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Abstract—In this paper, we will study a two-stage model on

complex networks. The dynamic behaviors of the model on a
heterogeneous scale-free (SF) network are considered,
where the absence of the threshold on the SF network is
demonstrated, and the stability of the disease-free
equilibrium is obtained. Four immunization strategies,
proportional immunization, targeted immunization,
acquaintance immunization and active immunization are
applied in this model. We show that both targeted and
acquaintance immunization strategies compare favorably to
a proportional scheme in terms of effectiveness. For active
immunization, the threshold is easier to apply practically.

Index Terms—Complex network; Epidemic; Two-stage
model; Threshold

I.  INTRODUCTION

Mathematical models have been applied to the study
of infectious diseases since more than a century ago. The
last four decades have witnessed a burst of interest in
quantitatively understanding the transmission dynamics
of a large number of diseases [1]. One of the key aims of
epidemiological mathematical models, and certainly the
most relevant in terms of policy making, is the
assessment of the effectiveness of control strategies to
curb disease spreading. For many infectious diseases, the
most widespread prevention measure is mass vaccination.
However, if for a given disease vaccines are not known,
or vaccination is not effective, other control measures
have to be adopted.

Compartmental model is often used to describe the
spread of infectious diseases, such as HIV, rabies, SARS,
TB. In 1927, Kermack and McKendrick suggested an SIR
model, which well indicated the number of infected
population during the plague [2]. The contact process was
introduced by Harris [3]. In a contact process, individuals
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in the population have two life stages, young and adult,
only adults can give birth and each new offspring is
young. Transition from young to adult occurs at constant
rate, and individuals die at rates that depend on their life
stage. Krone[6] gives a very nice analysis of this process
by the construction of a multi-type dual process. Models
of this class have proven particularly useful for the study
of Chlamydia and gonorrhea [4], [5].

We consider a population formed by N agents,
situated at the nodes of a network. Individuals are
modeled as nodes, and possible contacts between
individuals are linked by edges. It has been shown that
there is an epidemic threshold on the homogeneous
Watts-Strogatz (WS) small-world network model, while
the epidemic model on SF networks has no epidemic
threshold; infections can be proliferated, whatever small
infection rate they have. This result disproves the
threshold theory in epidemiology. Recently, there are
some related research works on complex networks, for
example, with infective medium [14], even with two
species or pathogens spreading [15], [16].

These studies have extended and detailed the
epidemic model on complex networks. It has shown that
networks of two-stage contact process are scale-free [6],
[71, [8], and [17] i.e. the distribution of the number of
contacts over all individuals in the network has a long
upper tail which exhibits power-law behavior. To study
such a spreading characteristic, this paper extends the
standard model to qualitatively understand and describe
the mechanism of epidemics spreading based on
biological means. It is shown that the main features and
theoretical results obtained here are different from those
in general SIS models [7], [8], [9].

The state-transition rules of the two-stage contact
process have been put forward in Ref. [17]. It differs
from the SIRS model in that the transition rate from 0 to
1 is proportional to the density of the neighbors with state
2 (not 1) of a state-0 vertex. This model corresponds to
dynamics with two life stages. The states can be
interpreted as 0: vacant, 1: occupied by young individuals,
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and 2: occupied by adults. Only adults are reproductive
and generate offspring in neighboring vacant sites at a

birth rate equal to / . In other words, a birth event occurs

at a vacant site at a rate proportional to / and the number
of neighboring adults. Younger (state 1) spend random
time of mean g before becoming adult (state 2). They

are also subject to random death events at a rate of g .
Adults die at a rate of 1, which gives normalization of the
entire model. Alternatively, we can interpret the three
states as O: vacant, 1: partially occupied, and 2: fully
occupied colonies. Then, only fully occupied colonies are
potent enough to colonize vacant lands. Based on these
state-transition rules, we will establish and consider this
model on scale-free networks.

The organization of this paper is as follows: Section 2
derives the mean-field epidemic spreading model of SF
network, especially Barabasi-Albert (BA) model with

connectivity p(k) : k™* is obtained, and the existence

of the steady-state solution is analyzed. Section 3
discusses the stability of the disease-free equilibrium. In
Section 4 we consider several models of immunization.
Finally, a brief discussion is given in Section 5.

