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Abstract—This paper is concerned with the problem of 

robust reliable H∞  control for a class of uncertain switched 

systems with disturbances and also with actuator failures 
among a prespecified subset of actuator. Both state matrix 
and output matrix contain time-varying norm-bounded 
parameter uncertainties. The purpose of this problem is to 
design robust feedback-reliable controllers and a switching 
law such that the systems remain globally quadratically 

stable and H∞  performance not only when all actuators are 

operational, but also when some actuators experience 
failures. A design approach based on LMI(linear matrix 
inequality) method and convex combination technique is 
proposed to solve the problem addressed. Finally, simulation 
results illustrate the validity of designed controllers and the 
switching law.  
 
Index Terms—uncertain switched systems, robust control,  
reliable control,  convex combination, disturbances 
 

I.   INTRODUCTION 

Switched system is a special class of hybrid dynamical 
system, and it is composed of a number of subsystems, 
either continuous-time or discrete-time system, and a 
switching law, which defines a specific subsystem being 
activated during a certain time. Switched systems have 
widespread applications in control of mechanical systems, 
automotive industry, air traffic control and many other 
fields. Therefore, in the last 20 years, analysis and 
synthesis of switched systems have attracted the interest 
of many scientists [1~ 6]. Stability is of great importance 
in the switched system and in the past 20 years, people 
have witnessed considerable effort and significant 
contributions concerning this matter. A series of methods 
and conditions based on common quadratic Lyapunov 
functions (CQLF) and multiple Lyapunov functions 
approach have been given. For example, in [7], state 
feedback controllers based on multiple Lyapunov 
functions technique are designed for each subsystem to 
robustly stabilize the closed-loop of switched delay 
system and to ensure a prescribed performance on 
attenuation of all admissible parameter uncertainties, 
respectively. In [8], robust stabilization for a class of 

switched systems which the uncertainty does not satisfy 
so-called matching condition is considered. Based on 
common Lyapunov functions technique, a kind of robust 
controller of state feedback and a kind of robust 
controller of output feedback are constructed to make   
the closed-loop system be asymptotically converging to 
the equilibrium point under arbitrary switching strategy. 

Currently, many industrial systems usually consist of 
many components such as actuators, sensors, computers 
and communication networks. For environment or other 
factors influence systems, actuators failures often occur 
in applications. Actuators are very important in 
transforming the controller output to the plant. Therefore, 
any abnormality in one of these actuators may drastically 
change the systems behavior, resulting in performance 
degradation, instability, or even total breakdown. In order 
to maintain the system reliability and safety, it seems 
necessary to design a reliable control system which can 
tolerate failures of actuators, while maintaining an 
acceptable level of the closed-loop system stability and 
performance. In recent years, the problem of reliable 
control for switched systems has attracted much attention, 
and a series of design methods have been given [9,10,11]. 
For example, in [9], a method based on dwell-time is 
used to design reliable controller for switched linear 
systems, in [10], multiple Lyapunov functions approach 
of designing reliable controller is developed to stabilize 
the switched nonlinear systems. By these design methods, 
systems all achieve satisfactory stability. On the other 
hand, over the past few decades, the H∞ control problem 

for uncertain systems with disturbance input has been an 
active topic in control system theory and application. For 
example, in [12], LMI optimization approach is used to 
design the reliable control for uncertain nonlinear system, 
and the reliable control designed guarantee global 
exponential stabilization. In [13], the problem of H ∞  
robust control for a class of discrete time switched 
systems with parametric uncertainty is investigated under 
arbitrary switching, and state feedback controller is 
designed for the switched systems using common 
Lyapunov technique, and the controllers guarantee the 
closed-loop systems are robust stable with H ∞  
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disturbance attenuation. However, to the best of our 
knowledge, the issue of reliable H∞ control for switched 

linear systems with external disturbances has not been 
fully investigated and remains many problems. 

In this paper, we investigate robust reliable H∞ control 

for uncertain switched linear systems with external 
disturbances and also with unknown time-varying 
norm-bounded parameter uncertainties in the state matrix 
and output matrix. Based on LMI method and convex 
combination technique, a sufficient condition for the 
switched linear systems with external disturbances to be 
quadratically stable is derived for all admissible actuator 
failures, and the corresponding switching law is designed.  

