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Abstract—This paper presents a new approach for 

solving optimal control problems for switched systems. 

We focus on problems in which a pre-specified sequence 

of active subsystems is given. For such problems, we 

need to seek both the optimal switching instants and the 

optimal continuous inputs. A Bezier control points 

method is applied for solving an optimal control 

problem which is supervised by a switched dynamic 

system. Two steps of approximation exist here. First, the 

time interval is divided into   sub-intervals. Second, the 

trajectory and control functions are approximatedby 

Bezier curves in each subinterval. Bezier curves have 

been considered as piecewise polynomials of degree  , 

then they will be determined by     control points on 

any subinterval. The optimal control problem is there by 

converted into a nonlinear programming problem (NLP), 

which can be solved by known algorithms. However in 

this paper the MATLAB optimization routine 

FMINCON is used for solving resulting NLP. 

 

Index Terms—switched dynamical system, Bezier 

control points, optimal control. 
 

 

I. Introduction 

A switched system is composed of some subsystems 

and a switching law. The switching law defines the order 

of the subsystems which have to be activated at 

specified switching instants during the planning horizon. 

Many real world applications face switched systems, 

such as the control of mechanical systems, automotive 

industry, aircraft and air traffic control and switching 

power convertors (details can be found in [1-7]). 

The objective of problems related to optimal control 

of switched systems is to find a switching law and a 

control function in a way that some performance criteria 

are minimized with respect to imposed constraints on 

state and control variables. These groups of optimal 

control problems are of theoretical and practical 

importance, so they have been taken into special 

consideration  ([8-12]). 

For switched system with linear component systems, 

the defect of optimal control switching has absorbed 

several researcher's attention recently. For instance,  

Egerstedt, et al. [13] presented such an accurate method 

and algorithm that is able to compute the minimum 

number of switching for changing from one state to 

another and Xu, and Antsakalis [14], addressed the 

problem of determining the switch instants. 

These results, like most of the results in the literature, 

make open-loop and are based on pre-selecting a finite 

number of switching and optimization of the switching 

instance against a cost functional. For these open-loop 

solutions, the result of optimization can be enhanced if 

the number of switching is allowed to increase but since 

these methods use a search algorithm, the cast of 

computation increases very suddenly. Xu, and Zhai [15] 

continued their recent study on practical stabilizability 

of discrete-time (DT) switched systems, and they proved 

a sufficient condition for  -practical asymptotic 

stabilizability. On the basis of their approach, they also 

presented several new sufficient conditions for global  -
practical asymptotic stabilizability of such a class of 

systems. 

Niua, and Zhaoa [16] surveyed the problem of 

stabilization and   -gain analysis for a class of cascade 

switched  nonlinear systems by using the average dwell-

time method. First, when all subsystems were 

stabilizable, they designed a state feedback controller 

and an average dwell-time scheme, which guaranteed 

that the corresponding closed-loop system was globally 

asymptotically stable and had a weighted   -gain. Then, 

they extended the result to the case where not all 

subsystems were stabilizable, under the condition that 

the activation time ratio between stabilizable  

subsystems and unstabilizable ones was not less than a 

specified constant, also they derived sufficient 

conditions for the stabilization and weighted   -gain 

property. 

In this work, a class of optimal switching  problems 

have been considered such that the switching instants 

and the control function have to be found optimally 
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under the condition of defined order of the subsystems. 

The purpose of this paper is to propose an efficient 

computational algorithm based on Bezier curves 

introduced in [3] for solving these type of optimal 

switching   problems. 

This paper is organized as follows: In Sections 2 and 

3, the basic problem will be introduced. Two examples 

will be presented in Section 4 and solved by the 

proposed method. And at last, Section 5 will discuss 

about conclusion. 

 

II. Switched Systems 

A switched systems composing of following 

subsystems considered as  follows:  

 ̇( )    (   ( )  ( ))     *       +           (1) 

where  ( )    ,  ( )    and for each   
      

        is continuously differentiable with 

respect to its arguments. To control a switched system, a 

continuous input as well as a switching  sequence have 

to been selected. A switching sequence with   
,     - adjusts the order of active subsystems and is 

defined  as: 

              *(     ) (     )   (     )+                  (2) 

where                          and 

     for          Here, (     ) indicates that at 

instant   , the system switches from subsystem      to 

subsystem     therefore subsystem    is  active during 

time interval ,       ) (,       - if    ). In order a 

switched system to be well-behaved, only nonZeno 

sequences are considered which switch at most a finite 

number of times in  ,     -, though different sequences 

may be of different numbers of switchings. If   is 

regarded as a discrete input, then the overall control 

input on the system is the pair (   ). It is mentioned   

that the discriminately factor for a switched system from 

a general hybrid system is its continuous state which 

doesn’t represent jumps at switching instants.  Hence, 

the computation of continuous inputs becomes favorable 

via the application of conventional optimal control 

methods. 

