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Abstract— Rough sets, introduced by Pawlak as a 

model to capture impreciseness in data have been a very 

useful tool in several applications. These basic rough 

sets are defined by taking equivalence relations over a 

universe. In order to enhance the modeling powers of 

rough sets, several extensions to the basic definit ion has 

been introduced over the past few years. Extending the 

single granular structure of research in classical rough 

set theory two notions of Multigranular approaches; 

Optimistic Multigranulat ion and Pessimistic 

Multigranulation have been introduced so far. 

Topological properties of rough sets along with 

accuracy measures are two  important features of rough 

sets from the applicat ion point of view. Topological 

properties of Optimistic Mult igranular rough sets 

Optimistic Multigranular rough fuzzy sets and 

Pessimistic Multigranular rough sets have been studied. 

Incomplete information systems take care of missing 

values for items in data tables. Optimistic and 

pessimistic MGRS have also been extended to such 

type of incomplete information systems. In this paper 

we provide a comparat ive study of the two types of 

Multigranular approaches along with other related 

notions. Also, we extend the study to topological 

properties of incomplete pessimistic MGRFS. These 

results hold both for complete and incomplete 

information systems.  

 

Index Terms— Rough Sets, Rough Fuzzy Sets, 

Tolerance Relat ions, Pessimistic Mult i Granular Rough 

Fuzzy Sets  

 

I. Introduction 

The introduction of the concept of rough sets as a 

model to capture impreciseness by Pawlak [5, 6], has 

been found to be a very useful tool and several 

applications of this model has been made so far. The 

basic assumption of rough set theory is that human 

knowledge about a universe depends upon its capability 

to classify these objects. Classifications of a universe 

and equivalence relations defined on it are known to be 

interchangeable notions. So, for mathematical reasons 

equivalence relat ions were considered by Pawlak to 

define rough sets.  

A rough set is represented by a pair of crisp sets, 

called the lower approximation and upper 

approximation of the set, comprising of elements which 

definitely and possibly belong to it respectively with 

respect to the available information.  

To improve the modeling capability of basic rough 

sets several extensions have been made in  different 

directions. One such extension is the rough sets based 

upon tolerance relations instead of equivalence relations. 

These rough sets are sometimes called incomplete 

rough set models [1]. In the v iew of g ranular computing, 

classical rough set theory is researched by a single 

granulation. The basic rough set model has been 

extended to rough set model based on multi-

granulations (MGRS) in [7], where the set 

approximations are defined through multip le 

equivalence relat ions on the universe. Using similar 

concepts, that is taking mult iple tolerance relations 

instead of multip le equivalence relations; incomplete 

rough set model based on multi-granulations was 

introduced in [8]. Several fundamental properties  of 

these types of rough sets have been studied [7, 8, 9]. In 

[19], the concept of Mult igranulation has been extended 

to the context of fuzzy sets. Another type of 

Multigranulation called the pessimistic 

Multigranulation was introduced by Qian et al [10]. The 

first contribution of this paper is a comparative analysis 

of these two types of Multigranular rough sets and the 

Indiscernibility relation obtained by the intersection of 

these equivalence relations. 
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There are two different ways of characterizing rough 

sets; the accuracy coefficient and the topological 

characterization introduced through the notion of types. 

It is noted [6] that in pract ical applications of rough sets 

we need to combine both types of information about the 

borderline region. Keeping this in  mind, Tripathy and 

Mitra [13] have studied the types of rough sets by 

finding out the types of union and intersection of rough 

sets of different types. These results were extended to 

the context of optimistic multi granular rough sets by 

Tripathy et al [14], mult i granular rough fuzzy set in [15] 

and pessimistic mult i granular rough set in [18]. The 

second contribution of this paper is that we study the 

above topological properties  for the pessimistic multi 

granular rough fuzzy sets. The results obtained are 

important from the point of v iew that we provide 

suitable examples wherever necessary to show that the 

results actually occur. 

The organizat ion of the paper is as follows. In section 

2, we present the defin ition of related concepts to be 

used in the paper along with the notations. In section 3, 

we provide the results of this paper, which are of two 

types. The first type of these results provides a 

comparative study of the notions of optimistic 

Multigranulation, pessimistic Multigranulat ion, 

intersection of equivalence relations and union of 

tolerance relat ions. The second type of results provides 

topological properties of mult igranular rough fuzzy sets. 

Here, we provided some proofs and also examples to 

illustrate that all possible cases after union, intersection 

and complementation of rough sets actually can arise. 

We have ended up with a conclusion of the work done 

in this paper in section 4, followed up by the references 

of papers used for the compilation of this piece of work. 

 

II. Definitions and Notations 

Let U be a universe of discourse and R be an 

equivalence relation over U. By U/R we denote the 

family of all equivalence classes of R, referred to as 

categories or concepts of R and the equivalence class of 
an element x U  is denoted by [x]R . By a knowledge 

base, we understand a relational system ( , )K U P , 

where U is as above and P
relations over U. For any subset Q (   )  P, the 

intersection of all equivalence relat ions in Q is denoted 

by IND(Q) and is called the indiscernibility relation 

over Q. Given any X U  and R  IND (Q), we 

associate two subsets, { / : }RX Y U R Y X    

and { / : }RX = Y U R Y X   , called the R-lower and 

R-upper approximat ions of X respectively. The R-

boundary of X is denoted by BNR (X) and is given by 

( ) .RBN X RX RX   The elements of R X are those 

elements of U, which can certainly be classified as 

elements of X, and the elements of R X are those 

elements of U, which can possibly be classified as 

elements of X, employing knowledge of R. We say that 

X is rough with respect to R if and only if RX RX , 

equivalently ( ) .RBN X   X is said to be R-definable 

if and only if RX RX , or ( ) .RBN X   

In the view of granular computing (proposed by L. A. 

