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Abstract—Discuss the real line fuzzy concept into multi-
dimensional based on the reference function so as to get
new imprecise numbers called the two-dimensional and
three-dimensional  imprecise  numbers and their
complements. Two and three dimensional imprecise
numbers are obtained in the form of Cartesian product of
fuzzy numbers. To study their character some necessary
definitions like partial presence, construction of
membership function, membership value ,Indicator
function etc. of two and three-dimensional imprecise
numbers are defined with own notation. As per as
possible, try to show all the properties of classical set
theory that can be hold good in the present imprecise
numbers with some examples. Set Operations are defined
by maximum and minimum operators just like defined in
the real line imprecise numbers. Further bring out a few
graphical examples to verify the intersection and union of
two and three dimensional imprecise numbers are the
empty and the universal set respectively. Basically
Intersection and union are the operators to obtain their
properties.

Index Terms—Reference function, imprecise number,
membership function, membership value, Indicator
function, normal imprecise number, two-dimensional
imprecise number, three-dimensional imprecise number.

|. INTRODUCTION

Dimension study plays a vital role in the field of
mathematics. Since the real life problems are not only in
the single real line part. To get a complete solution of any
physical problem we need solution of whole the
dimension. For one face study of any experiment, two-
dimension takes a part to know how much membership in
this face and for the study of surface and volume three-
dimension takes a part to know how much membership
as a whole body in the surface and volume. So to study
how much percentage is occupying as a member, called
membership function along the respective axes, this
article is come out.

In the article of Zadeh [1] some of the classical set
properties are not satisfied, so Baruah has defined new
complement definition of fuzzy set in the imprecise form
that can be satisfied all the properties of classical set
theory in their article [3].

Fuzzy numbers are defined in the Cartesian product
form in the article [6], [7], [8], [9].[15]. All the Cartesian
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product fuzzy numbers are the order pair just like
different dimensional co-ordinate points.

Imprecise numbers are the interval definable of
fuzziness numbers which is explained in the preliminary
section. Here, the concept of imprecise number over the
real line defined in the Baruah[3],[4],[5],[8] is extended
into particular form namely two and three dimensional
imprecise numbers so that we can study effect of
fuzziness as a membership in each and every part of the
occupied body. Identification of effect of fuzziness
character in the specific dimension will help to solve
many difficult practical problems. For examples how
must be attractive a drop of red light in the groups of
decoration of color light is one of the important
application of signal apply in different purpose by the
various institutions. As red light has the longest wave
length, among the same different colors having same
weightiest, red light will certainly focus in eye in
comparison to remaining color lights. In those places
how much that signal solve their purposes are two and
three dimensional imprecise numbers. Along with
complement of membership function of two and three
dimensional imprecise numbers defined with reference
function help us to know much is the dullness of color
can be present from the containing group of color lights.

Set is defined for all well-defined objects. So any two
and three dimensional imprecise numbers nothing but are
also sets that can satisfies all the properties of classical
set theory. The set theory properties occur under the set
operations of intersection and union are proof in the
definition of two and three dimensional imprecise
numbers with counter examples.

Rest of this article is organized as follows-Section 1l
preliminaries, Section Il introduction definition of two
dimensional imprecise numbers and its complement
along with prove of their properties, Section IV
introduction definition of three dimensional imprecise
numbers and their complement. Finally section V goes to
the conclusion and the discussion.

Il. PRELIMINARIES

Before start of this article it is necessary to recall the
definition of imprecise number, partial presence,
membership value etc. over the real line which are
discussed in the article of Baruah [3],[4],[5],[8]. Dhar
[11],[12],[13],[24] and Borgoyary [14] are also defined
same definitions in their articles to apply in some field of
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28 An Introduction of Two and Three Dimensional Imprecise Numbers

mathematics.
A. Imprecise Number

Imprecise number is a closed interval N = [a, 8,y] is
divided into closed sub-intervals with the partial presence
of element B in both the intervals.

