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Abstract—The aim of this paper is to prove a common
fixed theorem for four mappings under weakly
compatible condition in fuzzy metric space. While
proving our results we utilize the idea of weakly
compatible maps due to Jungck and Rhoades. Our results
substantially generalize and improve a multitude of
relevant common fixed point theorems of the existing
literature in metric as well as fuzzy metric space.
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. INTRODUCTION

In 1965, Zadeh [1] introduced the concept of Fuzzy set
as a new way to represent vagueness in our everyday life.
However, when the uncertainty is due to fuzziness rather
than randomness, as sometimes in the measurement of an
ordinary length, it seems that the concept of a fuzzy
metric space is more suitable. We can divide them into
following two groups: The first group involves those
results in which a fuzzy metric on a set X is treated as a
map where X represents the totality of all fuzzy points of
a set and satisfy some axioms which are analogous to the
ordinary metric axioms. Thus, in such an approach
numerical distances are set up between fuzzy objects. On
the other hand in second group, we keep those results in
which the distance between objects is fuzzy and the
objects themselves may or may not be fuzzy. Kramosil
and Michalek [2] have introduced the concept of fuzzy
metric spaces in different ways.

In 1986, Jungck [3] introduced the notion of
compatible maps for a pair of self mappings. However,
the study of common fixed points of non-compatible
maps is also very interesting. Jungck and Rhoades [4]
initiated the study of weakly compatible maps in metric
space and showed that every pair of compatible maps is
weakly compatible but reverse is not true. In the literature,
many results have been proved for weakly compatible
maps satisfying some contractive condition in different
settings such as probabilistic metric spaces [5, 6, 7];
fuzzy metric spaces [8, 9, 10].

In this paper, we prove a common fixed theorem for
four mappings under weakly compatible condition in
fuzzy metric space. While proving our results we utilize
the idea of weakly compatible maps due to Jungck and
Rhoades [4]. Our results substantially generalize and
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improve a multitude of relevant common fixed point
theorems of the existing literature in metric as well as
fuzzy metric space.

Il.  PRELIMINARIES

Definition 2.1.[11] A binary operation * : [0,1]>0,1] —
[0,1] is continuous t-norm if * satisfies the following
conditions:

(i) * is commutative and associative;

(i) * is continuous;

(iifya*1=aforall ae[o0,1];

(ivya*b <c*dwhenevera<candb <d for all
a,b,c,d €[0,1].

Kramosil and Michalek [2] introduced the concept of
fuzzy metric spaces as follows:

Definition 2.2: [2] The 3-tuple (X, M, *) is called a fuzzy
metric space (shortly, FM-space) if X is an arbitrary set, *
is a continuous t-norm and M is a fuzzy set in X? < [0, )
satisfying the following conditions:

(FM-1) M(x, y, 0) = 0,
(FM-2) M(x, y, t) = 1, for all t>0 if and only if x =

Y,

(FM-3) M(x, y, t) = M(y, X. 1),

(FM-4) M(x, y, t) * M(y, z, s) < M(x, z, t + s)
(Triangular inequality)

(FM-5) M(x, y.): [0, 1) — [0, 1] is left

continuous for all X ¥:Z€ X
and $t>0

Note that M(x, y, t) can be thought of as the degree of
nearness between x and y with respect to t.

We can fuzzify examples of metric spaces into fuzzy
metric spaces in a natural way:

Let (X, d) be a metric space. Define a *b =a + b for
all a, b in [0,1]. Define

M(x, y, t) = t /(t + d(x, y)) for all x, y in X and t >
0.Then (X, M, *) is a fuzzy metric space and this fuzzy
metric induced by a metric d is called the Standard fuzzy
metric.
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Consider M to be a fuzzy metric space with the following
condition:

(FM-6) limt—ooM(x, y, t) = 1 for all X, y in X
and £>0,

Definition 2.3[2]: Let (X,M,*) be fuzzy metric space.
Then

(a) a sequence ™} in X is said to be Cauchy
sequence if, forall t>0 ang P>0,
limM (x t)=1

n+p? Xn '
and

(b) a sequence {X"} in X is said to be convergent to a
point X€ X i, forall £ >0,

limM(x,,xt)=1
n—oo

Definition 2.4[2]: A fuzzy metric space X, M, ®)
is said to be complete if and only if every Cauchy
sequence in X is convergent.