Il. THE MODEL

To derive mean field dynamics for populations with
heterogeneous contact rates, let us denote by p, the

probability that a vertex has degree K .
o N -1
a k=1 pk e

Obviously,

In this paper, there are two types of nodes in a network,

one is composed of N first-stage individuals and the

other is composed of N second-stage individuals. All
nodes can exist only in one of the two discrete states,
healthy or infected. And the disease transmission is
described as in the paper [7], [8]: At each time step, each
susceptible (healthy) node is infected with rate /7 if it is
connected to one or more infected nodes. At the same
time, infected nodes are cured and become again
susceptible with rate  defining an effective spreading
rate / =n/t .Without lack of generality, we can

setf =1. All nodes in this network run stochastically
through the healthy-infected-healthy cycles. So in this
paper, we are interested in studying the following
dynamical model

'&l,k =/ Q- ryc- ry)kg- (d+9)ry, (1a)

Bok S Mo (1b)
We note that the effective birth rate (the first term in the
first equation (la) is proportional to kg, which is the
average number of state-2 vertices in the neighborhood of

a degree- K vertex. When we choose an arbitrary edge,
the probability that a specific vertex is connected to this

edge is proportional to its degree K [7], [8], [10], [11],
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[13], where 7, (/,,) denotes the density of infected

first-stage and second-stage individuals with connectivity
k in the networks, the edge-conditioned probability

O£g£1 describes a link pointing to an infected
individual [7], [8], which satisfies:

&, kproi (1)
gt)= % ) )
where <k> = é KPy . Py is the connectivity distribution

of the vertex individuals.
In the steady state

A, =04, =0, ®
one has
[ (- ry - ry)kg- (d+g)ry =0, (4a)
T Tox = 0. (4b)
It is easy to see that model has a disease-free equilibrium:
E, =(0,L,0). As far as the possibility of spreading is
concerned, the following lemma holds:

Theorem 2.1. If and only if

S (d+g){k)

2 1
o(k)
then there exists a unique endemic equilibrium

E™ =0, L xg, ¥, L, yy)
proof: From (4), we can get

iy = (5a)
© IQ+gkg+d+g
ry = gkq . (5b)
" /(Q+tgkgtrd+g
And substituting them into (2), we get
8, — KB o)

T )a T@ kg +d+g
For Eq.(6) is satisfied when g =0, corresponding to the
disease-free state. When 0<g <1 state 2 survives,
Eq.(6) implies sy, >0,7,, >0 in this situation.
Accordingly, @ >0 is equivalent to the {0, 1, 2} phase.
It is easy to verify that f (@) is a convex and increase

function, and f(q)|q:1<l, so if there is another

i@ .,

g=0

solution 0 <@g <1, it must satisfy ———

that is

/s (d+g){k)
ok?)

where <k2> = é ) k?p, . Through the unique endemic
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equilibrium E” is determined. This agrees with the e/qg-(d+g) L 0 o}
results for the percolation, the contact process, and the A= ¢ ! o ! -
SIR model. -¢ -
Remark 2.1. 8 0 L -N/g- (a’+g)ﬂ
(1) Let
2
:ﬂ % B =B, +B,, where
(d+g)(k)
In mathematical biology, R is called the basic e/q L 0 9
productive number, which determines whether the disease B :9 T @) T
is transmittable or not. 176 o
(2 If we consider p, =Ckd, (k. ®2). The §0 L -Ngg
network is homoge/nous, (k) =K., so / eph L Nph 6
:ﬂ (8) :_9 M (@) M :,
When R <1, the disease-free equilibrium is local i NTN @
asymptotically stable; while R >1, there is an endemic where by =1- r,; - zyi,(l =1L, ,N).
equilibrium. Moreover, R is an increasing function of / A L 0(‘j
dk. . In order t keR<1, d d /
an kc n order to make we need decrease gM o M
dk. .
and’e éo L 15
(3) By using a continuous K approximation that allows a
practical substitution of series with integrals [18], the full
connectivity  distribution can be obtained as el L 00
Py =2m?/k® where m is the minimum number of D=1 O I :
connections at each individual node, and éO L - lg
¥
(k) = q kp dk =2m. So we can easily get the Jacobin matrix at disease-free
Furthermore, here equilibrium is
2\ - 2
(k?) 5 2m’In(k, /m). (A B
Substituting them/into }/ielss/ J ‘8C¢ D%
R :M_ 9) where
ad+g
If we consider the maximum connectivity k, to N by e([d+g L 0 o
kcm\/ﬁ, ) AC=S O M _
_/gmin(N) 10) é 0 L -(d+9g
2(d+g)
/ ep, L Npy o
_ I ¢ -
[1l. THE STABILITY OF THE DISEASE-FREE BO= < )é o 2M =
Np, L N'pyg
EQUILIBRIUM (DFE)
ada L 00
In this section we consider the stability of the disease- C¢= ggM O | :
free equilibrium. First, Jacobin matrix at an equilibrium is -
0 L 1,
;@ BO
& Dy