This paper goals at minimizing cost functional over 

two subsystems solution   as  the  following  form 

       . (  )/  ∫  ( ( )  ( ))   
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where  ( )  (  ( )   ( ))
      ( )  

(  ( )   ( ))
    , and  ( )  

(  ( )   ( ))
 are known vectors functions, and    

and    are known values in  . We assume  ( )  

(  ( )   ( ))
  and ( )  (  ( )   ( ))

  are vector 

functions, which their elements  assumed to be 

polynomials defined on ,     ) and ,     -, respectively. 

We need to impose continuity on  ( )  and its first   

derivative which these constraints is appeared in Section 

3. 

Without lose of generality just for simplicity,  the case 

of two subsystems are considered in which the 

subsystems ( )  and ( )  in (3) are active in   
,     ) and   ,     - ,  respectively (  is switching 

instant which has to be determined). Applying 

developed methods on problems with several 

subsystems with more than one switching is 

straightforward [14]. 

Problem (3) can be converted into a new problem. A 

state variable   is introduced corresponding to switching 

instant   .  Let     satisfy 

 
  

  
                                                                (4) 

   ( )                                                              (5) 

Now, a new variable    is introduced. Define a 

piecewise linear relationship between   and   as follows: 

 

  {
   (    )       

  (    )(   )       
              (6) 

 

Obviously,     corresponds to     ,     to 

    , and     to     . By substituting    and    in 

 ( )    and  ( )  in equations ( )  and ( )  of (3), now 

these equations are converted into the following 

equivalent forms: 

     
  ( )

  
 (    )  ( ( )  ( ))                         (7) 

  

  
                                                                 (8) 

where   ,   ) and 
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                                                               (10) 

where   ,   -, and 

  ( )   (   (    ) )             (11) 

Now the target is to find   and  ( )   ,   -such 

that the cost functional 

   ( ( ))  ∫ (    ) (   )   ∫ (   
 

 

 

 

  ) ( (   )                     (12) 

to be minimized. 

 

Remark 1: The equivalent problem (7)-(12) provides us 

with no more varying switching instant and 

consequently it is conventional. Since   actually is an 
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unknown constant while    ,   -, thus   isregarded as 

unknown parameter for optimal control problem with 

cost (12) and subsystems (7)-(11), that is, Problem (7)-

(11) with cost functional (12) can be regarded as an 

optimal control problem parameterized by switching 

instant    It is worth noting that by considering   as a 

parameter, thedimension of new problem is the same as 

that of first problem. In fact, this situation is valid when 

considering  more  than one switching. 

 

 

III. Statement of Problem 

Consider the optimal control of time varying system 

(7)-(11) with cost functional (12). Divide the interval 
,   - into a set of grid points such that 

                   

where   
 

 
, and    is a positive integer. Let    

[       ] for          . Then, for     the above 

optimal control problem can be decomposed to the 

following  suboptimal  control  problems: 
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where   ( )  (  
 ( )   

 ( ))   and   ( )  

(  
 ( )   

 ( )) are respectively vectors of  ( ) 
and ( )  which are considered in       and  ,   )and 

 ,   - are respectively characteristic functions 

of  ( ( )  ( )) and   ( ( )  ( )). Also 

   {
 ( ( ))    

     
 

Zheng, et al. [3] shown the convergence of the 

subdivision scheme as the interval width approaches 

zero. Our strategy is using  Bezier curves to approximate 

the solutions   ( )  and   ( )  by   ( )  and 

  ( ) respectively, where   ( )  and   ( )  are given 

below. Individual Bezier  curves that are defined over 

the subintervals are joined together to form the Bezier 

spline curves. For            define the Bezier 

polynomials of degree n that approximate the actions of 

  ( ) and   ( ) over the interval [       ] as  follows 

  ( )  ∑  
 
    (

      

 
)
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where 

    (
      

 
)  .