Zadeh), an equivalence relation on the universe can be 

regarded as a granulation, and a partition on the 

universe can be regarded as a granulat ion space [2, 3]. 

For an incomplete informat ion system, similarly, a 

tolerance relation on the universe can be regard as a 

granulation, and a cover induced by the relation can be 

regarded as a granulation space. Several measures in 

knowledge base closely associated with granular 

computing, such as knowledge granulation, granulation 

measure, in formation entropy and rough entropy, were 

discussed in [2, 3, 4]. Qian and Liang [7] put forth a 

rough set model based on multi-granulations (MGRS), 

which is established on multip le equivalence relat ions. 

In [8] this notion is extended to rough set model based 

on multi tolerance relations in incomplete information 

systems.
  

There are three regions for a rough set, namely, 

interior having elements definitely belongs to the set, 

boundary having elements possibly belongs to the set 

and exterior which is the complement of the closure of 

the interior. Rough Fuzzy Set is finer than rough set, in 

a sense that, in the former, membership values are 

associated with each object specifying the extent to 

which it belongs to a particular region of the set which 

is not so in the later. In rough set whether an element 

belongs to a particular region of the set or not is only 

known.  

 

First, let us define below the Multi Granular Rough 

Fuzzy Set (MGRFS). 

 

Definition 2.1: Let K= (U, R) be a knowledge base, R 

be a family  of equivalence relations  on U, F(U) denotes 

the set of all fuzzy sets over U, X (U) and P,QF R. 

The optimistic multi-granular rough fuzzy set X’s lower 

approximation and upper approximation in U can be 

defined as 

[y] [y]
P Q

X XU,(P + Q)(X)(y) = inf (x) inf (x)      (1)
x x

y
 

    

 

Another kind of mult i-granular rough fuzzy sets 

called pessimistic mult i-granular rough fuzzy sets was 

introduced. Now, the above type of mult i-granular 

rough fuzzy sets is known as  the optimistic multi-

granular
 rough fuzzy sets. 
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The definit ion of pessimistic mult i-granular rough 

fuzzy set (PMGRFS) is as below. 

 

Definition 2.2: Let K= (U, R) be a knowledge base, R 

be a family  of equivalence relat ions  on U, F(U) denotes 

the set of fuzzy sets over U, X (U) and P,QF R. We 

define the pessimistic multi-granular rough fuzzy lower 

approximation and upper approximation of X in U as  

P Q

U, (P Q)(X)(y) = inf X(x) inf X(x)        (3)
[y] [y]

y
x x

   
 

 

 

Pessimistic Multi Granular Rough Fuzzy Set  is finer 

than Optimistic Multi Granular Rough Fuzzy Set, in a 

sense that,  the lower approximation of the former have 

elements belongs to both the equivalence classes where 

as the lower approximation of later have elements 

belongs to either of the equivalence classes. A similar 

argument holds true for upper approximation of both 

the sets too. 

We state below several propert ies of pessimistic 

multi-granular rough sets from [10]. 

 

Property 2.1: Let K= (U, R) be a knowledge base, R 

be a family of equivalence relations , F(U) denotes the 

set of fuzzy sets over U, X (U) and P,QF  R. The 

following properties hold true. 

( )( ) ( )( ) (5)

( )( ) ( )( ), ( )( ) ( )( ) (6)

( )( ) (( )( )) (7)

P Q X X P Q X

P Q P Q P Q U U P Q U

P Q X P Q X

  

   

       

  

 

( )( ) (8)

( )( ) (9)

( )( ) ( )( ), ( )( ) ( )( ) (10)

P Q X PX QX

P Q X PX QX

P Q X Q P X P Q X Q P X

 

 

     

 

Property 2.2: Let K= (U, R) be a knowledge base, R 

be a family of equivalence relations , F(U) denotes the 

set of fuzzy sets over U, X,Y (U) and P,QF R. The 

following properties hold true. 

( )( ) ( ) ( ) (11)

( )( ) ( ) ( ) (12)

( )( ) ( ) ( ) (13)

( )( ) ( ) ( ) (14)

P Q X Y P Q X P Q Y

P Q X Y P Q X P Q Y

P Q X Y P Q X P Q Y

P Q X Y P Q X P Q Y

   

   

   

   

 

It is very obvious that all these properties hold true 

even for pessimistic rough fuzzy sets too. 

Next, we define PMGRS in  incomplete informat ion 

systems. 

Definition 2.3: An information system is a pair denoted 

by S = (U, A), where U is a non-empty finite set of 

objects, A is a non-empty finite set of attributes. For 

every a A , there is a mapping : aa U V , where 
aV  is 

called the value set of a. 

If 
aV  contains a null value for at least one 

attribute a A , then S is called an incomplete 

information system. Otherwise, it is complete. 

