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Abstract— The notion of rough set captures
indiscernibility of elements in a set. But, in many real
life situations, an information system establishes the
relation between different universes. This gave the
extension of rough set on single universal set to rough
set on two universal sets. In this paper, we introduce
rough equality of sets on two universal sets and rough
inclusion of sets employing the notion of the lower and
upper approximation. Also, we establish some basic
properties that refer to our knowledge about the
universes.

Index Terms— Rough Set, Solitary Set, Boolean
Matrix, Rough Equality, Rough Inclusion

I. Introduction

In modern era of computing, there is a need of
development in data analysis and knowledge
representation. Many new mathematical modeling tools
are emerging to the thrust of the real world task. Fuzzy
set by Zadeh [1], rough set theory [2, 3], soft set by
Molodtsov [4] are such mathematical models gained its
popularity in past few decades. Development of these
techniques and tools are studied under different
domains like knowledge discovery in database,
computational intelligence, knowledge engineering,
granular computing etc. [5, 6, 7, 8, 9, 10].

The rough set [2, 3] philosophy specifies about the
depth understanding of the object and its attributes
influencing the object with a depicted value. So, there is
a need to classify objects of the universe based on the
indiscernibility relation between them. The basic idea of
rough set is based upon the approximation of sets by
pair of sets known as lower approximation and upper
approximation. Here, the lower approximation and
upper approximation operators are based on
equivalence relation. However, the requirement of
equivalence relation is a restrictive condition that may
limit the application of rough set model. Therefore,
rough set is generalized to some extent. For instance,
the equivalence relation is generalized to binary
relations [11, 12, 13, 14, 15, 16], neighborhood systems
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[17], coverings [18], Boolean algebras [19, 20], fuzzy
lattices [21], and completely distributive lattices [22].

On the other hand, rough set is generalized to fuzzy
environment such as fuzzy rough set [23], and rough
fuzzy set [24]. Further, the indiscernibility relation is
generalized to almost indiscernibility relation to study
many real life problems. The concept of rough set on
fuzzy approximation spaces based on fuzzy proximity
relation is studied by Acharjya and Tripathy [25, 26].
Further it is generalized to intuitionistic fuzzy proximity
relation, and the concept of rough set on intuitionistic
fuzzy approximation space is studied by Tripathy [27].
The different applications are also studied by the
authors [28, 29, 30]. Further rough set of Pawlak is
generalized to rough set on two universal sets with
generalized approximation spaces and interval structure
[31]. We continue a further study in the same direction.

The rest of the paper is organized as follows: Section
2 presents the foundations of rough set based on two
universal sets and its topological characterization. In
Section 3, we study the measures of uncertainty due to
rough sets on two universal sets. Rough equality of sets
on two universal sets and its properties are studied in
Section 4. In Section 5, we introduce rough inclusion of
sets on two universal sets. This is further followed by a
conclusion in Section 6.

Il. Rough Set Based on Two Universal Sets

An information system is a table that provides a
convenient way to describe a finite set of objects called
the universe by a finite set of attributes thereby
representing all available information and knowledge.
But, in many real life situations, an information system
establishes the relation between different universes.
This gave the extension of rough set on single universal
set to rough set on two universal sets. Wong et. al [31]
generalized the rough set models using two distinct but
related universal sets. Let U and V be two universal sets
and R < (UxV) be a binary relation. By a knowledge
base, we understand the relational system (U, V, R) an

approximation space. For an element X €U | we define
the right neighborhood or the R-relative set of x in U,
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M) g5 =AYy eV:(xy) €R}, Similarly for an
element yeV, we define the left neighborhood or the R-
relative set of y in v, |(¥) a5 (V) =AxeU:(xy)e
eR}

X, €U

For any two elements % , We say ¥ and %o

are equivalent if r(x)= r(XZ). Therefore, (*,%,) € By
if and only if r(%)=r(%)  where Eu denote the

equivalence relation on U. Hence, By partitions the
universal set U into disjoint subsets. Similarly for any

two elements Y'Yz eV, we say Yi and Y2 are
equivalent if ') =1002) | Thys, O Y2) €B g ang
only ifl(yl)zl(yz) , Where E, denote the equivalence

relation on V and partitions the universal set V into
disjoint subsets. Therefore for the approximation space