The rest of this paper is organized as follows. In 
section 2, we present the preliminary knowledge for 
switched systems together with reliable control problem 
formulation. In section 3, an approach for design robust 
reliable H ∞ controller is proposed in a straightforward 
way. In section 4 a numerical example is given to 
illustrate the design methods proposed in this paper, 
followed by some concluding remarks in Section 5. 

II. PROBLEM FORMULATION 

Consider the following uncertain switched linear 
systems:  

( ) ( )

( ) ( ) ( )

0 0

ˆ( ) ( ) ( )

t

( ) ( )

( )

x t A A x t B w t B u t

z C C x t

y t C x t

x t x

σ σ σ σ σ σ

σ σ

σ

 = + ∆ + +


= + ∆


=


=

&

%
    (1) 

where : ( ) nx t R∈ is the state vector, ( ) [ )2 0w t Lσ ∈ ∞， is 

the disturbance input vector, ( ) ku t Rσ ∈ is the control 

input vector, ( ) qz t R∈ is the controlled output, : Rσ + →  

{ }1,2, ,M m= K  is the right continuous piecewise 

constant switching signal to be designed. 1
ˆ

i i i iA B B C, , ,  

are constant real-valued matrices with appropriate 

dimensions, iA∆ and iC∆ are uncertain real-valued matrix 

functions, and are of the following form 

[ ] [ ]1 2( ) ( ) ( )T
i i i i i i i iA C H t E E t t I∆ ∆ = Ξ Ξ Ξ ≤，   (2) 

where 1 2, ,i i iH E E are constant matrices with suitable 

dimensions, ( )i tΞ is an uncertain matrix. 

A switching sequence is expressed by 

( ){ ( ) ( ) }0 0 0 1 1; , , , , , , , ,| ,j j jx i t i t i t t M j N∑ = ∈ ∈L L  

where 0t is the initial time, 0x  is the initial state, 

when 1j jt t t +≤ < , the ji -th subsystem is activated. 

Therefore, when )1,j jt t t +
∈  , the trajectory of the 

switched system (1) is produced by the ji -th subsystem [2]. 

We now consider the reliability with respect to actuator 
failures which are restricted to occur within the i -th 
subsystem. Actuators can be classified into two sets. The 
set of actuators which are susceptible to faults is denoted 

as { }1,2, ,i inΩ ⊆ L  ( )i M∈ , and is possible to fail. 

The other set of actuators which are robust to failures and 

essential to stabilize a given system, is denoted by iΩ  

{ } ( )1,2, , i in i M⊆ − Ω ∈L . Introduce the decomposition                 

( )
i iiB B B i MΩ Ω

= + ∈ , where
i

BΩ and
i

B
Ω

 are generated 

by zeroing out the columns corresponding to iΩ  and 

iΩ respectively. Let i iω ⊆ Ω correspond to an actual 

subset of the actuator failures, and introduce the 

decomposition ( )
i iiB B B i Mω ω= + ∈  , where 

i
Bω  and 

i
Bω are formed from iB  by zeroing out the columns 

corresponding to iω  and iω  respectively. So, we have 

the following inequalities holds 

i i i i i i

i i i ii i

T T T
i i

T T T
i i

B B B B B B

B B B B B B

ω ω ω ω

ω ω ω ω

Ω Ω Ω − Ω −

Ω − Ω −Ω Ω

= +

= −
 

So, we have 

i i i i

i ii i

T T

T T

B B B B

B B B B

ω ω

ω ω

Ω Ω

Ω Ω

≤

≤
                 (3) 

In this paper, the purpose of our control for the 
switched systems (1) is stated as follows: 
Let a constant 0γ >  be given. For switched system (1) 

with any admissible parameter uncertainty and also with 
actuator failures corresponding to any i iω ⊆ Ω , design 

reliable feed-back controller for all subsystems and a 
switching law such that the closed-loop system of system 
(1) is quadratically stable when 0iw = and the output 

z satisfies 
2 2iz wγ<  under the zero initial condition. 

Lemma 1[14] For matrices of appropriate dimension, 

and 0ξ > , we have 1T T T TX Y Y X X X Y Yξ ξ −+ ≤ +  

Lemma 2[15] For given matrices  , ,U V W   and X  

of appropriate dimension with X  satisfying TX X= ,  

0T T TX UVW W V U+ + <  

holds for all V  satisfying  TV V I≤ , if and only if 
there exists a scalar 0ε >  such that 

1 0T TX UU W Wε ε −+ + < . 