B. Partial Presence

Partial presence of an element in an imprecise real
number [a,B,y] is described by the present level
indicator function p(x) which is counted from the
reference function r(x) such that present level indicator
for any x, a<x <y, is (p(x) —r(x)), where 0 <
r(x) <pk) <1

C. Membership Value

If an imprecise number N = [a,B,y] is associated
with a presence level indicator function uy (x), where

pi(x), whena<x<p
un() ={pp(x),  whenf <x <y )
0, otherwise

With a constant reference function 0 in the entire real
line. Where u,(x) is continuous and non-decreasing in
the interval [a, 8], and u,(x) is a continuous and non-
increasing in the interval [B, y] with

pa(a) = pp(y) =0, )
Then, (u(B) — u,(B)) is called membership value of
the indicator function py (x)
D. Normal Imprecise Number

A normal imprecise number N = [a, 8, y] is associated
with a presence level indicator function uy (x), where

uq (%), whena <x < f
pn () =1 pp(x), whenf <x <y
0, otherwise

With a constant reference function 0 in the entire real
line. Where p,(x) is continuous and non-decreasing in
the interval [a, 8] and u,(x) is a continuous and non-
increasing in the interval [B, y] with

w(@) =u(y) =0
mB) =u(B) =1 3)

Here, the imprecise number would be characterized by
{x, uy(x),0: x € R}, R being the real line.

For any real line, 0 < py(x) < p,(x) < 1 normal and
subnormal imprecise number will be characterized in
common, {x, 4, (x), u,(x): x € R}, where p,(x) is called
membership function measured from the reference
function p,(x) and (uy(x) — py(x)) is called the
membership value of the indicator function.

Here, the number is normal imprecise number when
membership value of indicator function py(x) is equal to
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1 otherwise subnormal if not equal to 1. Moreover it can
be said that the universal set if the membership value of
uy(x) equal to 1 and null or empty set if equal to 0.

E. Complement

For a normal imprecise number
N={x, uy(x),0: x € R}

as defined above, the complement
N¢={x,1L,uy(x):x €R

will have constant presence level indicator function equal
to 1, the reference function being gy (x) for —oo < x <
oo,

I1l. Two DIMENSIONAL IMPRECISE NUMBER

In the definition of Baruah [3], [4], [5] imprecise
number is defined over the real line. It is along the X-axis.
This case is studied if the effect of fuzziness over the
physical significance is along the x-axis or the real line
when all other remaining axes are already fully
membership or the membership value having one. In
practical such standard problems are limited. So, to study
more practical problems it may be introduced two
dimensional imprecise numbers. Two dimensional
numbers are expressible in XY-plane. Here, imprecise
number is defined in the two-dimensional form such a
way that full membership along the x-axis and the y-axis
are considered membership value as one and the other
axes are already fully membership. For example at any
instant one short of travelling of water wave up to what
distance is the x-axis and the height of the tide occur
during their rise is the y-axis.

A. Definition

A two dimensional imprecise number is a closed
interval

Nyy = [(ax' ay)' (ﬁx: ﬁy)' Vi yy)]

which can be divided into sub intervals with a partial
element is presence in both the intervals. Where all the
points in this interval are element of Cartesian product of
two sets X XY and both the sets X and Y are the
imprecise numbers.

B. Definition

Partial presence of an element in two-dimensional
imprecise number

Nyy = [(ax' ay)' (ﬂx' ﬂy)' Vs yy)]

is described by the present level indicator function
p(x,y) which is counted from the reference function
r(x,y) such that present level indicator for any(x,y),

(ax' ay) < (x,}/) = (]/x,]/y) is (P(x‘ }’) - r(x, y)) )
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An Introduction of Two and Three Dimensional Imprecise Numbers 29

where (0,0) < r(x,y) < p(x,y) < (1,1).
C. Definition

For a two-dimensional imprecise number,

NXY = [(ax' ay)' (ﬂxr ﬁy)v (yx' yy)]!

the indicator function will be represented and defined by

uNXY

#XYl(x'Y)' ( Ay, ay) =< (xvY) =< (ﬁxv ﬁy)
HUxy2 (x' y)' (.Bx' .By) < (x' }I) < (yx' yy) (4)
0, otherwise

Such that

HUxy1 (ax' ay) = Uxy2 (Vx:Vy) =0
and #XYl(ﬁx'ﬁy) * O'MXYZ(Bx'.By) #0
)

where pyy,(x,y) is non-decreasing function over the

closed interval [(ay, ay ), (Bx, By)] and pxy, (x, y) is non-
increasing over the closed interval, [(By, B,), (Vx, ¥y)]-

D. Definition

For a two-dimensional normal imprecise number

Nyy = [(“x' “y)' (ﬁx' :By)' (Vx' Vy)]7

the indicator function will be represented and defined by

UNn XY

Uxy1(x,y), (ax' a’y) < (xy) < (B By)
txr2(6Y), (BubBy) < (6Y) € o vy)
0, otherwise
Such that

txv1 (@ @y) = py2 (Y vy) = 0
and fxyy (ﬁx'ﬁy) = Hxyz2 (ﬁx. By) =1
(6)

Where pyy (x,y) is non-decreasing function over the
closed interval [(ay, @y ), (Bx By)] and pxy, (x, y) is non-
increasing over the closed interval, [(By, By ), (Y ¥y)].