(U, V, R), it is clear that B oR=R=ReE, \/here
B/ °R s the composition of R and =

For any Y < V and the binary relation R, we associate

two subsets RY and RY called the R-lower and R-upper
approximations of Y respectively, which are given by:

RY =U{xeU:r(x)cY} @

ﬁY:u{XGU:r(x)mY = ¢} )
The R-boundary of Y is denoted as BN, (Y) and is

BN, (Y) =RY —RY (RY,RY)

given as . The pair

called as the rough set of YeV j RY=RY

equivalently BN (Y) # ¢. Further, if U and V are finite
sets, then the binary relation R from U to V can be

or

represented as R(x.y) , Where

R L if(xy)eR
(y) = 0 if (x,y)gR

The characteristic function of XcU is defined for
each X €U as follows:

1 if xeU
X(x)=9 .
0 if xgU

Therefore, the R-lower and R-upper approximations
can be also presented in an equivalent form as shown
below, where A and V denotes the minimum and
maximum operators respectively.

RY)x= A (1-R(,y)vY(y)
3)

(RV)x= v (R(X,y) AY(Y))
yeV (4)
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Example 2.1 Let Y =04 % X Xux} ong V =1y,

Y2:¥a: Yar Y: s} Consider the relation R given by its
Boolean matrix:

110010
001001
R=j0 1 01 00
101111
110010

From the above relation R it is clear that,
r(X:L) :{yl' Y2s ys}; I’(XZ) :{yeu ye}; r(x3) :{yzv y4};
r‘()(4) ={y1! Yas Y4 Y5 ye} and r(xs) :{yl, Yo, ys}

Therefore, we get Y/ Fu =100 %h {3 {6k {03
Similarly, VIE, ={{ys, Ysh {¥s Vb {y- 3. {V. 3} Let

us consider the target set Y =00 Ya Yo y5}_ Therefore,

the R-lower approximation, RY is given as

RY ={x, %, X} whereas the R-upper approximation,

RY s givenas R' =04 X X %} The R-houndary of Y
is given as ENr(Y) ={x}.

Definition 2.1  Let U and V be two universal sets. Let
R be a binary relation from U to V. If xeU and

r(x)=¢, then we call X is a solitary element with
respect to R. The set of all solitary elements with
respect to the relation R is called as solitary set and is
denoted as S. Mathematically,

S={xeU:r(x)=¢} ©)

2.1 Algebraic Properties of Rough Set based on
Two Universal Sets

In this section, we list the algebraic properties as
established by Guilong Liu [32] that are interesting and
valuable in the theory of rough sets as below. Let R be
an arbitrary binary relation from U to V. Let S be a
solitary set with respect to the relation R. For subsets X,
Y,inV

RY = U I(y)
0] e

(ii) B¢:S:§¢:¢15‘/:U and §\/=S"

where " denotes the complementof SinU. (7)

(6)

iy SSRX gng RX S’ ®)
(v) BX-SSRX ©
RX =U v r(x) c X; RX = ¢

if and only if *<V
X (0, r00)
if and only if xeu

(v)
(10)
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S#¢ RX #RX ¢ X €P(V)

(vi) If , then =

where P(V) denotes the power set of V. (11)

(vii) For any given index set I, X; e P(V),
B(q Xi):.q RX; R(UI X;)=URKX,

and 12

(viii) 1f X S then RX SRY gng RXRY (43,

(ix) RX URY cR(X LY), and

R(XNY)< RX ARY (14)
o BX)=RX' o4 (RX) =RX", (15)
(xi)  There exists some X ePU) such that

RX =RX it and only if R is serial. (16)

(xii) If G is another binary relation from U to V and
RX =GX forall X€PM) then R=G. (17)

(xiii) If G s another binary relation from U to V and
RX'=CX for ail X€PV) then R=G_ (18

2.2 Topological Characterization of Rough Set

based on Two Universal Sets

In this section, we introduce an interesting
topological characterization of rough set on two

universal sets employing the notion of the lower and
upper approximation. It results four important and
different types of rough sets on two universal sets as
discussed by Acharjya and Tripathy [33].