Lemma 3 [12] (Schur complement). For a given matrix 

11 12

12 22
T

S S
S

S S

 
=  

 
with 11 11

TS S= , 22 22
TS S= , then the  

following conditions are equivalent: 
1) 0<S  

2) 011 <S , 012
1

221222 <− − SSSS T
 

3) 022 <S , 012
1

221211 <− − TSSSS  

Definition If there exists a positive definite symmetric 
matrix P , a positive constant υ and switching law such 
that for any admissible uncertainty and actuator failures 

the derivative of Lyapunov function satisfies ( )( )V x t&
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2
xυ≤ −  , then system (1) is said to be quadratically 

stable with actuator failures. 

III. MAIN RESULTS 

In this section, we will present one method for designing 
reliable H∞ controller and switching law to ensure that 

closed-loop system (1) will be quadratically stable with 
actuator failures and an H∞  norm boundγ . 

Theorem 1 For system (1), if there exist positive 

scalars , , , ,i i i iβ α ξ ε γ and a symmetric positive definite 

matrix P , such that  

0T
i i iH H Iε − <             (4) 

0
T

T

A P PA R N

N W

 + +
< 

 

% %
           (5) 

where     

1 i i

m
T T

i i i i
i

A A B B Mβ α
Ω Ω

=

 = −∑  
%  

1

1
m

i
i

β
=

=∑  

1
2 2 1 1

1 i i

m
T T T T

i i i i i i i i i i
i

R E E M B B M E Eβ ε α ξ−
Ω Ω

=

 = + +∑    

11 1
ˆ ˆ T T

m m mN PH PH PB PB C C =  L L L

{
}

1
1 1 1 1 1 1

1

, , , , , , ( ),

, ( )

T
m m

T
m m m m

W diag I I I I H H I

H H I

η η µ µ β ε

β ε

−

−

= − − − − −

−

L L

L

1
i i iη β ξ−=  

1 2
i iµ β γ−=  

iM  is any appropriate dimensions matrix. Then there 

exist feedback controller i iu k x= and a switching law 

{ }: 1,2, ,R M mσ + → = K such that the closed-loop system 

of system (1) for all admissible actuator failures is 
quadratically stable and the controlled output z  satisfies 

2 2
z wγ< . Control gain 0.5 T

i i ik B Pα= − . 

Proof By the Schur complement, inequality (4), (5) are 

equivalent to
1

0
m

i i
i

β
=
∑ Ν < ,  

where 

( ) ( )

( )

1 1
2 2 1 1

1
2 ˆ ˆ ,

i i i i

i i

T
T T T T

i i i i i i i

T T T T T
i i i i i i i i i i i i

T T T
i i i i i i i

A B B M P P A B B M

E E M B B M PH H P E E

PB B P C H H I C

α α

ε α ξ ξ

γ ε

Ω Ω Ω Ω

− −

Ω Ω

−
−

Ν = − + − +

+ + +

+ − −

 

for { }\ 0nx R∀ ∈ , there exists
1

0
mT

i i
i

x xβ
=
∑ Ν <  , by 

0iβ > , there is certainly an i M∈ such that 0T
ix xΝ < . 

Let { }| 0,T
i ix x x i MΩ = Ν < ∀ ∈ , then { }

1
\ 0

m n
i

i
R

=
Ω =U .         

Construct the sets  
1 1

1 1
1 1

, , , ,
i m

i i j m m j
j j

− −

= =
Ω = Ω Ω = Ω − Ω Ω = Ω − ΩU UL L  

Obviously, there exists 

{ }
1

\ 0
m n

i
i

R
=

Ω =U , ,i j i jφΩ Ω = ≠I  

Design switching law ( )( )i x tσ= , when ( ) ,ix t i M∈ Ω ∈ . 

Suppose that the output of failed actuators is zero, then 
by considering the design controller, we have 

( )( ) , 0.5 .
i

T
i i i iu t k x t k B Pωα= = −              (6) 

We define the Lyapunov function as ( )( ) ( ) ( )
T

V x t x t Px t= . 