Example 2.1[2]: Let X ={1/n:ne N}uU{0} and let *
be the continuous t-norm and defined by a*b=ab for
all a,be[0,1]. For each te(0,0) and x,yeX,
define M by

;’ t > O’
M (x, y,t) =4 t+[X-Y]
0 t=0

Clearly, (X, M, *) is complete fuzzy metric space.

Definition 2.5[9, 12]: A pair of self-mappings (A, S) of a
fuzzy metric space (X, M, *) is said to be commuting if M
(ASx, SAx, t) =1 for all x in X.

Definition 2.6[9]: A pair of self-mappings (A, S) of a
fuzzy metric space (X, M, *) is said to be weakly
commuting if M (ASx, SAX, t) > M (Ax, Sx, t) for all x in X
and t>0.

In 1994, Mishra et al. [10] introduced the concept of
compatible mapping in Fuzzy metric space akin to
concept of compatible mapping in metric space as
follows:

Definition 2.7[10]: A pair of self-mappings (A, S) of a
fuzzy metric space (X, M, *) is said to be compatible if
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lim M (ASx,, SAx,t) =1for all t > 0, whenever {x,} is a

n—o0

sequence in X such that [|im Ax, =limSx, =u for some u

n—oo n—oo

in X.

Definition 2.8[1]: Let (X, M, *) be a fuzzy metric space.
A and S be self maps on X. A point x in X is called a
coincidence point of A and S iff Ax = Sx. In this case, w =
Ax = Sx is called a point of coincidence of A and S.

Definition 2.9[4]: A pair of self mappings (A, S) of a
fuzzy metric space (X, M, *) is said to be weakly
compatible if they commute at the coincidence points i.e.,

if Au = Su for some U € X, then ASu = SAu.

It is easy to see that two compatible maps are weakly
compatible but converse is not true.

Lemma 2.1[2]: Let {un} is a sequence in a fuzzy metric
space (X, M, *). If there exists a constant k < (0,1) such
that M(u,,u,.,,kt)>M(u_,,u.,t), n=1 2 3,.. then
{u,} is a Cauchy sequence in X.

1. MAIN RESULTS

Theorem 3.1: Let A, B, P and Q be self mappings of a
complete fuzzy metric space (X,M,*) satisfying the
following:

(3.1) for any x, y in X, and for all t>0 there exists

ke (0.2 gych that,
M (Ax, By, t),

M (Px, Qy, kt) > max 1 M (Px, Ax,t)
2 +M (Qx, Bx,t)

3.2) PX) = B(X) 4ng Q(X) = A(X)
(3.3) if one of P(X), B(X), Q(X), A(X) is complete
subset of X then

(a) P and A have a coincidence point
(b) Q and B have a coincidence point.

If the pair (P, A) and (Q, B) are weakly compatible then A,
B, P and Q have a unique common fixed point in X.

Proof: As P(X) < B(X) and Q(X) < A(X), so we can
define sequences {x } and {y} in X such that

Yonu = PXZn = BX2n+1’ Yoni2o = QX2n+l = AX2n+2 . By
(3.0),
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M (AX,,,, BX,, .4, 1),

M (PX,,,, QX,,.1, Kt) = max§ 1 ( M (PX,,, AX,,,t)
§(+M (QX,,, Bx2n,t)j
M (Y201 Yan.a: D,

M (Y2n,1: Yanizo KE) = Max 3 1 (M (Yanas Yon: 1) J
2\+M (V115 Yoo t)

M (Y20, ym,t),}

M (Yan1 Yon 1)

M (Yan15 Yansar KE) = M (Y, Yoo t)

M (y2n+1’ y2n+2’ kt) 2 max{

M (AXZn ! BX2n+1’t)v 1

2
M (PXZn ' QX2n+1’ kt) 2 h [M (szni AXZn ’t) +

M (QXZn’ BXZn ’t)
M (yZn’ y2n+11t)!
M (y2n+1’ y2n+27 kt) = max 1 (M (y2n+l’ y2n’t) j

2{+M (Y000 Yoo 1)
M (¥, yzwt),}

M (Yani1: Yonst)

M (Yaniar Yonsa KO 2 M (Y30, Yonaas t)-

M (y2n+1l y2n+21 kt) Z maX{

Similarly, M (Y,.5: Yani3 K =M (Yaqi10 Yoniast) -

Therefore, in general,
M (yn7 yn+11 kt) 2 M (yn—li yn!t) .

Hence, by Lemma 2.1, {y } is Cauchy sequence in X.
By completeness of X, {y,} converges to some point z in

X.
Therefore,

{y,,.,}converges to point z. i.e.