We define below incomplete informat ion system for 

single granular rough set. 

 

Definition 2.4:  Let S = ( , )U A be an incomplete 

informat ion system for single granular rough set where 

U and A denotes the universe of objects and attribute 

set respectively, and P A be an attribute subset. We 

define a binary relation on U as follows  

SIM(P) = {(u, v) U X U |  a   P, a(u) = a(v)  

or a(u) =  * or a(v) = *}.              (15) 

In fact, SIM(P) is a tolerance relation on U, the 

concept of a tolerance relat ion has a wide variety of 

applications in classifications [1]. 

It is known that SIM(P) =  Pa
SIM({a}). 

Let Sp(u) denote the set {v   U| (u, v) SIM(P)}.  

S
P

(u) is the maximal set of objects which are possibly 

indistinguishable by P with u. 

Let U/SIM(P) denote the family sets {S p (u)| u U}, 

the classification or the knowledge induced by P. A 

member S p (u) from U/SIM(P) will be called a 

tolerance class or an information granule. It should be 

noticed that the tolerance classes in U/ SIM(P) do not 

constitute a partition of U in general. They constitute a 

cover of U, i.e ., S p (u)    for every u   U, and 

 Uu pS (u) = U. We can extend this definit ion to 

single granular rough fuzzy set in a similar fashion. 

Now we define below pessimistic mult igranular 

lower and upper approximations of fuzzy sets in an 

incomplete in formation system. It may be noted that 

instead of the notations used in [13] to denote these 

concepts, we have used more meaningful and simpler 

notations. 

 

Definition 2.5: An incomplete informat ion system is 

a pair denoted by  S = (U, A) where U is a non-empty 

set of objects, P,Q   A be two attribute subsets, and X 

F(U) be rough fuzzy set in U. Then we define a lower 

approximation and an upper approximation of X in U 

with respect to two tolerance relations of P and Q by the 

following 
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(( ) ) { / ( ) ( ) }P QP Q X x SIM x X and SIM x X     (16) 

and  

                            (17) 

Finally we define topological types (or 

characterization) of Mult i-granulat ion Rough Fuzzy Set 

as below 

 

Definition 2.6: An incomplete information system is a 

pair denoted by  S = (U, A) where U is a non-empty set 

of objects, P,Q   A be two attribute subsets, and X 

F(U) be a fuzzy set in U. Then 

If ( ( )P Q (X))>0   and ( ( )P Q (X))>0   U,  then 

we say that X is roughly P Q  -definable (T1 or Type-

1).               (18) 

If ( ( )P Q (X))>0=   and ( ( )P Q (X))>0   U, then 

we say that X is internally P Q  -undefinable  (T2 or 

Type-2).                                                                     (19) 

If ( ( )P Q (X))>0     and ( ( )P Q (X))>0= U, then we 

say that X is externally  P Q  –undefinable (T3 or 

Type-3).                                                                     (20) 

If ( ( )P Q (X))>0=   and ( ( )P Q (X))>0= U, then we 

say that X is totally P Q –undefinable (T4 or Type-4). 

               (21) 

 

III. Results 

The results presented in this section are of two 

categories. In the first subsection we provide a 

comparative study of the two types of Multigranulations 

and the indiscernibility relation. In the second section 

we deal with the topological properties of fuzzy sets. 

3.1 Comparative Analysis 

Let us denote the pessimistic Mult igranular rough 

sets and the optimistic rough sets associated with R and 

S by R S and R+S respectively. 

 

Theorem 3.1: For any X U and two equivalence 

relations 1R and 2R defined over U, we have 

1 2 1 2 1 2 1 2

1 2 1 2

R R X R R X R R X R R X

R R X R R X

    

   
. 

Proof:     1 2 1 2R R X R R X  
             (21)

 

It follows from the following: 

[ ] [ ]
1 2

1 2

[ ] [ ]
1 2

.
1 2

x R R X x X and x XR R

x X or x XR R

x R R X

    

  

  

 

1 2 1 2R R X R R X  .                                            (22) 

It follows from the following: 

1 2 1 2

1 21 2 1 2

1 2
1 2

[ ] [ ] . ,

[ ] [ ] [ ] [ ] . ,

[ ] . , .

R R

R RR R R R

R R

x R R X x X or x X But

x x and x x So

x X Hence x R R X

    

 

 

 

Since 1 2R R is an equivalence relation, 

1 2 1 2R R X R R X  follows from rough set 

property.                                                                     (23) 

Now, we have 

 

Also, for any two sets X and Y, 

So, the rest of the inclusions 

follow from (21), (22) and (23). 

Note: All the inclusions in the above theorem can be 

strict. We provide the following example to establish 

this. 

 

Example 3.1: Let us take  

5 71 2 3 4 6 8 1 2 6 8{ , , , , , , , } { , , , }.U e e e e e e e e and X e e e e 

Then  

Let us take  

7 51 1 2 3 4 6 8

5 72 1 2 3 4 6 8

/ {{ , },{ , , , , },{ }}

/ {{ , },{ , , },{ , , }}.

U R e e e e e e e e and

U R e e e e e e e e




 

Then  

5 71 2 1 2 3 4 6 8/ {{ },{ },{ , , },{ },{ },{ }}.U R R e e e e e e e e  

So,  
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1 2 1 2 1 2 8

1 2 1 2 6 8 1 2

, { , , },

{ , , , } .