 

 
/
 

  
(    )

   
(      )

 
  

is the Bernstein polynomial of degree n over the interval 

,       - ,   
 

and   
 

are respectively   and  ordered 

vectors from the control points (see [3]). By substituting 

(14) in (13), one may define     ( ) for   ,       - as 

    ( )   ,   )(    ) (     )

  ,   -(    ) (     )  

          

Let  ( )  ∑   
 ( )  ( )

 
    and  ( )  

∑   
 ( )  ( )

 
    where   

 ( )and   
 ( )are respectively 

characteristic functions of   ( ) and   ( ) for    

[       ]  Beside the boundary conditions on  ( ) , in 

nodes, there are also continuity constraints imposed on 

each successive pair of Bezier curves. Since the 

differential equation is of first order, the continuity of   

(or  ) and its  first derivative gives 

  
( )
(  )      

( )
(  )                        (15) 

Thus the vector of control points   
 
 (         

   ) must  satisfy 

  
 
(       )

 
   

   
(       )

 
  

(  
 
     

 
)(       )

   
 (  

   
   

   
)(     

  )
   
                                            (16) 

One may recall that   
 
is an   ordered vector. This 

approach is called the subdivision scheme (or  -

refinement in the finite element literature). 

Note 1: If we consider the   continuity of   , the 

following  constraints  will be added to constraints (16), 

  
 
(       )

 
   

   
(       )

 
  

(  
 
     

 
)(       )

   

 (  
   

   
   
)(       )

   
  

where the so-called   
 
 (           ) is an   

ordered vector. 

Now, we define residual function in   ⋃   
 
   as  

follows 
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  ∑ |  | 
 

 

   

 ∑ |    | 
    

 

   

 

where        is   norm and  is a sufficiently  large 

penalty parameter. Our aim is to solve the following 

problem over    ⋃   
 
   : 

     

      
   ( )

  
  ,   )(    )  ( ( )  ( )) 

      

   ( )

  
  ,   -(    )  ( ( )  ( ))       

  
( )
(  )      

( )
(  )                   

  ( )   (   (    ) )      

    (17) 

The optimal control problem is thereby converted into 

a nonlinear programming problem (NLP), which can be 

solved by known algorithms. However in this paper the 

MATLAB optimization routine FMINCON is used for  

solving  resulting  NLP. 

 

Note 2: In problem (3), if  (  ) is unknown,  then we 

set     . 

 

IV. Numerical Examples 

In applying the method, in Example 4.1 and 4.2, we 

choose the Bezier curves as piecewise polynomials of  

degree   . 

 

Example IV.1: Consider the following optimal control  

problem  (see[17]): 
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Let     and,     By using mentioned algorithm 

with active-set method, after 2 iterations, we found that 

the switched instant is        and the approximated 

objective function by this method is                . 

From (17),  one can find the following  solution. 
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The computation takes       seconds of CPU time 

when it is performed using Matlab      on an AMD 

Athelon X  PC with  GB of RAM. The graphs of 

approximated     ( )    ( )  and approximated control 

are shown respectively  in Figures 1, 2 and 3. 
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Note that the exact optimal solution for this problem 

is (see [17]) 

  
     ( )            

 

 

Fig.1 The graph of approximated   ( ) 

 

 
Fig.2 The graph of approximated   ( ) 

 

Fig.3 The graph of approximated control 

Example IV.2 Consider the following optimal control 

problem  (see[14]): 
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Let      and,      By using mentioned algorithm, 

we found that the switched instant is           and the   

approximated objective function by this method is  

           . From (17), one can find the following 

solution. 
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The graphs of approximated trajectories, and 

approximated control are shown respectively in Figures 

4 and 5. 

 

 

Fig.4 The graphs of approximated trajectories  

 

Fig.5 The graph of approximated control  

 

V. Conclusions 

In this paper, we studied optimal control problems for 

switched systems in which a pre-specified sequence of 
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active subsystems is given. Based on Bezier control 

points, we proposed a method to obtain the 

approximated trajectories and control. This note first 

transcribes an optimal control problem in to an 

equivalent problem parameterized by the switching 

instants and then uses the Bezier control points  method. 

The original new problem is converted into a nonlinear 

programming problem (NLP) by applying  Bezier 

control points method, whereas the MATLAB 

optimization routine FMINCON is used for solving 

resulting NLP. Numerical example shows that the 

proposed method is efficient and very easy to use. 
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