{y2n}'{y2n+1}!

subsequence’s

limBx,,,, =limPx,, =

n—o n—w

!m Xy = LT;‘O Ao = 7.

Now, suppose A(X) is complete, therefore, let
we Az then Aw = z.

Now, consider,
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M (Aw, Bx,,.,, 1),
M (Pw, QX,,.;, kt) > max+< 1( M (Pw, Aw,t)
2\ +M (Qw, Bw,t)
M (Z! y2n+11t)’
M (Pw, y,. ., kt) > max 1(M(Pw,z,t) j

2\ +M (Qw, Bw,t)
n— o
M(z,z,1),
M (Pw, z, kt) > max 4 1 (M (Pw, 2,t)
E[JFM Qw, Bw,t)j
M(PW,Z,kt)Zmax{l,l[M(PW,Z,t) j}
2\+M (Qw, Bw,t)

M (Pw, z,kt) >1.

This gives, Pw = z = Aw. Therefore, w is coincidence
point of P and A.
Since, P(X) < B(X),
therefore, z=Pwe P(X) < B(X)
this gives, ze B(X),let ve Bz i.e.Bv =1
By (3.1)

M (Y2, 2,0),
M (Y 5.1, QU Kt) > max g[M(yMyzmt) j
2{+AM (Y010 Yons 1)
n—o
M (z,z,1),
M (z,Qv, kt) > max-< 1( M(z,z,t)
E(+M(z,z,t)j

M (z,Qv,kt) >1.

This gives, Qv = z = Bv. So, v is coincidence point of
Q and B. Since, the pair (P, A) is weakly compatible,
therefore, P and Q commute at coincidence point i.e.
PAw = APw, this gives, Pz = Az and as (Q, B) is weakly
compatible, therefore, QBv = BQv this gives, Qz = Bz.

Now, we will show that Pz = z. By (3.1), we have
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M (Az, Bx,, ,,t),
M (Pz,Qx,,,,, kt) > max{ 1 ( M (Pz, Az,t)
E[+M(Qz,Bz,t)J
M(AZ, ¥yq.1,1),
M(Pz,y,,., kt) 2max+< 1( M (Az, Az,t)
E[+M(Bz,Bz,t)j

n—oo
M (Az,z,1),
M (Pz, z,kt) > max 1

M (Pz,z,kt) >1.

The is gives, Pz = z = Az. Similarly, we prove that
Qz=1z.By(3.1),
M (AXx,,, Bz,t),

M (Px,,,Qz,kt) > max 1(M(Px2n,Ax2n,t) j
2\ +M (Qx,,, Bx,,,t)

M (y,,,Bz,t),

M (2.1, Q2. Kt) 2 max 4 1 (M (Yanoas ym,t)j

2\ +M (Yy.1) Yons 1)
n— oo
M (z,Bz,t),
M (z,Qz,kt) > max< 1( M(z,z,t)
E(+M(z,z,t)]

M (z,Qz, kt) > max {1\/' (z, Bz,t),}

M (z,Qz,kt) >1.

This gives, Qz = z = Bz. Therefore, z is a common
fixed point of P, A, Q and B.

For Uniqueness, let w be another fixed point of P, A, Q
and B then by (3.1), we have
M (Az, Bw,t),
M (Pz,Qw, kt) > max< 1( M (Pz, Az,t)
§(+M (Qz, Bz,t)j
M (z,w,t),
M (z,w, kt) >max< 1(M(z,z,t)
§(+M (z,z,t)j
M (z,w,kt) >1

this gives, z = w. Hence, z is unique common fixed point
of P, A, Q and B.
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By choosing P, A, Q and B suitably, one can derive
corollaries involving two or more mappings. As a sample,
we deduce the following natural result for a pair of self-
mappings by setting P = Q in above theorem:

Corollary 3.1: Let A, B and P be self mappings of a
complete fuzzy metric space (X, M,*) satisfying the
following:

(3.4) for any x, y in X, and for all t>0 there exists
k e(0,1)

such that,
M (Ax, By, t),
M (Px, Py, kt) > max+ 1 ( M (Px, Ax,t)
2\ +M (Px, Bx,t)

(3.5) P(X) < B(X) and P(X) < A(X)
(3.6) if one of P(X), B(X), A(X) is complete subset of
X then

(a) P and A have a coincidence point
(b) P and B have a coincidence point.