R R X R R X e e e

R R X e e e e R R X

   

 
 

71 2 1 2 6 8

1 2

{ , , , , }

.

R R X e e e e e and

R R X U

 

 
 

So that  

1 2 1 2 1 2

1 2 1 2 1 2 .

R R X R R X R R X and

R R X R R X R R X

   

   

 

It is well known that  

1 2 1 2 .R R X maynotbeequal to R R X  

 

Corollary 3.1.1: For any ,X U  

1 2 1 2

1 2

( )( ) ( )( )

( )( ).

BN R R X BN R R X

BN R R X

 

 
 

Corollary 3.1.2: For any ,X U X is rough w.r.t 

1 2R R X is rough w.r.t 1 2R R X is rough 

w.r.t 1 2.R R   

Corollary 3.1.3: For any ,X U X is crisp w.r.t 

1 2.R R X is crisp w.r.t 1 2R R X is crisp 

w.r.t 1 2R R . 

We can extend the above results to the case when the 

number of g ranulations is more than two. For this we 

shall use the following notations: 

Let 1 2, , .... mP P P be m number of equivalence 

relations over U. Then we use the notations:  

m P for optimisticmultigranulation
i=1 i
m P forpessimisticmultigranulationand
i=1 i
m

P for indiscernibility multigranulation
i=1 i





 

Corollary 3.1.4: 

m1 2For any X U and P , P ,...P  being 

equivalence relations on U, we have


 

1 1 1 1

.1 1

m mm mP X P X P X P Xi i i ii i i i

mm P X P Xi ii i

      

   
 

 
Theorem 3.2: Let  S = ( , )U A be an incomplete 

informat ion system where U denotes a universe of 

objects and A denotes an attribute set respectively. Let 

1 2,R R A .Then for any X U we have the 

following: 

1 2 1 2 1 2 1 2

1 1 22
.

R R X R R X R R X R R X

R R X R R X

    

   

 

Proof: (1) The proof of 
1 2 1 2R R X R R X    is 

similar to that in Theorem 3.1. 

Proof o f
1 2 1 2R R X R R X  .This is part (1) of 

Theorem 1 in [9].                                                       (24) 

Proof of 
1 2 1 2R R X R R X .Follows from the 

definit ions of lower and upper multigranular 

approximations of sets in incomplete information 

systems.                                                                      (25) 

Proof of 1 2 1 2
R R X R R X  . This is part (2) of 

Theorem 1 in [9].                                                       (26) 

Proof of 1 1 22
.R R X R R X    It is similar to that 

in Theorem 3.1.                                                          (27) 

 

Example 3.2 Let us take  

5 71 2 3 4 6 8 1 2 6 8{ , , , , , , , } { , , , }.U e e e e e e e e and X e e e e 

Then  

Let us take L and P as two attributes in an incomplete 

IS having U as its domain such that 

1 7 2 3 4 5 6 8

1 2

2 3 4 5 2 6 7 8

5 71 2 3 4 6 8{ , , , , , , , } ,

{ , , , },{ , , , }}.

/ ( ) {{ , },{ , , , , },{ }}

/ ( ) {{ , }, e e e e e e e e

e e e e e e e e

U SIM L e e e e e e e e and

U SIM P e e



  

So that 

1 2 3 4 5 6 2 3 4 5

2 6 7 8}

{ , , , },

{ , ,{ , }}.

/ ( ) {{ },{ , , , , }, e e e e

e e e e

U SIM L P e e e e e e
 

Now, 

51 2 6 8 1 2 3 4 6 8

5 71 2 1 2 3 4 6 8

{ , , , }, { , , , , , , }.

{ , }, { , , , , , , , }.

L PX e e e e L PX e e e e e e e

L PX e e L PX e e e e e e e e

 

  
 

5 71 2 3 4 6 8, { , , , , , , , }.L PX L PX e e e e e e e e     

Here, 
.L PX L PX   L PX L PX  .

.L PX L PX                 .L PX L PX   

So, the inclusions in Theorem 2 can be strict. 

Corollary 3.2.1: Let U be an incomplete IS. Then for 

any ,X U   
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1 2 1 2

1 2

( )( ) ( )( )

( )( ).

BN R R X BN R R X

BN R R X

 

 
 

Corollary 3.2.2: Let U be an incomplete IS. Then for 

any ,X U X is rough w.r.t 1 2R R X is rough 

w.r.t 1 2R R X is rough w.r.t 1 2 .R R   

Corollary 3.2.3: Let U be an incomplete IS. Then for 

any ,X U X is crisp w.r.t 1 2 .R R X is crisp w.r.t 

1 2R R X is crisp w.r.t 1 2R R . 