E. Definition

If a two-dimensional imprecise humber

NXY = [((lx, Oly), (.Bxl .By)' (er Vy)]!

is associated with a presence level indicator function
#ny(x'y)i
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Where py
HXYl(x' Y)l (ax' ay) < (x' y) < (ﬁx' .By)
Uxy2(x,y), (ﬁx; ﬁy) < (xY) £ Yo Vy)
0, otherwise

With a constant reference function (0,0) in the entire
the section X X Y. Here pyy,(x,y) is continuous and
non-decreasing in the interval [(a,, a,), (8. By)] and
Uxy2(x,y) is a continuous and non-increasing in the

interval [(By, By ), (¥x vy)] With

”X}’l(ax' “y) = Uxy2 (Vx' Vy) =0
and .“XY1(ﬁx:ﬁy) *0, MXYZ(ﬁx' :By) * 0,

Then,

< Uxy1 (,Bx' ,By)

_.uXYZ(ﬁx:ﬁy)> B (ﬁ x - ﬁ x) 8 (ﬁ Y - ﬁ y)
(7

is called membership value of the indicator function
Enxy (X, Y),

where

HXYl(Bx' By) = ('le"B,y)
and

.uXYZ(Bx'By) = (ﬂ”x’ﬁ“y)
F. Definition

For a normal imprecise number

Nyy ={(6, ), tnygy (%, ¥),(0,0): (x,y) € X X Y}

as defined above, the complement

Nyy© = {06, ¥), (L), pwxy (%, ¥): (x,y) ERX R (8)

will have constant presence level indicator function equal
to 1, the reference function being pyyy (x,y) for —oo <
(x,y) <

Two dimensional
characterized by,

imprecise numbers would be

{6 ), iy (6, Y), tixy2 (6, ) (X, ¥) EX XY }

where u,(x,y) and u,(x,y) are called membership
function and the reference function of the indicator
function uy,, defined above and the membership
function is measured from the reference function, then
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30 An Introduction of Two and Three Dimensional Imprecise Numbers

Uxy1 (%, y) _
(_.“Xyz(X,y)) = (%1 = x2) X (V1 = ¥)2 9)

is called the membership value of the indicator function.
Where,

Uxy1(x,¥) = (x1, 1)
and #XYZ(X,}’) = (x2,¥2)

respectively.

The collection of all such elements is called to form a
two dimensional imprecise set.

If the membership value is equal to 1, then the
imprecise set is called the three dimensional normal
imprecise number. If the membership value is less than 1,
the imprecise number is called the three dimensional
subnormal imprecise number. Further if the membership
value becomes 1 then a three dimensional universal
imprecise set and null or empty set when the membership
value becomes 0.

Based on the conditions of classical set theory
properties can be proposed into two dimensional
imprecise numbers also.

Intersection and union of two dimensional imprecise
numbers

If

A(uxy1, bxyz) =
{6 ) txy1 (6 ¥), lxy2 (0, ¥): (x,y) € X XY}

And

B(uxys, txya) =
(G, xys (6, Y), txya(x,¥): (x,y) € X X Y},

Then,
Intersection:

A(xy1, Mxy2) N B(lxys, Uxys)
_ { (x,¥), min(#xy1(X, Y):.MXY3(x:y)): }

max(pyy, (x,y), (MXY4(XI y)), (x,y) EXXY
(10)

Union:

A(uxy1, lxy2) U B(lxys, Uxys)
_ { (x, }’)’max(llxn(x. ¥), bxys (%, Y)): }

min(pyy2 (x,y), (#xm(x’Y)): (x,y) eX XY
(11)

Since all the imprecise numbers along the real line can
be satisfied the theory of classical set and Boolean
algebra. First it can be claimed that the theory of
intersection and union of two dimensional imprecise
numbers are empty and the universal set respectively. For
this purpose let us consider a dram filled with half
portion water along the X-axis and Y-axis respectively is
shown in the following figure:
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N[ =

v
<

Fig. 1. Two dimensional imprecise number

Here, membership function is
11
A((HXY(x' Y)) = {(x' Y)' (EI E) ) (010)}
with the membership value
1 1 1 1 1
(3-9xG-0)=(3%3)=3

and the portions of the membership set of complement
part can be obtained as

Al ) are (G, (1), (0,5)
and
{een. (1.3). G0}
Now by the intersection and union definition of
imprecise number, we have-

Intersection: Portions of

A((uxy (%, ¥)) 0 Auxy © (x, ¥))

are

(x,y), (min (%, 1) ,min G, 1)) ,

(maX(0,0) , max (O,%))

= {en.(3:7)- 03)
with the membership value

G-0xg-3-o

to form an empty set.
And
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o [™E) ,<max(o,;),>

min(z,i) max(0,0)
= {60, (3:2)- G0}

with membership value

G-hug-o)es

to form an empty set.