When 0w = and ( ) ix t ∈Ω , along the trajectories of 

system (1), the time derivative of ( )( )V x t with (3) and (6) 

is given by 

( ) ( ) ( )
( )

( ) ( )

i i

i i

TTT T
i i i i

T
i i
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1

1

1

1

( )

( )

( )

( ) .

T

i i

T

i i

T T T T T
i i i i i i

T
i i i

T T T T T
i i i i i i

T
i i i

x A P PA PB B P E t H P x

x PH t E x

x A P PA PB B P E t H P x

x PH t E x

ω ωα

α
Ω Ω

 = + − + Ξ
 

+ Ξ

 ≤ + − + Ξ
 

+ Ξ

 

Form lemma 1, (2), switching law and an any given 

matrix iM  with appropriate dimensions, we have 

( ) ( )

( ) 1
1 1

i i i i

i i

T
T T T T T

i i i i i i

T T T T
i i i i i i i i i

V x x A B B M P M B B M
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−

Ω Ω

≤ − +
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
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( )

2 1
2 2

1

1 1

ˆ ˆ

.

i i

T T T T T
i i i i i i i i

T T
i i i i i

T
i

x PB B P M B B M E E

C I H H C x
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γ α ε

ε
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Ω Ω

−
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
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Obviously,

( )
12

1 1

1
2 2

ˆ ˆ
i i

T T T T T
i i i i i i i i i i i

T
i i i

PB B P C I H H C M B B M

E E

γ ε α

ε

−−

Ω Ω

−

Ψ = + − +

+

     

is positive definite matrix, then there must exist some 

positive constant υ  such that ( )
2

V x xυ≤ −& holds. It 

follows from   definition that the closed-loop system of 
system (1) is quadratically stable with actuator failures.  

Now, we proof the problem of H∞ performance. 

Firstly, we suppose the zero initial condition and 

[ )2 0,w L∈ ∞ . Secondly, according to the switching 

sequence and switching law, we assume that the first 
subsystem is activates at the initial time. Then we have 
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( )
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By lemma 1, (2), we obtain  
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From (3), (6) and any given matrix iM  with appropriate 

dimensions we obtain 
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where   
ˆ

i i iC C C= + ∆  

Obviously, 0J <  is equivalent to       
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By (2) and the Schur complement, (7) is equivalent to 
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It is obvious that there must exist positive scalars 0iε >  

such that 0T
i i iH H Iε − <  holds, then from the Schur 

complement and lemma 2, (8) is equivalent to 
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   (9) 

which can be deduced to get 0J < .That is to say, (9) is 
the sufficient condition to ensure H∞  the norm bound 

constraints  
2 2

z wγ< . This completes the proof. 

In the Theorem 1, we assume that the output of failed 
actuators is zero. However, generally speaking, the 
output of failed actuators may be arbitrary signal. Here 
we suppose that the output of failed actuators belong to   

[ )2 0L ∞， , and let the output of faulty actuators is 

denoted by 
i

Tuω and regarded as another disturbance input 

besides ( )iw t . Defining ( )F T
iw t w=   

i

TTuω

 , the system 

(1) can be expressed as  
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     (10) 

From a similar proof in Theorem 1, we obtain the 
following theorem. 

Theorem 2 For system (10), if there exist positive 
scalars , , , ,i i i iβ α ξ ε γ and a symmetric positive definite 

matrix Q , such that  
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H H I

η η β ε

β ε

−
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−
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ˆ

ˆ
m

m

m m

G G G

G B BΩ

=

 =  

L
 

iM  is any appropriate dimensions matrix. Then there 

exist feedback controller i iu k x= and a switching law



 Robust Reliable Control for a class of Uncertain Switched Linear Systems 27 

Copyright © 2011 MECS                                       I.J. Image, Graphics and Signal Processing, 2011, 2, 23-29 

{ }: 1,2, ,R M mσ + → = K such that the closed-loop system 

of system (10) for all admissible actuator failures is 
quadratically stable and the controlled output z  satisfies   

2 2
z wγ< . Control gain 0.5 T

i i ik B Qα= − . 