Let S = ( , )U A be an incomplete informat ion system 

where U denotes a universe of objects and A denotes an 

attribute set respectively. Let 1 2 , ...,
m

R R R A .Then 

for any X U we have the following: 

Corollary 3.2.4 

1 1 1 1

.1 1

mm m mR X R X R X R Xii i ii i i i

mm
R X R Xi ii i

      

   

 

3.2 Topological Properties 

New sets are formed from existing sets through set 

theoretic operations. This is true for both crisp sets and 

fuzzy sets. One would like to know the types of these 

new sets in order to apply them. This  has been studied 

for crisp sets by Tripathy et al [11, 13] and also their 

generalisations. Similar problems have been tackled for 

Optimistic Multig ranular crisp sets in [14], Optimistic 

Multigranular fuzzy sets in [15], Optimistic 

Multigranular intuitionistic fuzzy sets in [16, 17] and 

pessimistic Multig ranular sets in [18]. In this section we 

shall determine types of the complement, union and 

intersection of pessimistic mult i granular rough fuzzy 

sets (PMGRFS). These results will be useful for further 
studies in approximation of classifications and rule 

generation. 

 

Table for type of X with respect to ( )P Q  

The table for the types of a fuzzy set X with respect 

to P * Q for its different possible types with respect to 

attribute subsets P and Q of A in an IS (U, R) remains 

same as that for a subset of X derived in  [18]. As this is 

a several case, we provided examples for some entries 

in the table. 

3.2.1 Example for entry (1, 1) 

{ , , , , , , , }.
5 71 2 3 4 6 8

/ ( ) {{ , },{ , },{ , },{ , },{ }}
7 5 71 2 3 4 6 8

Let U a a a a a a a a

U SIM P a a a a a a a a a




 

/ ( ) {{ , },{ },{ , },{ , },{ , }}7 5 71 2 3 4 6 8
U SIM Q a a a a a a a a a  

( ( )) {( , 0.7), ( , 0), ( , 0), ( , 0.5), ( , 0.5), ( , 0.7),
50 1 2 3 4 6

( , 0.7), ( , 0)} .7 8

P X a a a a a a

a a U






 

1 . . . .Thus X is of Type w r t P  

( ( )) {( , 0.6), ( , 0), ( , 0), ( , 0), ( , 0.5), ( , 0.5),
50 1 2 3 4 6

( , 0), ( , 0)}
7 8

Q X a a a a a a

a a and






 

50 1 2 3 4 6

7 8

70 1

70 1

( ( )) {( , 0.7), ( , 0), ( , 0.4), ( , 0.4), ( , 0.6), ( , 0.6),

( , 0.7), ( , 0.7)} .

1 . . . .

(( * )( )) {( , 0.6), ( , 0.6)}

(( * )( )) {( , 0.3), ( , 0.3)} .

1 . . . (

Q X a a a a a a

a a U

Thus X is of Type w r t Q

P Q X a a and

P Q X a a U

Thus X is of Type w r t















 

 

 * ).P Q

 
3.2.2 Example for entry (1, 3) 

5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

{ , , , , , , , }.

/ ( ) {{ , },{ , },{ , },{ , },{ }}

/ ( ) {{ , },{ },{ , },{ , },{ , }}

Let U a a a a a a a a

U SIM P a a a a a a a a a

U SIM Q a a a a a a a a a







 

2 3 4 5

6 7 8

1{( ,0.6), ( ,1), ( ,0), ( ,0.4), ( ,0.5),

( ,0.6), ( ,0.7), ( ,0)}.

Let X a a a a a

a a a


 

0 1 2 3 4 5

6 7 8

( ( )) {( ,0.6), ( ,0), ( ,0), ( ,0.4), ( ,0.4),

( ,0.6), ( ,0.6), ( ,0)}

P X a a a a a

a a a and

 


 

0 1 2 3 4 5

6 7 8

0 1 2 3 4 5

6 7 8

0 1

( ( )) {( ,0.7), ( ,1), ( ,1), ( ,0.5), ( ,0.5),

( ,0.7), ( ,0.7), ( ,0)} .

1 . . . .

( ( )) {( ,0.6), ( ,1), ( ,0.3), ( ,0.5), ( ,0.5),

( ,0.7), ( ,0), ( ,0)}

( ( )) {( ,0.7

P X a a a a a

a a a U

Thus X is of Type w r t P

Q X a a a a a

a a a and

Q X a



















 2 3 4 5

6 7 8

0 1 7

0 1 7

), ( ,1), ( ,0.4), ( ,0.6), ( ,0.6),

( ,0.6), ( ,0.7), ( ,0.7)} .

3 . . . .

(( * )( )) {( ,0.6), ( ,0.7)}

(( * )( )) {( ,0.7), ( ,0.7)} .

1 . . . ( * )

a a a a

a a a U

Thus X is of Type w r t Q

P Q X a a and

P Q X a a U

Thus X is of Type w r t P Q









 

 


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Table for type of  with respect to ( * )P Q  

Like the previous case, here also there is no change in 

the table. We provide an example fo r only  one entry for 

illustrations. 

3.2.3 Example to prove entry of  row2 

5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

{ , , , , , , , }.

/ ( ) {{ , },{ , },{ , },{ , },{ }}

/ ( ) {{ , },{ },{ , },{ , },{ , }}

Let U a a a a a a a a

U SIM P a a a a a a a a a

U SIM Q a a a a a a a a a







 

{( , 0.3), ( , 0.5), ( , 0.4), ( , 0), ( , 0.5),51 2 3 4

( , 0.6), ( , 0), ( , 0.8)} .76 8

(( * )( )) (1)
0

Let X a a a a a

a a a berough fuzzy set

P Q X and



 


 

 

 

 

 

3.3 Table for type of X Y  with respect to ( * )P Q  

Like the earlier cases the table in [18], remains 

unchanged. However, as it  is a  general case, we provide 

a proof for two cases and illustrate that all entries are 

provide in other two cases. 