Since, union of two empty sets is again empty set. So,
intersection of membership and complement of
membership function of two dimensional imprecise
numbers is a null or empty set to satisfy one of the
classical set properties.

Union:

(Aluxy (6, 7)) U Ay € (x,3))
o s () 1),
(min(o,o) , min (o, %))
s ) mh. ).
(min o, %),min(0,0))
= (69, D, 00} u{E . (13), 00}

_ {(x, ¥), (max(l,l) , max (1, %)) ,}

(min(0,0), min(0,0))
= {(x,y), (1,1),(0,0)},

which gives membership value,
1-0)x(1-0=1

to form a two dimensional imprecise universal set.

Thus by help of this graphical example it can be
introduced property of two dimensional imprecise
numbers as,

A. Property-

() A(uxy (6 9) 0 A(uxy€ (6, ) = 0
and

(i) ((uxy (6, 9)) U AQugy € (x,9)) = Q

where @ and Q are null and universal respectively.
B. Property- Commutative laws
Let

A((uxy (x,¥))
= {6, ), txy1 (6, ), iy (6, ): (x, y) € X X Y3

and

B((uxy (x,¥))

= {(x'}’), nys(x:}’), AuXY‘l—(xJ y) (x, y) E XX y}

be two dimensional imprecise numbers.
Then

() A((uxy (x, ¥)) U B((uxy (x,¥))
= B((uxy (x,¥)) U A((uxy (x,y))

(i) A((pxy (x, %)) 0 B((uxy (x,¥))
= B((uxy (x,¥)) N A((uxy (x,))

Proof- If

Mo = {(3:3)-(5.3)

and B((uxy2(x,¥)) = {(1 1) (l'l)}

6°6

be two dimensional imprecise numbers, then
A((;ixn (x, i/))l UB ((HX}l’z (1x y)\)
_ J (max (2 3) max (2 3)) !
[ (min o) 5:5))
{22 G4
And

B((xy2 (%, ¥)) U A((uxy1 (x, y))
max(5:3). (min(53):
max(5:3) )\ min 5.3)
={z2) (62)
Hence proved (i)

Proof- If
A((xy1 (x,y)) = {(%é) ’ (i’%)}

and B((uxy2(x,y)) = {(l’l) ’ (l’l)}

3°3 66

be two dimensional imprecise numbers, then
A(Quxy1(x,¥)) 0 B((uxy2(x,¥))
(A
Ve ) (1)
[EDE)
And

B((uxy2 (%, ¥)) 0 A((uxy1 (x, ¥))

31
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Hence proved (ii)
C. Property- Distributive Laws

If AQ(uxy1 (6 3)) s B((uxy2(x, ¥)) and C((uxys (x, )
be three two dimensional imprecise number, then

) Ay n (fé?{ﬁfgxy 3))

= A((xy1(x,¥)) N B((uxy2 (x,¥))
U A((pxy1(x,¥)) 0 C((xys(x,¥))

(i) AGun G ()

= A((xy1(x,¥)) U B((uxy2 (x, ¥))
N A((pxy1(x,¥)) U C((uxys(x,¥))

Let us prove the property (i) and (ii) with example,
If

11 11

A(uxy1 () = {(Elg) ) (Z’Z)}’
s - (32 6.2}

11 11

C((uxys(x,y)) = {(6, 6) ) (7, 7)},

and

then

B((uxy2(x,y)) U
MGt Gy 0 (e G 0)

o n oy [eGm ).
\{<2 2) (4 4)} k(min(1 1>’mm(1 l))}/

57

1630 (6).6)

and

A((pxy1(x,¥)) 0 B((pxy2(x,y)) U
A((uxy1(x,¥)) 0 C((uxys(x,¥))

_ {( (min (3.3).min :3)). \}
[ (mex(5-5)-mex(3:9))
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Hence proved (i)

A((uxy1(x, ) U (gggjﬁ:j gcc: gi)

~{z2) G3)

(min 5-)-min
min 3% ,min (=,

[N

N S—
\—/‘

C
—_——

3

)

=

/

SREETY
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3
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x
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~—— U] =