Type 1: 1f B #% and RY #U | then we say that Y is
roughly R-definable on two universal sets.

Type 2: If Ry =4 and RY #U then we say that Y is
internally R-undefinable on two universal sets.

Type 3: 1f B #% and RY =U | then we say that Y is
externally R-undefinable on two universal sets.

Type 4: 1f BY =% and RY =U | then we say that Y is
totally R-undefinable on two universal sets.

2.3 Table of Union

In this section, we discuss the set theoretic operations
such as union on types of rough sets on two universal
sets. We state the corresponding tables for the set
theoretic operation union. From the Table 1, it is clear
that seven cases consist of ambiguous. In one case it can
be any one of the four types. These ambiguities are due

to inclusion RX VY RY < R(XWY) The necessary proofs
of ambiguity cases are thoroughly studied by Acharjya
and Tripathy [33].

Table 1:  Table of union
U Type 1 Type 2 Type 3 Type 4
Type 1 Type 1/ Type 3 Type 1/ Type 3 Type 3 Type 3
Type 2 Type 1/ Type 3 Type 1/ Type 2/ Type 3/ Type 4 Type 3 Type 3/ Type 4
Type 3 Type 3 Type 3 Type 3 Type 3
Type 4 Type 3 Type 3/ Type 4 Type 3 Type 3/ Type 4

2.4 Table of Intersection

Unlike union operation, it is interesting to see from
the Table 2 that, out of sixteen cases for intersection,
seven cases are ambiguous. Also it is observed that, in

one case it can be any one of the four types. These

ambiguities are due to inclusion RXNY)SRXARY
The necessary proofs of ambiguity cases are thoroughly
studied by Acharjya and Tripathy [33].

Table 2: Table of intersection

n Type 1 Type 2 Type 3 Type 4
Typel Type 1/ Type 2 Type 2 Type 1/ Type 2 Type 2
Type 2 Type 2 Type 2 Type 2 Type 2
Type 3 Type 1/ Type 2 Type 2 Type 1/ Type 2/ Type 3/ Type 4 Type 2/ Type 4
Type 4 Type 2 Type 2 Type 2/ Type 4 Type 2/ Type 4

I11. Measures of Uncertainty

The rough set [2, 3] philosophy specifies about the
understanding of the objects and their attributes

Copyright © 2013 MECS

influencing the objects with a depicted value. So, there
is a need to classify objects of the universe based on the
indiscernibility relation between them. The basic idea of
rough set is based upon the approximation of sets by a
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pair of sets known as the lower approximation and
upper approximation of the set. Here, the lower and
upper approximation operators are based on
equivalence relation. However, the requirement of
equivalence relation is a restrictive condition that may
limit the application of rough set model. Therefore,
rough set is generalized by Guilong Liu [32] to rough
set on two universal sets. Because we are interested in
classifications based on binary relation, it is interesting
to have the idea of approximation of classifications. It is
because classifications of universes play central roles in
rough set theory. Recently Acharjya and Tripathy [34]
have established important results and measures of
uncertainty such as accuracy and quality of
approximation employing the binary relation R and
discuss on properties of classifications. However, for
completeness of the paper, we state the basic definitions
and notions of measures of uncertainty.

Definition3.1  Let =00 Y2 Yok yyhere n>1
be a family of non empty sets defined over V. We say

that F is a classification of V if and only if (i Y;)=¢

n

DY, =V

for P and k=?

Definition 3.2  Let F={". Y Y.} be a family of
non empty classification of V and let R be a binary

relation fromY =V . Then the R-lower and R-upper
approximation of the family F is given as

RF={RV, RV, (RYY g RF={RY, RY, - RY)

respectively.