and where
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el L 006
De=%1 O .
éo L -1y

The matrix JChas 2N - 1 eigenvalues equal to j1:
m=-1(1 =1 L2N - 1), the 2Nthis

/ g(k*
@N:-1+L_
(d+9)(k)
Having established these premises, we may

immediately demonstrate the following theorem:

Theorem 3.1. If REL then the disease-free
equilibrium of (1) is asymptotically stable in the set

[0,1]*" | otherwise there exists a unique endemic
equilibrium E™ = (x,, L, Xy, Y, , L, Yy, ).

Remark 3.1.

The biological consequence of this result is that if the
epidemic threshold R is not exceeded the disease will
disappear. On the contrary if R >1, then there is an
endemic solution which is reached independently of the
initial state of the disease. In other words, however
complex the system may be and whatever the initial state
of the first-stage and the second-stage individuals are,
whether the disease will eradicate or not only depend on
the basic reproduction number.

IV. IMMUNIZATION STRATEGIES

Vaccination is very useful in controlling vaccine
preventable diseases. The SIS model is more appropriate
than the susceptible-infected-recovered model in the early
stage of epidemic outbreaks when the effects of recovery
and death can be ignored, and this is the optimal time
period for immunization to be applied. In this section we
discuss the SIS model with two types of nodes on a scale-
free network, and various immunization schemes [9].

A. Proportional immunization

Denote by g the immunization rate, 0 < g <1; the
presence of proportional immunity will effectively reduce

the spreading rate / by a factor / (l- g ) then Eq. (1)
becomes

'&l,k =/@1-9)A- ryy - ry)kg- (@d+g)ry,,

'&2,k :gl,k - rz,k- (11)
Let &, =0,4&,, =0, from (11) we have

/kq(1-
. gt 0)

“ 1+ g)- gkg+d+g’
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___ dgkg@- g)
/A+9)d- 9)kg+d+g’
Substitute 7'y , /', in (2) by (12), we obtain a self-

consistency equation as follows:

_ 1o /K’ (- 9)
q - a K
(kYT K/ (1+9)- g)kg+d+g

2k (12)

° f(g).

(13)
By arguments similar to those in Sec. Il, the epidemic

threshold /C is determined by the following inequality:

df @] ;.
dg 40
therefore, it can be shown that
. (d+9)K)
©og- 9)(k)
that is,
~ 1
[ . =—1_. 14
ST (14)

Note that in (14), when g =0, i.e., if no immunization

were done, then 70 =/.; when 0<g<1, 70 >/,
that is, the immunization scheme is effective; while as
g® 1, /~C® +¥ |, that is, in the case of a full
immunization, it would be impossible for the epidemic to
spread in the network.

B. Targeted immunization

While proportional immunization schemes are
effective, there may be more efficient schemes due to the
heterogeneous nature of scale-free networks: they are
robust to random attacks, but fragile to selective attacks.
Accordingly, we can devise a targeted immunization
scheme [9]. We introduce an upper threshold A, such that

all nodes with connectivity K > & are immunized, i.e.,
we define the immunization rate g, by

iLk>k,

J, =:'c,k:k,

10,k <k,

where 0 <c£1, and é_kgkpk =7, where J is the

average immunization rate. The epidemic dynamics
model is

'&l,k =/ Q-9 )~ ryy - ry)kg- (d+9)ry,
'&2,k =G Mok
This lead to
q:ié /g(quk(l' gk)
(k) =/ 1+9)1- g )kg+d+g

(15)

° f(g).
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Therefore, the epidemic threshold

7= (d+g){k) _ (d+g){k)
©og- 9)(K°)  o(k*)- ouk’)

<gkk2> = g<k2>+s¢

s¢= <(gk -9) [k - <k2>]> is the covariance of

g, and k? There may be & (usually big enough) where

(16)

Note that ,where

S(<0, but for appropriately small &, g, - § and

k?- <k2> have the same signs except for some k'S .