F
S
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ul|
ul|

~/

And

A((uxy1(x,¥)) U B((xy2 (x,¥)) N
A((uxy1(x,¥)) U C((uxy3(x,¥))

(mos(3:3) max 3-3))
max 2’3 , max 2'3))

Hence proved (ii)

Further it can be verified that the following properties
of classical sets are satisfied by the two-dimensional
imprecise  sets  A(uxy(x,v)) , B(uxy(x,y)) and

Cuxy(x, ¥)):
D. Idempotent Laws-
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(1) Aluxy (6, ¥)) U A(uxy (x, ¥)) = A(pxy (x,¥))

(i) A(#XY(x' J’)) n A(#xy(x,}’)) = A(uxy (x,))
E. Associatively Laws-

| B (y (,7))
0 Ay (x,y)) U (U C(br (s y)))

= (A(#XY(X'Y)) u B(#XY(x' Y))) U C(pxy (x,¥)))

.. B(.ny(x: )’))
(W) A(#XY(x’y)) : (n C(.“XY(x' )’))>

= (At () 0 By (6, 3)) ) Clixy (5, 9)))

F. De Morgan’s Law-

(1) (A(.“XY(X'Y)) U B(ny(xvY)))C
= Auxy® (%, ) N B(uxy € (x,¥))

(i) (A y)) 0B ()
= A(xy© (6,¥)) U B (uxy“ (x, )

IV. THREE DIMENSIONAL IMPRECISE NUMBER

It is mentioned in the definition of two dimensional
imprecise numbers that the effecting parts of a body of
fuzziness are along the two axes and all others are
already fully membership. Roughly any physical problem
can be expressed more or less in the three dimensions
form. So to study effect of fuzziness in the body along
the length, breadth and height it may be introduces three
dimensional imprecise numbers. Three dimensional
numbers are expressible in XYZ-solid geometry. Here,
imprecise number is defined in the three-dimensional
form such a way that full membership along the x-axis,
the y-axis and the z-axis respectively is considered
membership value one. For example at any instant one
short of travelling of solitary wave up to what distance is
the x-axis and the height of the tide occur during their
rise is the y-axis and thickness is the z-axis.

A. Definition

A three dimensional imprecise number is a closed
interval

Nyyz = [(ax: ayaz)' (ﬁx' ﬂy: By): Vs Yy yz)]

divided into sub intervals with a partial element is
presence in both the intervals. Where all the points in this
interval are element of Cartesian product of two sets
XXYXZ and the sets X, Y and Z are imprecise
numbers.

B. Definition

Partial presence of an element in a three-dimensional
imprecise real number
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Nyyz = [(ax' Ay, az)' (ﬁx' ﬂy' .Bz)' (yx' Yy VZ)]

is described by the present level indicator function
p(x,y,z) ,which is counted from the reference function
r(x,y,z) such that present level indicator for any

xy.2) , (anaya,)<€.2) < GuVypl,) S
(p(x,y,z) —r(x,y,z)) , where (0,0,0) <r(x,y,z) <
p(x,y,z) < (1,1,1).

C. Definition

For a three-dimensional imprecise number,

NXYZ = [(ax: ayaz)! (ﬁx! ﬁy: ﬁy): (yx: yy: yz)] ’

the indicator function will be represented and defined by

Hnxyz
AuXYZl(xry'Z)r (ax' ay' az) < (nyvZ) < (.Bxugyvﬁz)
=9 w226 3.2),  (BubBy.Be) < (6,7.2) < G ¥y ¥2)
0 otherwise

(12)

Such that

.uXYZI(axx Ay, az) = .uXYZZ(yx' Yy Vz) = (0,0,0)

and

HXYZl(Bx'By'BZ) #* 0, .nyzz(ﬂx'ﬁy'ﬂz) #0 (13)

where uyyz1(x, v, z) is non-decreasing function over the

closed interval  [(ay, ay,az), (Bx By, Bz)]  and
Uxyz2(x,¥,2) is non-increasing over the closed interval,

[(,Bx' .By' .Bz)' xr Yy» Vz)]'
D. Definition

For a three-dimensional normal imprecise number,

Nyyz = [(ax' ayaz)' (.Bx' .By' .By)' xer Yy» YZ)]7

the indicator function will be represented and defined by

Hnyyz =
txyz1(6,y,2),  (apaya,) < (,y,2) < By, By, Br)
txyz2(6,.2),  (Bu By Br) < (,5,2) < (Vx Vy, ¥2)
0 otherwise
Such that