Definition 3.3 The accuracy of approximation of F
that expresses the percentage of possible correct
decisions when classifying objects employing the
binary relation R is defined as

> card (RY;)

o (F)= > card (RY,) ;

or |:1,2,3,---,n_
Definition 3.4  The quality of approximation of F
that expresses the percentage of objects which can be

correctly classified to classes of F by the binary relation
R is defined as

> card (RY;)

F =
Ve (F) card (V) o 1=123,n

Definition 3.5  We say that F={M.Y,, . Y.} is R-

¢ RF=RF. RY, =RY,

definable if and only i that is for

i=123--,n

Theorem 3.1 Let R be a binary relation from
UV and tet F =% Y Yod where 1>1 pe a

Copyright © 2013 MECS

classification of V. For any R-definable classification F
in U, % (F)=Va(F)=1 pence if a classification F is
R-definable then it is totally independent on R.

Theorem 3.2 Let R be a binary relation from

U=V oand let F=00 Y Yo} \where N>1pe a
classification of V. If %(F)=va(F)=1 o0 F is R-
definable in V.

Theorem 3.3

U =V and for any classification © =0 Yor s Yo}
n>Liny 0< oy (F)<vi(F) Sl_

Let R be a binary relation from

IV. Rough Equality of Sets on Two Universal Sets

The concept of rough set differs essentially from the
ordinary concept of the set in that for the rough sets we
are unable to define uniquely the membership relation.
In set theory, two sets are said to be equal if they have
same elements. However it is not true in case of rough
sets. Therefore, the concept of rough (approximate)
equality is introduced by Novotny and Pawlak [35].
Thus two sets can be unequal in set theory, but can be
approximately equal. This is an important feature and
according to our state of knowledge, the sets have close
features which are enough to be assumed approximately
equal. This is due to the indiscernibility relation
between the objects of the universe. But, the
indiscernibility relation is a restrictive relation that may
limit the application of rough set. Therefore, rough set
has extended to the settings of rough set on two
universal sets based on binary relation. Hence the above
concept of rough equality of sets can be extended to the
settings of rough equality of sets on two universal sets.
In fact we introduce three kinds of rough equality of
sets on two universal sets. Now we present the formal
definitions.

Definition 4.1

and ReUxV) be a binary relation. Let the relational
Y,Y, cV.

Let U and V be two universal sets

system (U, V, R) be a knowledge base, and
We say that

(i) Sets " and Y2 are bottom R-equal in V if
R =RY, we writeitas Y18 Y2

(i)  Sets Y and Y2 are top R-equal in V if
RY. =RY> \we write itas 1 ~7 Y2 |

(iii) Sets "1 and Y2 are R-equal in V if Y~ Y2

and LT Y2 We write itas 2~ Y2

We associate the following physical interpretations,
with the above notion of rough equality of sets on two

universal sets. If Y1 ~g Y2, this means that positive

1.J. Intelligent Systems and Applications, 2013, 02, 16-24



20  Topological Characterization, Measures of Uncertainty and Rough Equality of Sets on Two Universal Sets

examples of the sets " and Y2 in V are equal. If
N Y , then the negative examples of the sets " and

Y, =Y,

Y2 in V are equal. If , this means that both

positive and negative examples of the sets " and Y2 in
V are the same.

Let U :{Xl* Xp1 X3y Xy Xs} and V=
i Yo Yoo Yar Yo Yes Yoo Yad - Consider the  binary
relation R as R:{(leyz)v (Xlin)’ (XZ’yl)i (X21y4)1
06r¥e) 06 %) Yo 0¥ (¥, (X

(% ¥6): (%.¥2): (%:Y2)} Thus R can be written in its
Boolean matrix form as:

Example 4.1

01100000
1 0011000
R=(0 01 00110
10000O0T11
01100000

From the above relation R it is clear that, r) =
o Yabi T0Q) =10 Vi Y3i T0G) =1Ya: Yo, Yo 3o T(X,)
=D Yo ¥sb ang F06) =1¥2 Yo} Therefore, we get
U B ={{x, %} {6} 06k 14,3}

For sets "1 =UaY2rYatand Y2 =02 Yo Yodwe have
RY, =0 %3 =RY.. therefore Y18 Y2, Hence " and
Y are bottom R-equal in V. Again, on considering
Y = Yoo Yot ang Yo =Vor Yo Ve Yol e have RY: =
0 %0 X5 X, x5}=ﬁY2’ therefore Y17 Y2 Hence Yt
and Y2 are top R-equal in V. Similarly on taking Y=
Ve Yo} ang Yo =0 Vo Vel we have RG=#=RY,
and RY, ={x1,x2,x3,x5}=§Y2, therefore 1~ 2 Hence

Yl YZ

and "2 are R-equal in V.