 

Proof of entry (1, 1) 

Suppose X and Y are both of Type-1. Then 

(( * )( )) , (( * )( )) ,
0 0

(( * )( )) (( * )( )) .
0 0

P Q X P Q Y

P Q X U and P Q Y U

  
 

 
 

 

(2.13)

(( * )( )) .
0

From it follows that

P Q X Y 


 

But  using  (2.12) we see that  

(( * )( ))
0

.

, 1 3.

P Q X Y has both the possibilities

of being equal or not equal toU

So X Y can be of Type or of Type



 

 

 

3.3.1 Examples to prove entry (1,1) 

Case 1 

{ , , , , , , , }.5 71 2 3 4 6 8

/ ( ) {{ , },{ , , , , , },7 5 71 2 3 4 6

{ }}
8

/ ( ) {{ , },{ , , },{ , , , , }}7 5 71 1 2 8 3 4 6

Let U a a a a a a a a

U SIM P a a a a a a a a

a

U SIM Q a a a a a a a a a a







 

{( , 0.6), ( ,1), ( , 0.3), ( , 0), ( , 0),
51 2 3 4

( , 0), ( , 0.3), ( , 0.6)}
76 8

Let X a a a a a

a a a and


 

{( , 0.5), ( ,1), ( , 0.3), ( , 0), ( , 0),
51 2 3 4

( , 0), ( , 0.2), ( , 0.6)} .
76 8

Y a a a a a

a a a betworough fuzzy sets


 

1 2 3 4

5 76 8

70 1

70 1

0

{( , 0.6), ( ,1), ( , 0.3), ( , 0),

( , 0), ( , 0), ( , 0.3), ( , 0.6)}

(( * )( )) {( , 0.3), ( , 0.3)}

(( * )( )) {( , 0.6), ( , 0.6)} .

1

(( * )( )) {( , 0.2), ( , 0.2)}71

((

Then X Y a a a a

a a a a

P Q X a a and

P Q X a a U

Thus X isof Type

P Q Y a a and

P













 

 



 

70 1* )( )) {( , 0.5), ( , 0.5)} .

1

Q Y a a U

ThusY isof Type

  



  

70 1(( * )( )) {( , 0.3), ( , 0.3)}P Q X Y a a

and

  
 

70 1(( * )( )) {( , 0.6), ( , 0.6)} .

1

P Q X Y a a U

Thus X Y is of Type

  



 

Case 2 

5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

7 5 71 2 6 3 4 6 8

51 2 3 4

76 8

1

{ , , , , , , , }.

/ ( ) {{ , , },{ , , },{ , , }}

/ ( ) {{ , , , },{ , , },{ , , }}

{( , 0.2), ( , 0), ( , 0.4), ( , 0.5), ( , 0),

( ,1), ( ,1), ( , 0.6)}

{( , 0.5

Let U a a a a a a a a

U SIM P a a a a a a a a a

U SIM Q a a a a a a a a a a

X a a a a a

a a a and

Y a









 52 3 4

76 8

51 2 3 4 6

7 8

), ( ,1), ( , 0.3), ( , 0), ( ,1),

( , 0.1), ( , 0.2), ( , 0.6)} .

{( , 0.5), ( ,1), ( , 0.4), ( , 0.5), ( ,1),( ,1),

( ,1), ( , 0.6)}

a a a a

a a a be two rough fuzzy sets

X Y a a a a a a

a a





106 A Comparative Analysis of Multigranular Approaches and on   

Topoligical Properties of Incomplete Pessimistic Multigranular Rough Fuzzy Sets  

Copyright © 2012 MECS                                                         I.J. Intelligent Systems and Applications, 2012, 11, 99-109 

0

0

0

0

(( * )( ))

(( * )( )) {( , 0.5), ( , 0.5), ( , 0.5)} .53 4

1

(( * )( )) {( , 0.1), ( , 0.1), ( , 0.1)}76 8

(( * )( )) {( , 0.6), ( , 0.6), ( , 0.6)} .76 8

P Q X and

P Q X a a a U

Thus X isof Type

P Q Y a a a and

P Q Y a a a U















 



 

 

 

1ThusY isof Type   

0

0

(( * )( )) {( , 0.4), ( , 0.4),
3 4

( , 0.4), ( , 0.6), ( , 0.6), ( , 0.6)}
5 76 8

(( * )( )) .

3 . . . ( * )

P Q X Y a a

a a a a and

P Q X Y U

Thus X Y is of Type w r t P Q















 

 

Proof of entry (1, 3) 

Let both X and Y be of Type 1 and Type 3.  

Then from the properties of type 1 and type 3 

( ( * )P Q (X))>0    ,   ( ( * )P Q (Y) )>0   , 

( ( * )P Q (X))>0  U   and   ( ( * )P Q (Y))>0 = U. 

So, using (2.15) and (2.16) we get   

( ( * )( )P Q X Y  )>0     and  

( ( * )( )P Q X Y )>0= U.  

Hence XUY is of type 3 only. 

The other cases can be similarly established. 