Uxyz1 (aJC! ay' az) = Uxyz2 (YX! Yy! YZ) = (0!0'0)
and
Uxyz1 (ﬁx’ﬁy’ﬁz) = HUxyz2 (ﬁx' ﬁy' ﬁz) =1 (14)

where uyyz1 (x,y, z) is non-decreasing function over the
closed interval  [(ay, ay,az), (Bx By, Bz)]  and
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34 An Introduction of Two and Three Dimensional Imprecise Numbers

Uxyz2(x,y,z) is non-increasing over the closed interval,
[(Bxs By: Bz), (e V3o V)]
E. Definition

If a three-dimensional imprecise number,

NXYZ = [(axr ayaz)' (ﬁx' ﬁyv ﬁy)' (]/xv ]/y' yz)]l

is associated with a presence level indicator function

Unxy (X, ,2),
Where,
Hnyxyz =
bxyz1 (%, ¥, 2), (ax ay, ;) < (%,,2) < (B By, B2)
:uXYZZ(xr Y Z)r (:er ﬂy' :82) =< (X, Y, Z) =< (YX' Yy' yz)
0 otherwise

With a constant reference function (0,0,0) in the co-
ordinate section (X XY X Z) . Here pyyz1(x,y,2) is
continuous and non-decreasing in the interval

[(ax'ay'aZ)'(ﬁx'ﬁy'ﬁZ)]] and .uXYZz(xvy:Z) is a
continuous and non-increasing in the interval with,

[(Bx: By, B2), (Y vy, ¥2)], such that

#XYZI(ax' Ay, az) = Uxyz2 (Vx:)/y:)/z) = (0,0,0)

and
MXYZl(Bx' By, ﬁz) * O'MXYZZ(Bx'.By'.BZ) #0

Then

(#xyz1 (ﬂx' ﬁy' ﬁz) — Uxyz2 (ﬁx: ﬁy: ﬁz))
=, -8 )x(p,-8,)x(B,-F,) @5

is called membership value of the indicator function,
Unyy, (X, Y, Z), Where

”XYZI(:BX':BJ/MBZ) = ('le"gly’ﬁlz)

and
vz (BB B) = (BB B,

F. Definition

For a three-dimensional normal imprecise number

Nyyz =

{(x,y,2), Unyxz(x,¥,2),00,0,2): (x,y,z) e X XY X Z}

as defined above, the complement

NXYZC = {(lel Z)l(lrlll)'ﬂNXYZ(xr 2 Z): (nynZ) EXXY X Z}
(16)

will have constant presence level indicator function equal

to 1, the reference function being pyxy(x,v,z) for
-0 < (x,y,2) < o0

Copyright © 2015 MECS

Three dimensional would be

characterized by,

imprecise number

{9, 2), by 1 (6,9, 2), lxy 22 (%, Y, 2): (x,y,2) € X X
YxZ},

where u, (x,y,2) and u,(x,y,z) are called membership
function and the reference function of the indicator
function uy,, defined above and the membership
function is measured from the reference function, then

(.u-XYzl (x,,2) — txyz2 (X, Y, Z)) =
(X1 —x) X 1 —¥2) X (21 — 23) 7

is called the membership value of the indicator function,
Where

Uxyz1(x,¥,2) = (X1, ¥1,71)
and

Uxyz2(%,Y,2) = (X2, Y2, 22)

respectively.

The collection of all such elements is called to form a
set is called three dimensional imprecise set.

If the membership value is equal to 1, then the
imprecise set is called the three dimensional normal
imprecise number. If the membership value is less than 1,
the imprecise number is called the three dimensional
subnormal imprecise number. Further if the membership
value becomes 1 the three dimensional universal
imprecise set and null or empty set when the membership
value becomes 0.

Intersection and union of three dimensional imprecise
numbers

If

Apxyz1 Bxyz2) =
{0y, 2), bxyz1 (0, Y, 2), Uxyz2 (2, Y, 2): (x,9,2) EX XY X Z}

And

B(uxyzs, Uxyza) =
{009, 2), txyzs (6, Y, 2), Uxyza (X, y,2): (x,y,2) € X XY X Z},

then
Intersection:

A(pxyz1, Bxyzz) N B(Uxyzs, Mxyza)
. Z)'min(ﬂxym(x, Y, 2), hxyz3 (X, ¥, Z))
= ymax(xyz2 (%, Y, 2),
(txvza(x,y,2)), (x,y,2) EX XY X Z

(18)

Union:

Apixyz1, xyz2) U B(Uxyzs, Mxyza)
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(x,y,2), max(ﬂxym(x' Y, 2), Uxyz3 (X, Y, Z))'