Proposition 4.1 The following properties of relations
B ®T and ~ are immediate consequences of the
definitions. Let U and V be two universal sets and R S
UxV) be a binary relation. Then for Y2 <V | the
following properties holds.

@ 1782 if and only if "1NY2)~8 Y gng
(1Y) =g Yy

0 1 Y2 if and only if (1UY2) ™M1 gng
(L OYy) = Yy

Copyright © 2013 MECS

© If Yo=Y and Y2 =T Y, . then (Y, UYy) =

(Y, OY,)

@ If Yy =g Yy and Y2 ~B Yy . then (1 NY,) ~g

(Yl’ mYz’) .

© 1F1SY2and 21 ¢ then 1T 2,

® 1S and 13V then 2 XV

(9) If Yi~g 4 o Y28 ¢,then (YLNY,) =~ ¢

) 1TV o 2=V ghen (1Y) =V
Proof (a) Assume that (LNY2) =g Vi gpg (ANY2) =
Y2 1t implies that RO1NY2) =R(Y) gpq R AY;) =
R(Y2) . Therefore, R(Y)) =R(Y,) and hence Y1 =g Y, .

Conversely assume that N Yo g implies that R(M)
=R(Y,) gy ROAY,)=RM)ARY,)=RM) 4o
R(Y,"Y;) =R(V) NR(Y,) =R(Y,) Therefore, we have
(MiNYz) =g Y1 gqg 1NY2) g Yo

Proof (b) Assume that ("1 VY2) =1 Y1 gpg (1 OY2) =
Y2 1t implies that R(Y, UY) =R(Y) gpg ROLVY,) =
R(Y,) Therefore, R(Y.) =R(Y;) and hence 17~ Y2

Conversely assume that It implies that R(M)
= ﬁ(Yz) . But, ﬁ(Y1 uYz) = ﬁ(Yl) Uﬁ(Yz) = ﬁ(Yl) and
R(Y, UY,) =R(A) UR(Y,) =R(Y,) . Therefore, we have
(LOYo) = Y gpqg LOYo) =~ Yy

Yi=r Yy

Proof (c) Assume that Y2 ~T " and "2 *T Y2 it implies

that K1 = RY, ang RY2 = RY, But, ROV Y2) =RY,

URY, =RY, URY, =R(Y, UY;) 4, erefore, (1Y)

~r (Y Uer)_
Proof (d) Assume that "2 ¥8 "1 and 2 8 Y2 Thus we
have RY1 = RY/ and X2 = RY, . But, R(Y, NY;) =RY;

NRY, =RY NRY; =R(Y, NY,) . Therefore, (Y1 NY;)

~B (Yl' mYz’)

Proof () Assume that Y* <2 and Y2 =1 ¢,
RY, CRY, RY, =

It implies

RY, RY, =

that and R¢ . Therefore,

1.J. Intelligent Systems and Applications, 2013, 02, 16-24
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RE=0 ie, RSP 5o definitely, R =9=R¢
Hence, Y2~ %

Y= Ve it implies
RY, SRY, =S’

Proof (f) Assume that "1 < Y2 and

RY, CRY, ;.4 R, =RV =§'

that . But

RY, 25" gince S’ is the complement of the

RY, =S’ RY,=5'=
Vv

i.e.,
solitary set, definitely . Therefore,

RV It implies that Y2 =7
Proof (g) Let us assume L% § implies that Ry, =
Rp=3 BMMYz):BYlmBYzzsngz

Since S is a solitary set, definitely SNRY, is equal to S.
ThUS, B(Yl rWYZ):S :B¢ , i_e" B(Yl ﬂY2)=B¢ .

