzy variable 

structure methodology to reduce the role of initial value 

of   in fuzzy variable structure methodology. 
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Fig. 3: Mamdani’s Fuzzy Inference Variable Structure Controller 

 

In fuzzy VSC the PD-variable structure surface is 

defined as follows: 

   ̇     (37) 

where                     . The time derivative 

of S is computed;  

 ̇   ̈    ̇ (38) 

Based on Figure 3, the fuzzy variable structure 

controller’s output is written; 

   ̂                    (39) 

Based on fuzzy logic methodology 

            ∑  
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where    is adjustable parameter (gain updating 

factor) and      is defined by 
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Where       is membership function.          is 

defined as follows; 
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Design fuzzy like nonlinear equivalent part has the 

following steps;  

 

Fuzzification:  in this step the researcher must to 

defined the linguistic variables for input,    , and 

outputs,             . This research defined 7 

linguistic variables for input and output which names; 

Negative Big (NB), Negative Medium (NM), Negative 

Small (NS), Zero (ZE), Positive Small (PS), Positive 

Medium (PM) and Positive Big (PB).  Triangular 

membership function is used to design this controller. 

Based on this membership function it can guarantee the 

output performance. Input and output are quantized into 

thirteen levels represented by: -6, -5, -0.4, -3, -2, -1, 0, 1, 

2, 3, 4, 5, 6.  

Fuzzy rule base and rule evaluation:  this design has 

7 rules which design by researcher’s experience 

knowledge. Design the rule base of fuzzy inference 

system can play important role to design the best 

performance of fuzzy VSC, that to calculate the fuzzy 

rule base the researcher is used to heuristic method 

which, it is based on the behavior of the control of IC 

engine. Table 1 is shown the fuzzy rule table in fuzzy 

VSC.  

 

Table 1: Modified Fuzzy Variable Structure Rule Table 

  NB NM NS ZE PS PM PB 

         PB PM PS ZE NS NM NB 

 

Rule evaluation focuses on operation in the 

antecedent of the fuzzy rules in fuzzy variable structure 

controller. In this research, researcher is used 

    fuzzy operation in antecedent part. After calculate 

rule evaluation, activation degree applied to antecedent 

part and connect it to consequent part based on     

operation in antecedent part. Finally rule aggregation is 
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introduced which, Max-Min aggregation is used in this 

paper. 

 

Inference Mechanism: in this paper Mamdani’s fuzzy 

inference mechanism is used based on eliminate the IC 

engine’s dynamic formulation. 

 

Defuzzification: the final steps to design fuzzy VS 

controller is select the defuzzification methodology. In 

this paper Center of Gravity method       is used to 

transform fuzzy to crisp.  

 

3.2 PID Baseline PFI Fuzzy Variable Structure 

Controller and Optimization by Gradient 

Decsent Method 

The most important coefficient in fuzzy variable 

structure methodology is, variable surface slope. 

Predefined this coefficient is complicated; therefore this 

research is used PID baseline method and applied to 

fuzzy logic methodology. PID baseline methodology is 

tune based on three coefficient; namely          . 

One of the positive effects of these three coefficients is 

tune the PFI easily.  Figure 4 is shown the proposed 

method. 

 
Fig. 4: Baseline Mamdani’s Fuzzy Inference Variable Structure Controller 

 

Pure variable structure controller and fuzzy variable 

structure controller are tuned based on variable structure 

surface slope    that tune it to have best performance is 

very complicated. For instance, if large value of   is 

chosen the response is very fast the system is unstable 

and conversely, if small value of   is considered the 

response of system is very slow but system is stable. 

Therefore to have a good response, compute the best 

value variable structure slope coefficient is very 

important. To adjust this coefficient Gradient Descent 

optimization is introduced which this method is worked 

based on the observation methodology. To easy tuning 

PID baseline methodology is used. When this method is 

applied to fuzzy variable structure methodology the 

number of coefficient are increases but tune them are 

better than previous.   

 

IV. Results and Discussion 

Gradient Descent Fuzzy Baseline Variable Structure 

Controller (GDFBVSC) and Fuzzy Variable Structure 

Controller (FVSC) was tune the fuel to air ratio. In this 

simulation, to adjust the fuel to air ratio variable torque 

load also is applied. The simulation was implemented in 

MATLAB/SIMULINK environment.  

 

Optimization the fuzzy baseline VSC: in GDFBVSC; 

controller’s performance are depending on the PID 

coefficient          and variable structure slope 

coefficient ( ). These four coefficients are computed by 

Gradient Descent Algorithm optimization; Figure 5 and 

Figure 6. 

 

Fig. 5: Fuel Ratio Gradient descent optimization in fuzzy baseline 

variable structure methodology 
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Fuel ratio in fixed torque load: In fuzzy variable 

structure methodology; the fuel ratio is only depended 

on the gain updating factor ( ) and variable structure 

slope coefficient (  ). In fuzzy baseline variable 

structure method PID coefficients and coefficients 

which is introduced in fuzzy variable structure method 

are used. These coefficients are computed by gradient 

descent optimization. Figure 7 shows fuel ratio in these 

two methodologies when the torque load is fixed. 

 

Fig. 6:  Error’s Fuel Ratio Gradient descent fuzzy baseline variable 

structure methodology 

 

 

Fig. 7: Fuel ratio in Fuzzy variable structure method Vs. Gradient 

descent fuzzy baseline variable structure method  

 

It may be claimed that however the first method is 

used in our previous research but proposed method has 

a better performance in this system when the torque 

load is fixed. The data indicates that proposed method 

can guarantee the stability and minimal error. 

 

Torque Load Rejection and adjust the Fuel Ratio: 

Figure 8 is shown the power torque load elimination in 

fuzzy variable structure method and gradient descent 

optimal fuzzy baseline variable structure methodology 

with variable torque load. As a matter of fact the torque 

load rejection is used to test the robustness of these two 

methods. Surely after applied different torque load it 

found fairly fluctuations in fuel ratio responses. 

Actually one of the main advantages of baseline method 

is stability in fuel ratio in presence of different torque 

load. A further advantage of proposed method is 

robustness compared to fuzzy variable structure method.  

 

Fig. 8: Torque load rejection in Fuzzy variable structure method Vs. 

Gradient descent fuzzy baseline variable structure method 

 

Based on Figure 8, overall when baseline method 

applied to fuzzy variable structure methodology it can 

eliminate the limited external disturbance (torque load). 

 

V. Conclusion 

Refer to this research, design an artificial intelligence 

based nonlinear methodology is proposed to tune the 

fuel ratio in IC engine. At first pure variable structure 

methodology is design for IC engine. This method has 

two important challenge; chattering phenomenon and 

nonlinear equivalent dynamic part. In the second part 

Mamdani’s fuzzy inference system is applied to 

variable structure method to solve above two challenges. 

To eliminate the IC engine system’s dynamic, 7 rules 

Mamdani inference system is design and applied to 

variable structure methodology. This methodology is 
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based on applied fuzzy logic in equivalent nonlinear 

dynamic part to estimate unknown parameters.Both of 

above controllers are depending on variable structure 

slope that to solve this challenge baseline methodology 

is applied to fuzzy variable structure method. 

Eventually gradient descent optimization is applied to 

fuzzy baseline methodology to tune all four parameters. 

The fuel ratio results demonstrate that the gradient 

descent fuzzy baseline variable structure methodology 

is a model-free methods which works well in certain 

and partly uncertain system.  
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