 

3.3.2 Example to prove entry (2,1) in XUY table 

Case 1 

5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

7 5 71 1 2 8 3 4 6

{ , , , , , , , }.

/ ( ) {{ , },{ , , , , , },{ }}

/ ( ) {{ , },{ , , },{ , , , , }}

Let U a a a a a a a a

U SIM P a a a a a a a a a

U SIM Q a a a a a a a a a a







 

51 2 3 4 6

7 8

{( , 0), ( ,1), ( , 0.3), ( , 0), ( , 0), ( , 0),

( , 0.3), ( , 0.6)}

Let X a a a a a a

a a and


 

51 2 3 4 6

7 8

{( , 0.5), ( ,1), ( , 0.3), ( , 0), ( , 0), ( , 0),

( , 0.2), ( , 0.6)} .

Y a a a a a a

a a betworough fuzzy sets


 

51 2 3 4 6

7 8

{( , 0.5), ( ,1), ( , 0.3), ( , 0), ( , 0), ( , 0),

( , 0.3), ( , 0.6)}

X Y a a a a a a

a a


 

 

0

0

70 1

70 1

(( * )( )) .

(( * )( )) .

1 . . . ( * )

(( * )( )) {( , 0.3), ( , 0.3)} .

(( * )( )) {( , 0.5), ( , 0.5)} .

1 . . . ( * )

P Q Y

P Q Y U

Y is of Type w r t P Q

P Q X Y a a

P Q X Y a a U

XUY is of Type w r t P Q



















 

 



 

Case 2 

5 71 2 3 4 6 8

7 51 2 3 4

76 8

7 51 2 6 3 4

76 8

{ , , , , , , , }

/ ( ) {{ , , },{ , , },

{ , , }}

/ ( ) {{ , , , },{ , , },

{ , , }}

Let U a a a a a a a a

U SIM P a a a a a a

a a a

U SIM Q a a a a a a a

a a a







 

1 2 3 4 5

6 7 8

{( ,0.2), ( ,0), ( ,0.4), ( ,0.5), ( ,0),

( ,0), ( ,1), ( ,0.6)}

Let X a a a a a

a a a and



1 2 3 4 5

6 7 8

{( ,0.5), ( ,1), ( ,0.3), ( ,0), ( ,1),

( ,0.1), ( ,0.2), ( ,0.6)}

.

Y a a a a a

a a a betwo rough

fuzzy sets



 

1 2 3 4 5

6 7 8

{( ,0.5), ( ,1), ( ,0.4), ( ,0.5), ( ,1),

( ,0.1), ( ,1), ( ,0.6)}

X Y a a a a a

a a a



 

76 8

53 4

76 8

76 8

(( * )( )) {( , 0.6), ( , 0.6), ( , 0.6)} .
0

(( * )( )) {( , 0.5), ( , 0.5), ( , 0.5)} .
0

1 . . . ( * )

(( * )( )) {( , 0.1), ( , 0.1), ( , 0.1)} .
0

(( * )( )) {( , 0.4), ( , 0.4), ( , 0.4)} .
0

P Q X a a a

P Q X a a a U

X is of Type w r t P Q

P Q Y a a a

P Q Y a a a U

Y i





 


 




 


 


1 . . . ( * )s of Type w r t P Q
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3.4 Table for type of X Y with respect to ( * )P Q  

We follow similar approach as in section 3.3 as in 

this case also table in [18] remains unchanged 

 

Proof of entry (1, 3) 

Suppose X is of Type-1 and Y is of Type-3. Then 

0 0

0 0

0

(( * )( )) , (( * )( )) ,

(( * )( )) (( * )( )) .

(2.14)

(( * )( )) .

P Q X P Q Y

P Q X U and P Q Y U

From it follows that

P Q X Y U

  

 



 

 



 

But  using (2.11) we see that 

0(( * )( ) )

.

P Q X Y has both the possibilities

of being or not being equal to


 

1 2So X Y can be of Type orType   

 

3.4.1 Examples to prove entry (1,3) 

1 2 3 4 5 6 7 8

1 2 7 3 4 5

6 7 8

1 2 6 7 3 4 5

6 7 8

{ , , , , , , , }.

/ ( ) {{ , , },{ , , },

{ , , }}

/ ( ) {{ , , , },{ , , },

{ , , }}

Let U a a a a a a a a

U SIM P a a a a a a

a a a

U SIM Q a a a a a a a

a a a







 

Case 1 

51 2 3, 4

76 8

51 2 3 4

76 8

{( , 0.5), ( ,1), ( 0.3), ( , 0), ( ,1),

( , 0.1), ( , 0.2), ( , 0.6)}

{( , 0.5), ( ,1), ( 0.3), ( , 0), ( ,1),,

( ,1), ( , 0.2), ( , 0.6)}

.

Let X a a a a a

a a a

and Y a a a a a

a a a betworough

fuzzy sets



  

51 2 3 4

76 8

{( , 0.5), ( ,1), ( 0.3), ( , 0), ( ,1),,

( , 0.1), ( , 0.2), ( , 0.6)}.

X Y a a a a a

a a a

 
 

70 6 8

70 6 8

70 6 8

(( * )( )) {( , 0.1), ( , 0.1), ( , 0.1)} .