Hence, (LNY;) = ¢. Similarly it can be verified that
if Y, % ¢ , then (Y, NY,) =g ¢

. Therefore,

Proof (h) Let us assume Vi~V . It implies that RY, =

RV =S" But. R(Y, UY,) =RY, URY, =S'"URY, =S'=

RV | 1t indicates that, "“Y2) % V' Similarly it can
be verified that if 12 = ¥ then (1 WY2) = V|

V. Rough Inclusion of Sets on Two Universal Sets

Inclusion relation is one of the fundamental concepts
in set theory. An analogous notion in rough set is
introduced by Pawlak [2]. Hence, rough inclusion of
sets can be extended to the settings of rough inclusion
of sets on two universal sets. We define the rough
inclusion of sets on two universal sets in the same way
as rough equality of sets on two universal sets. The
formal definition of rough inclusion of sets on two
universal sets is as follows.

Definition 5.1 Let U and V be two universal sets
and RcUxV) be a binary relation. Let the relational
system (U, V, R) be a knowledge base, and Y, V.
We say that

(i) Set " is bottom R-included in "2 if and only if
RY, < RY> \e denote itas Y18 Y2,

(i)  Set i is top R-included in Y2 if and only if
RY; S RY2 e denote itas Y17 Y2,

(iii) Set " is said to be R-included in Y2 if and
only if "1lgY and Y, . We denote it as " DYZ.

Copyright © 2013 MECS

Let us consider the knowledge base as
in Example 4.1. In this knowledge base for sets Y=
2 Yar Yok ang Yo =102 Ya0 Yoo Y23 e have R =1
X} and R =040%0 %} Therefore, 1SRt

implies that it is bottom R-included in the set Y2.

Again on taking Yt =02 Y2 Yo} ang Y2 =02 ¥i} e
have RYl ={X1’ X3’ XS} and RYZ ={X1’ X3’ X4’ XS} . ThUS,
RY,

Example 5.1

we get < RYZ. It indicates that " is top R-included
in the set Y2, Similarly on taking Yo ={¥2 Ya} gng Yo =
{yzvys!ye’ y7} we have RY, :{Xl,XS}; RY, :{X1'X3*

X} R, ={,%} g RY ={, %, %, X} Therefore,

we get RY, < RY; and RY, < RY?. It indicates that " is

R-included in the set Y2 .

Proposition 5.1 The following properties of relations
DB, e , and U are immediate consequences of the

definitions. Let U and V be two universal sets and Rc

UxV) be a binary relation. Then for Y, eV ,
following properties holds.

the

i) RS2 then YeYe MYy gng MOYs,
G) YiUsY2 ang Y2UsYt then 178 V2.

(k) YUY, and YoV , then Yy ~r Yzl

@ 1f 102 ang Y2001 phen XYz,

m) 1512 if and only if (0 2Y2) = Yz,

m  U8Y2 ifand only if i Y2) e Vi,

! ’
Yl ~B Yl Y2 ~B YZ

© If hsY2 and , then
Yy Ug Yz

(p) If Yl QYZ , Yl ~r Yl' and Y2 ~r YZ, , then

@ 1SV NAY gng 2 ®Y2 ghen WYz,

r I VY gng Y2 D Ya . then (Y OY7) Uy
(YpUY;)

() If Y UgYy and T2 DBYZ, then (Y "Y; ) Ug
(Y1NYy)

® (LNYy)Ug Vi lp (L UY5)

@ 1f 182 ang V1% Vs then YslsYz,

1.J. Intelligent Systems and Applications, 2013, 02, 16-24



22 Topological Characterization, Measures of Uncertainty and Rough Equality of Sets on Two Universal Sets

o) 1f 1ETY2 ang Yimr Vs then Yalr Yz,
w) 1 102 and Yi®Ys hen Y3UY2.
Proof (a) Assume that 1 SY2 |
RY, cRY, ,nq R% S RY,

It implies that

. Therefore,Yl UgY> ; Vil Y,

and thus

Y1DBY2 and Y2 DB

Proof (b) Suppose that KTt implies

that R S RY; ang R, S RY rarefore, R =RY,
indicates that Y1 ~g YZ.