If the pair (P, A) and (P, B) are weakly compatible then
A, B and P have a unique common fixed point in X.
By taking A = B =1 in theorem 3.1, we get

Corollary 3.2. : Let P and Q be self mappings of a
complete fuzzy metric space (X, M,*) satisfying the
following:

(3.7) for any x, y in X, and for all t>0 there exists

ke (0’1) such that,
M(X,y,1),
M (Px,Qy, kt) > max4 1 ( M (Px, x,t)
2(+M (Qx, x,t)

(3.8) if one of P(X), Q(X) is complete subset of X.

If the pair (P, Q) is weakly compatible then P and Q
have a unique common fixed point in X.

Definition 3.1 [6] Two families of self-mappings {A}L

and {Bj}" are said to be pairwise commuting if
j=1
@ AA=AAL L je{,2,3,..m},
(b) BiB;=B;Bi, i,je{,23,..n},
(c) AB;=BA; ie{1,2,3,..n}, je{l,2,3,..n}.

As an application of Theorem 3.1, we prove a common
fixed point theorem for four finite families of mappings
on fuzzy metric spaces. While proving our result, we
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utilize Definition 3.1 which is a natural extension of
commutativity condition to two finite families.

Theorem 3.2: Let {A A, .., A}, {B.B,,...B,} .
{R.P,....P,} and {Ql,Qz,___,Qq} be four finite families
of self mappings of a complete fuzzy metric space
(X,M,*) such that A=A.A,....A, , B=B.B,...B,,
P=R.PR...R, and Q=QQ,..Q, satisfying the
conditions (3.1), (3.2), (3.3) and (3.9) the pairs of
families  ({A},{R}) and ({B.},{Q}) commute

pairwise.
Then the pairs (A,P) and (B,Q) have a point of

{A}iril’{Pk}lle !

{Br }:‘:land {Qt}?:l have a unique common fixed point.

coincidence  each. Moreover,

Proof: By using (3.9), we first show that AP= PA as

AP = (AlAZ Am)(P1P2 Pp)
= (AlAz ~~Am71)(Am P1P2 Pp)

= (A]_Az Amfl)(P]_Pz Pp Am)
= (AAs .. An-2)(Au 1 PiPs ... Py Au)
= (AlA; ... A 2)(P1P2 ... PpAn 1AR)

=..=Ay(P1Py ... Py Ay ... Ay)
= (PP, ... P)(AiA,; ... Ay) = PA.

Similarly one can prove that BQ = QB. And hence,
obviously the pairs (A, P) and (B, Q) are weakly
compatible. Now using Theorem 3.1, we conclude that A,
B, P and Q have a unique common fixed point in X, say z.

Now, one needs to prove that z remains the fixed point
of all the component mappings.

For this consider

A(Ai 2) = ((AA2 ... An)Ai )z

= (AdAz ... Ap)(An Ai )z
(AA; ... Ana)(Ai Ap)z
(AlAZ Am-Z)(Amfl Ai Am)z

(A1A2 Am—Z)(Ai Amfl Am)z
Al(AiAz Am)Z

(AlAi)( A .. Am)z

(AAD)(Az ... An)z

=A (AlAz Am)Z =A Az=Az

Similarly, one can prove that

A(Pk Z) = Pk (AZ) = PkZ, P(PkZ) = Pk(PZ) = PkZ,
P(A; 2)= Ai(Pz) = Aiz, B(B,z) = B,(Bz) = B,z,
B(Q:2) = Q«(Bz) = Q:z, Q(Q:12) = Q«(Qz) = Q;z
and

Q(Bi2) = B{(Q2) = Bz,

which show that (for all i, r, k and t) Az and P,z are other
fixed point of the pair (A, P) whereas B,z and Q.z are
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other fixed points of the pair (B, Q). As A, B, P and Q
have a unique common fixed point, so we get

z2=Az=P, z=B,z=0Qz,
for all i=1,2,....m k=1,2,...,p
r=1,2,...,n, t=12,...,¢

which shows that z is a unique common fixed point of

{(AKL ARG (BILAG{QL,.

Remark 3.1: Theorem 3.2 is a slight but partial
generalization of Theorem 3.1 as the commutativity
requirements in this theorem are slightly stronger as
compared to Theorem 3.1.

IV. CONCLUSION

In this paper, we prove a common fixed theorem for
four mappings under weakly compatible condition in
fuzzy metric space. While proving our results we utilize
the idea of weakly compatible maps. Our results
substantially generalize and improve a multitude of
relevant common fixed point theorems of the existing
literature in metric as well as fuzzy metric space. As an
application of Theorem 3.1, we prove a common fixed
point theorem for four finite families of mappings on
fuzzy metric spaces (Theorem 3.2).
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