= min(pxyz2 (X, ¥, 2), hxyz4 (%, 9, 2)),
(x,y,z) EXXYXZ
(19)

Let us consider a cuboid that stands in the xyz-plane
such that%portion of the region is occupied by the dark
region of water shown in the following figure:

Y
4(0,0,1)
1 /'C (11111)
D(0,0,2)
2
B(1,1 !
( ’ ’2)
A (0,0,0)
Y
(1,0,0 (0,1,0)
X

Fig. 2. Three dimensional imprecise number

Here, the membership function of cuboid is
1
Bz (.2 = {(.9,2,(11,3), 000}
with membership value
1 1
<(1—0)><(1—0)><(E—0)>=E

And the membership function of the complementary
part is,

AGE (3,2 = {3, 11, (00, 2}

with membership value
1 1
<(1_0)X(1_0)X(1_§)>=5

Now intersection and the union of three dimensional
imprecise numbers are the following:
Intersection:

(llxyz(x, Y Z)) nE (,uCXyz(x, Y, Z))
(x,y,2), (x,y,2),
- (1,1,%),(0,0,0) n (1,1,1),(0,0,%)

Copyright © 2015 MECS

(x,y,2), (min(l,l) ,min(1,1), min(l,%)) ,

(max(o,o) ,max(0,0), maX(Oé>
- {(x, v,2), (1.1,%) , (0.0,%)}

with membership value
1 1
((1—0))((1—0))((5—5)) =0

to form a null or empty set.
Union:
E(#xyz(x'y; Z)) UE (#CXYZ(x‘ Y, Z))
= {(x, v,7), (1,1,%) , (0,0.0)}
ofeey.m, . (00.5))

(x,y,2), (max(l,l) ,max(1,1), max(1, %)) ,

(min(0,0) ,min(0,0), min(0, %)
={(x,y,2),(1,1,1),(0,0,0)}

with the membership value
(1-0x(1-0x%x(1-0)=1

to form the universal set.
Thus by the help of graphical it can be introduced
property of three dimensional imprecise numbers,

A. Property-
(i) A((uxyz(x,y,2)) N A(.nyzc(xry' Z)) =0

and

(i) ((uxyz(x,9,2)) U AQugyz© (x,y,2)) = Q,

where @ and Q are null and universal respectively.
B. Property- Commutative laws
Let
A((uxyz1(x,y,2)) =

{0, y,2), ixyz1 (0, Y, 2), lixyz2 (%, Y, 2): (x, ¥, 2)
EXXY XZ}

and

B((pxyz2(x,y,2)) =

{(x’yiz)’ HXYZ3(x;y;Z); .uXYZ4-(x1yrZ): (xryiz)
EXXYXZ}

be two dimensional imprecise numbers. Then

() A((pxyz2(x,y,2)) U B((Uxyz1(x, ¥, 2))
= B((Uxyz2(x,¥,2)) U A((uxyz1(x, ¥, 2))
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Proof- If

Ay = {(33.7) G359}
and

Blntey ) ={(5.53) G20

be two dimensional imprecise numbers, then
A((uxyz1(x%,y,2)) U B((Uxyz2 (%, Y, 2))

( (1 1) (1 1) <1 1)

_! max 2’3 , max 23 ,max 2’3

- ,(11),(11),(11)

L min 16 ,min i ,min 66
_ 11 1)}
6’6’6

(G22)(

\
'}
)

And

((uxyzz (2, ¥)) U A((uxyz1(x,¥))

(max (5.5) max(5.5) max
max 3’7 , max 3’7 , max 3
11

1n(g,

N =
N———
N——"

8

——

el

Hence proved

(i)  A(Quxyz1(x,¥,2)) 0 B((Uxyz2(x, ¥, 2))
= B((Uxyz2(%,¥,2)) N A((Uxyz1 (%, Y, Z))
Proof: If
(1 1 1)
A((uxyz1(x,y,2)) = 21 21 21
(Z'Z'Z)
and
111 111
Bty ={573) G55}

be two dimensional imprecise humbers, then

A((uxyz1(x,y,2)) N B((uxyz2(x,y,2))

(min(5:3).min (5.3) )
min 23 ,min 23 ,

1 1) 1 1)
, ,max(4,6)

,min(z,g)

And

B((Uxyz2(x,y,2)) N A((Uxyz1 (%, Y, 2))
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Hence proved

C. Property- Distributive Laws

If  A((uxyz1(x, ¥, 2)) B((uxyz2(x,y,2)) and
C((uxyz3(x,v,2)) be three two dimensional imprecise
number, then