Proof (c) Suppose that MUY, and Y2 DTYl It impIies
that R S RYz ang R S RY rarefore, RY, = RY2 It

indicates that "1 =T Y2 |

Proof (d) Suppose that MUY, and Y2 U

that YlDBYZ; " DTYZ; Y2UY1 ang Y2Ur "1 Therefore

. It implies

by above property (b) and (c) we get Yi~g Y2 and

Y121 Y2 Hence, we have "1 52,

Proof (e) Assume that "1oTY2 gt |mpI|es that

RY, SRY, ¢ ROLUY,)=RY, URY, =RY,

get (M OY2) =1 Y Conversely, suppose that (Y1 Y2)
T Y, uY,) = RY2 RY uRY

R RYl =¢

. Thus we

i.e.,

. It is possible only when RY s RYZ or

. It implies that R(Yl
=RY,

Therefore, in either case

Proof (f) Assume that NlsY: implies that

RY, cRY, But, RV, NY,) =RY; NRY, =RY,

get, (hNY2) ~g Yl. Conversely, suppose that (i NY2)
~B Yl. It implies that RMY.NY,)=RY, o RYGNRY,

. Thus we

~ 2N It is possible only when RY, < RY . Therefore,
in either case YlDBYZ.

Proof (g) Assume that 1 S Y2: Y% i ang Y2 % V2 |
It implies that X1 SRYz, RV = RY and RY2=RY,
Therefore, RY/ < RY |t indicates that "t (e Y2 |
Proof (h) Assume that 1S Y2: Y131 i ang Y2 % V2
It implies that RY, <RY, . RYl =RY/ and N2 =RY;
Therefore, RY, CRY; It indicates that Y2 -T2

Copyright © 2013 MECS

Y, =Y,

St

YngZ, Yl zYl and

Proof (i) Assume that

implies that RLSRY. . RLCRY, . R =RY
RY, :ﬁYl' RY, =RY,

2 and RY, =RY, . Therefore, we

have BY1,:BY1§BY2:BY2 , e, BYl’QBYz’ Ot

A RY, =RY, cRY, =

indicates that . Similarly,

RY, ie. RY, < RY, It indicates that ‘-

Y, oy,

!

on combining the results we get

I

Y,/ [,

1 and Y2 Ur Y.

2 It implies
R(Y1, UYz') = ﬁer

Proof (j) Suppose that

that RY c RY1 and RY c RY _But,

URY, < RY,URY, _ R(Y,UY,) Thus, R(Y, UY,)

SR, YY,) and hence (7 VY2 )y (L OY,)
Proof (k) Suppose that Y e Yy and EBY?. It implies
that RY. SR, g RY, < RY, Byt ROY AY)) =RY,

mBYz’ o= BY1 mBYZ = B(Ylez)_ Thus, B(Yl’mYz')

SR, AY,) and hence 0 MY2) s (5 AY,)

Proof (I) We know that (1Y) <V

RYCAY,)SRY 1t indicates that (i0Y2)Us Yo |
RY, = R(Y, UY,)

. Therefore,

similarly, 1S YY2) | Therefore,

and hence YO (Y UYZ). On combining the results we
get (Yl mYZ)DB Yl DT (Yl UYZ) .

Y, 7, Y, Y, %, Y

Proof (m) Suppose that and 3.t
implies that R SRz ang RU=RY ence, we have
RG=RL CRY, e, RHSR%G ¢ indicates that
Y3 DB Y2

Proof (n) Suppose that N Y, and Vi~ Y3. It implies
that RY, < RY, and RY, =RY, . Hence, we have R¥s =
RY, CRY, Jie., RY, < RY, . Itindicates that Y3 °r Y2
Proof (0) Suppose that YUY, and i~y Y3. It implies
N A A A A A A I A A

Therefore, by p,roperty (m) :':md (n)
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VI. Conclusion

In this paper, we compare the concepts of classical
set with that of rough set on two universal sets. Basic
properties of rough set on two universal sets like
topological characteristics, measures of uncertainty,
equality and inclusion of sets are expressed in terms of
binary relation. It is also observed that equality and
inclusion of sets can not be decided in the absolute
sense, but depend on what we know about the sets. It is
also clear that, all properties of rough set on two
universal sets are not absolute, but are related to what
we know about them. Therefore, rough set on two
universal set approach could be viewed as a subjective
counterpart of the classical set theory. These results
obtained are important for their application in the
design of knowledge bases.
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