Where g, - § and / or k” - <k2>is zero; therefore for
S (> Qappropriate X . Then

A

/

-7
If we set g =T, then /C>/C(0<g<l), which

means the targeted immunization scheme is more
efficient than the proportional scheme.

|_\
o

/..

c

[

C. Acquaintance immunization

As discussed in [22], [23], a problem with the targeted
immunization scheme is that it requires some global
information about the degree of each node. In this section,
we use another immunization strategy, acquaintance
immunization [12], which calls for the immunization of
random acquaintances of random nodes.

Choose a random fraction p of the N nodes; the
probability that a particular node with k contacts is

selected for immunization is kp(k)/(N(k)) [24, 25].
Therefore, in (16) we may take

_kp(k) - P
g =75 PN =75 kp(K),
N(k) = (k)

so the epidemic threshold for this immunization scheme
is
fo_W g)g(k ;o
= ~/..
AK)- e {6°)

h(llofestaj—h)a;(l<> ¢
=(- 9)g(k?)- g( @)'[kZ-(W)])
> (1- 9)g(k’)- - (k)
>g(1- gNK*)- g(l 9k*) =0

%“ﬁ'@?ﬁﬁﬁ%k>>d“§'%k+g*3>0

So /\C =L/, where L isa positive constant.
This means the acquaintance immunization scheme is

17)
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comparable in effectiveness to the targeted immunization
scheme.

D. Active immunization

In this section we propose a different immunization
scheme: choose an infected node and immunize its
neighbors whose degree 3 k. That is, the epidemic
dynamics model is

'&1,k =/ Q- ryc- ry)kg- (d+9)ry,
'&2,k = 1+ gktt)rz,k' (18)
where
_g kipk9

k—a k¢ng¢’
and g,,is defined in (15).

After the early stage of a disease epidemic, there may
be quite a lot of infected individuals; therefore this
immunization scheme may be more appropriate. We
show this rigorously below.

By letting &, =0, &,, =0, model (18) leads to
gk¢pg

7= g Tk ok (@5 9T TR
° 7(9).

therefore, the epidemic threshold
7 k) (d+9)+T9

Sy e

We have
/—C:<k2> g+g, (k) (a+ D 1
() o ()
Compare (19) with /, = <—<>k> we have
/C—/C+gk¢></0>/0. (20)

That is to say, the immunization scheme we propose here
is indeed effective, and the lower A , the greater the term

0, is and the more effective the scheme.

E. A brief summary

In previous sections we have discussed proportional,
targeted, acquaintance, and active immunization schemes,
and estimated the thresholds for each scheme. By
comparing the thresholds for different immunization
schemes, we have concluded that the targeted
immunization scheme is more efficient than the
proportional scheme; the acquaintance immunization
scheme is comparable to the targeted immunization
scheme; and the effectiveness of the active immunization
scheme is also discussed.

V. CONCLUSION
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In this paper, a new model for two-stage contact
process on complex networks has been proposed and
simulated. Different from the classical epidemic model,
in the new model infection between two-stage contact
processes is taken into account. Moreover, spreading
thresholds of the two-stage contact process model are
determined, and the stability of the disease-free
equilibrium is given, but as to the stability of the endemic
equilibrium, which can show the global behavior of the
solutions of the model, we have not mentioned in this
paper. These and some other related issues will be further
studied in the future.

In [22] a probability approach is used to calculate
epidemic thresholds for random, targeted, and
acquaintance immunization schemes, which are critical
probability values and can be used to evaluate the fraction
of immunized individuals. While in [9] proportional and
targeted immunization schemes are discussed, epidemic
thresholds are not considered directly; instead as in [22],
the critical fractions of immunized individuals are
discussed. Here, we give a direct characterization of
epidemic thresholds for more immunization schemes,
including the scheme of active immunization, so the
thresholds are easier to apply practically.
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