(1) A((pxyz1(x, Y, 2))
n (B((HXYZZ 6 ¥,2))C((Uxyz3 (x, Y, Z)))
= A((uxyz1(x%,y,2)) N B((Uxyz2(x, ¥, 2))
U A((txyz1(x, ¥, 2)) 0 C((1xyz3(x, ¥, 2))
(if) A((pxyz1(x,y,2)) U

(B((.nyzz (x,y,2)) 0 C((puxyzz(x, Y, Z)))
= A((uxyz1(x, Y, 2)) U B((Uxyz2(x, ¥, 2))
N A((pxyz1(x,¥,2)) U C((Hxyz3 (%, Y, 2))

Let us prove the property (i) and (ii) with example.

If
A(uxyz (%, 7)) = {((11))}
st - (313 (. 13)
and
e = (1), (22}
Then

A((uxyz1(x, Y, 2))
n (B((MXYZZ )
U C((uxyz3(x,y, Z)))

w32,
| maXG%))'
g6/
R ey
\mn(2.2))
{22 Gzl G33)G7)}
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) !r (min (l%) ,min (%%) ,min (%%)) \!
)
B1np

A((txyz1(x, y,2)) N B((Uxyz2(x,y,2)) U
A((uxyz1(x,y,2)) N C((Hxyz3(x, ¥, 2))

11y /11y /11
(min (33).min (5.5).min(5.3))
= 11 11 11
(max G g).max (7. 5) max 5.3))
11y /11y /11
(min (5:5)-min(55) - min (3:5))-

(3:7) mer (37
max 2'7) ax 2'7)

Hence proved (i)
And

A((uxyza (% ¥)) U (B((xyz2 (%)) N C((nxyzz (%))

g
=
~—
[ N —
N———

QIR Wl [N

N——

3
S
=

———
C
g Z
& 3
N N Y

ul| = Ul| =
N R

~
\__/

ul| =
N -

3

Q

=
~—

)
~{G22) Gaa) G o) (a5

1
3
a1y 11y (1
l(mm 75)min(3.5) min (5
111 111
1G22 G353
And

A((pxyz1(x,y,2)) U B((Uxyz2 (X, ¥, 2))
N A((uxyz1(x,y)) U C((uxyz3(x, Yy, 2))

37

Ul = W]~

S— e ——

3
]
s
| —
N -
N—
S
s
A= T
N -
~— T
S
s
=
NG = O
~——
N————

111y 111
“(633)653)
Hence proved (ii)
Further it can be verified that the following properties
of classical sets are satisfied by the three-dimensional

imprecise sets A(uxyz(x,v,2)), B(uxyz(x,y,2)) and
Cuxyz(x,y,2)):

D. ldempotent Laws

(1) A(HXYZ(X: N Z)) U A(HXYZ xy, Z)) =
A(uxyz(%,y,2))

(if) A(HXYZ(Xf N Z)) U A(UXYZ %y, Z)) =
Apxyz(x,Y,2))
E. Associative Laws
. B(HXYZ xy, Z))
0 A(HXYZ(X’ 4 Z)) v <U C(HXYZ(X' y Z)))
= (A(HXYZ(X' N Z)) U B(HXYZ(X: N Z)))
U Cluxyz(x,y,2)))

Bpxyz(x,y,
(i) A(pxyz(x,y,2)) N (n C(-l(lu (J(nyyzg)>
- (A(HXYZ(X» ¥,2)) 0 B(pxyz (x,, Z)))
N C(pxyz(x,Y,2)))
F. De Morgan’s Law:

M (Alur2(69.2) UB(axyz(6,9,2))
= Auxy“ (x,9,2)) N B(uxy“ (x,y,2))

(i) (Aluxrz(9,) 0 B(ierz (v, 2))
= A(HXYC(x! iz Z)) u B(.“XYC(x! Y Z))

V. CONCLUSION

As the solution of practical problem is the main
objective of this article. So the possible effect of
fuzziness of any particle is suggested to study along all
the axes. If the problem is solved in one part of the axis
may not be overcome for whole the body because of not
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38 An Introduction of Two and Three Dimensional Imprecise Numbers

study of other part of the body. All types of imprecise
numbers are considered as usual set to have same
characters and properties. So, known characters of the
classical sets are helped to identify the characters of the
above mentioned imprecise numbers. Operations of
intersection and union of sets are the tools to prove of the
above properties. Maximum and minimum operators are
the operations of union and intersection in the above
sections of the article. Other properties based on the
remaining operations of classical set are left for future
study.
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