(( * )( )) {( , 0.4), ( , 0.4), ( , 0.4)}

(( * )( )) {( , 0.6), ( , 0.6), ( , 0.6)} .

P Q X a a a

c
P Q X a a a

P Q X a a a U







 



 

 

70 6 8

1 . . . ( * ).

(( * )( )) {( , 0.2), ( , 0.2), ( , 0.2)} .

X is of Type w r t P Q

P Q Y a a a 



 
 

0

0

(( * )( ))

(( * )( )) .

3 . . . ( * ).

c
P Q Y

P Q Y U

X is of Type w r t P Q











70 6 8

70 6 8

(( * )( )) {( , 0.1), ( , 0.1), ( , 0.1)} .

(( * )( )) {( , 0.6), ( , 0.6), ( , 0.6)} .

P Q X Y a a a

P Q X Y a a a U





  

  
 

( ) 1 . . . ( * ).X Y is of Type w r t P Q   

Case 2 

1 2 3, 4 5

6 7 8

1 2 3, 4 5

6 7 8

{( ,0.5), ( ,1), ( 0.3), ( ,0), ( ,1),

( ,0.1), ( ,0.2), ( ,0.6)}

{( ,0.5), ( ,1), ( 0.4), ( ,0.5), ( ,1),

( ,0.1), ( ,0), ( ,1)}

.

Let X a a a a a

a a a

and

Y a a a a a

a a a be two rough

fuzzy sets





 

51 2 3 4

76 8

{( , 0.5), ( ,1), ( 0.3), ( , 0), ( ,1),,

( , 0.1), ( , 0), ( , 0.6)}.

X Y a a a a a

a a a

 

 

 

 

0

70 6 8

(( * )( )) .

(( * )( )) {( , 0.6), ( , 0.6), ( , 0.6)} .

( ) 2 . . . ( * ).

P Q X Y

P Q X Y a a a U

X Y is of Type w r t P Q





 

  

 
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Proof of entry (2, 1)  

Let  X and Y be of Type 2 and Type 1 respectively. 

Then from the properties of type 2 and type 1 multi 

granular rough fuzzy sets we get ( ( * )P Q (X))>0 = , 

( ( * )P Q (Y))>0 =  , ( ( * )P Q (X))>0  U and 

( ( * )P Q (Y))>0  U. 

So using properties (2.15) and (2.18) we get 

( ( * )P Q (X  Y))>0 =  and ( ( * )P Q (X  Y))>0  U. 

So, X Y  is of type 2. This completes the proof. The 

other cases can be established similarly. 

 

3.4.2 Example to prove entry (2,1) 

5 71 2 3 4 6 8

7 5 71 2 3 4 6 8

{ , , , , , , , }.

/ ( ) {{ , , },{ , , }, { , , }}

Let U a a a a a a a a

U SIM P a a a a a a a a a




 

7 51 2 6 3 4

76 8

/ ( ) {{ , , , },{ , , },

{ , , }}

U SIM Q a a a a a a a

a a a


 

51 2 3 4

76 8

{( , 0.5), ( ,1), ( , 0), ( , 0.2), ( , 0.3),

( , 0), ( , 0.2), ( , 0.4)}

Let X a a a a a

a a a and


 

51 2 3 4

76 8

{( , 0.5), ( ,1), ( , 0.4), ( , 0.2), ( , 0.3),

( , 0.4), ( , 0.2), ( , 0.4)}

.

Y a a a a a

a a a be two rough

fuzzy sets



 

51 2 3 4

76 8

{( , 0.5), ( ,1), ( , 0), ( , 0.2), ( , 0.3),

( , 0), ( , 0.2), ( , 0.4)}.

X Y a a a a a

a a a

 
 

0

50 3 4

76 8

(( * )( ))

(( * )( )) {( , 0.3), ( , 0.3), ( , 0.3),

( , 0.4), ( , 0.4), ( , 0.4)} .

2 . . . ( * ).

P Q X and

P Q X a a a

a a a U

X is of Type w r t P Q













 

0

50 3 4

76 8

(( * )( ))

(( * )( )) {( , 0.4), ( , 0.4), ( , 0.4),

( , 0.4), ( , 0.4), ( , 0.4)} .

1 . . . ( * ).

P Q Y and

P Q Y a a a

a a a U

Y is of Type w r t P Q













 

0

50 3 4

76 8

(( * )( ))

(( * )( )) {( , 0.3), ( , 0.3), ( , 0.3),

( , 0.4), ( , 0.4), ( , 0.4)} .

( ) 2 . . . ( * ).

P Q X Y and

P Q X Y a a a

a a a U

X Y is of Type w r t P Q





 

 



 

 

 

IV. Conclusion 

Topological properties of rough sets play a major role 

in real life applicat ions. There are two extensions of this, 

single granulation based basic rough sets to multi 

granulation rough sets. These are termed as optimistic 

multi granular rough sets and pessimistic multi granular 

rough sets. Parallel p roperties for the optimistic case 

and its extension to handle fuzzy sets have been done in 

[14] and [15] respectively. A lso our extension to handle 

intuitionistic fuzzy sets was done in [17]. In this paper 

we provided a comparative study of those multi 

granular rough sets with other such sets and established 

some interesting properties. Also, we extended the 

topological properties to the case of pessimistic multi 

granular rough fuzzy sets.  
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