Remark 1 Consider system (10), by using output 
feedback control i iu k y= , the closed-loop system of 

system (10) for all admissible actuator failures is 
quadratically stable and the controlled output z  satisfies 

2 2
z wγ< , then there must exist positive scalars 

, , , ,i i i iβ α ξ ε γ and a symmetric positive definite matrix Q , 

such that (11) (12) hold, control gain 1
10.5 T

i i i ik B QCα −= − . 

IV. NUMERICAL EXAMPLE 

To demonstrate the effectiveness of the design 
controller proposed in this paper, we consider the 
following uncertain switched linear systems: 

 
Subsystem 1： 

1 1 1

1

0 0

5 0 0.1 0 0.5 0 0 0.5 2 1
( ) ( ) ( ) ( ) ( )

3 1 0 0.1 0 0.6 1 0 1 0

1.5 2 0.1 0 0.2 0
( ) ( ) ( )

2 0 0 0.1 0 0.3

1 0
( ) ( )

0 1

( )

x t t x t w t u t

z t t x t

y t x t

x t x

 −          
= + Ξ + +           − −          


       = + Ξ       −       

  
=   

  

=

&







 

 

Subsystem 2： 

2 2 2

2

0 0

1 2 0.1 0 0.1 0 1 0 3 1
( ) ( ) ( ) ( ) ( )

0 3 0 0.2 0 0.6 0 1.5 1 2

0 4 0.1 0 0.1 0
( ) ( ) ( )

1 0 0 0.2 0 0.1

1 0
( ) ( )

0 1

( )

x t t x t w t u t

z t t x t

y t x t

x t x

 −          
= + Ξ + +           − −          

 −       = + Ξ       −       


  
=   

  

=

&






 

 

where 

1 2

sin( ) 0.9sin( )
( ) , ( )

cos( ) sin( )

t t
t t

t t

   
Ξ = Ξ =   

   
. 

Here, if the H∞ norm bound is assumed to be 1γ = , 

choose 

{ } { }1 22 ; 1 ;Ω = Ω =  

1 2 1 2

1 2 1 2

0.1; 0.1; 0.2; 0.5;

8; 6; 0.5.

ε ε ξ ξ

α α β β

= = = =

= = = =
 

The matrix 1A and 2A  have egienvalues { }5,1−  and 

{ }1, 3− ,  respectively. Therefore, the matrix 1A  and  

2A  are unstable. It is required to design the state 

feedback controller with (6) that can robustly stabilize the 
uncertain switched system (1) with disturbance 
attenuation γ , not only when all actuators are 

operational, but also when some actuators experience 
failures within the prescribed set of susceptible actuators. 

By solving (4) and (5), we can get the following 
matrices: 

5.3276 2.0279

2.0279 4.4450
P

 
=  

 
 

Hence, from the Theorem 1, state feedback controllers 
can be constructed as 

1

2

-50.7322 -34.0031
( ) ( )

-21.3103 -8.1116

-54.0319 -31.5860
( ) x(t)   

-28.1501 -32.7535

u t x t

u t

 
=  

 

 
=  

 

 

The switching law is when 1 2( ) 0Tx N N x− < , 

subsystem 1 is active and when  1 2( ) 0Tx N N x− >  

subsystem 2 is active. 
The simulation result for the closed-loop system is 

show in the following figures. Note that the initial (state) 
conditions are  

[ ]0 1.5 3.5
T

x = −  

Fig.1 and 2 show the state response under reliable 
controller in the cases of actuators failures and of no 
failures, respectively. Obviously, reliable controller can 
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guarantee the quadratically stability of the closed-loop 
system for such two cases. Furthermore, we can see from 
Fig.1 and 2 that response performance of the system 
without failure is better than that of the systems with 
failures. Fig.3 depicts the state response of the uncertain 
switched system with failures in actuator and external 
disturbances under the conventional controller. The 
trajectory of uncertain switched system is shown in Fig. 4, 
while Fig. 5 gives the switched signal of the uncertain 
switched system with failures in actuator and external 
disturbances, when reliable controller work. 

 
 

 
 
 
 
 

V. CONCLUSIONS 

This paper focuses on the problem of H∞ reliable 

control design for switched linear systems with parameter 
uncertainties and external disturbances. An approach 
based on LMI method and convex combination technique 
is given such that the problem is solved. The resulting 
systems are reliable in that they provide guaranteed 
quadratically stability and H∞  performance. A 

numerical example had been illustrated to show the 
validity of our results. 
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