
I.J. Information Engineering and Electronic Business, 2010, 2, 24-30 
Published Online December 2010 in MECS (http://www.mecs-press.org/) 

Some Results on Optimal Dividend Problem in 
Two Risk Models 

 
Shuaiqi Zhang 

School of Mathematical Science and Computing Technology, Central South University, Changsha, China 
Email: shuaiqiz@yahoo.com.cn 

 
 

Abstract—The compound Poisson risk model and the 
compound Poisson risk model perturbed by diffusion are 
considered in the presence of a dividend barrier with 
solvency constraints. Moreover, it extends the known result 
due to [1]. Ref. [1] finds the optimal dividend policy is of a 
barrier type for a jump-diffusion model with exponentially 
distributed jumps. In this paper, it turns out that there can 
be two different solutions depending on the model’s 
parameters.  Furthermore, an interesting result is given: the 
proportional transaction cost has no effect on the dividend 
barrier. The objective of the corporation is to maximize the 
cumulative expected discounted dividends payout with 
solvency constraints before the time of ruin. It is well known 
that under some reasonable assumptions, optimal dividend 
strategy is a barrier strategy, i.e., there is a level  so 

that whenever surplus goes above the level , the 
excess is paid out as dividends. However, the optimal level 

may be unacceptably low from a solvency point of 
view. Therefore, some constraints should imposed on an 
insurance company such as to pay out dividends unless the 

surplus has reached a level . We show 

that in this case a barrier strategy at optimal. 
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Index Terms—optimal dividend, solvency constraints, 
compound Poisson risk model, compound Poisson risk 
model perturbed by diffusion 

I.  INTRODUCTION 

The optimal dividend problem pioneered in [2]. Since 
then, there has been a wave of research focusing on 
finding the dividend payment strategy for the diffusion 
model and the compound Poisson risk model. In the 
present papers, the authors provided the solutions of the 
optimization problems where the companies control their 
risk before the cash reserves hit or fall below .  0

For the optimal dividend problem of the compound 
Poisson risk model perturbed by diffusion,  many papers  
focus on integro-differential equations for the expected 
discounted penalty function, as well as  some ruin related 
functional such as the probability of ultimate ruin, the 
time of ruin and the surplus before ruin and the deficit at 
ruin. In these papers, the authors considered the problems 

within the framework that the dividend strategy is the so-
called threshold dividend strategy or the barrier strategy 
or the multi-layer strategy.  Ref.[1] studied the optimality 
of the dividend policy for the jump diffusion process. In 
this paper, some further results on the optimal dividend 
strategy are obtained in section III. Specifically, it turns 
out that there can be essentially two different solutions 
depending on the model's parameters. If 

21( )
2

cε β β 0− + + ≥ , the initial capital should be 

paid out as dividend immediately, and the ruin occurs. If  
21( )

2
cε β β 0− + + < , the optimal strategy is to pay 

everything in excess of the optimal dividend barrier, 
whenever the reserve reaches the barrier, and the process 
continues. The paper also extends the controlled model 
with considering the existence of the proportional 
transaction costs. It is shown that the amount of the 
dividend increases as the proportional rate 1 k−  
decreases. What is also interesting is that the dividend 
barrier in the solution of this problem is the same as the 
barrier without proportional costs. In other words, 
proportional costs factor   has no effects on the dividend 
barrier. 

As for the dividend problems with constraints, [3]   
considered diffusion process under the restrictions that 
that the dividends should not be paid out unless the 
surplus has reached a level . It is shown that in 

this case a barrier strategy at  is optimal. This inspires 
us to think a question of main interest: can we find the 
optimal dividend strategy of the compound Poisson risk 
model with solvency constraints? Or can we find the 
optimal dividend strategy of the compound Poisson risk 
model perturbed by diffusion with solvency constraints?  

*
0b b>

0b

This paper makes the same assumptions as in [3], but 
differently formulated because of the model we discuss 
are the compound Poisson risk model and compound 
Poisson risk model perturbed by diffusion. The objective 
is to maximize the discounted dividend payment with 
solvency constrains before the time of ruin. We solve the 
problem completely when the individual claim amounts 
are generally distributed, rather than exponentially 
distributed.   

Footnotes:   
Manuscript received July 1, 2010; revised September 1, 2010;

accepted September 20, 2010. 
Corresponding author: Shuaiqi Zhang 

The paper is organized as follows: Section II 
establishes the control model. In Section III, some 
properties of  the value function are presented.  Section 
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IV discusses some further results to the control problem 
when claims are exponentially distributed. In section V, 
the optimal dividend problem of the compound Poisson 
risk model with solvency constraints is solved. In section 
VI, the optimal dividend problem of the compound 
Poisson risk model perturbed by diffusion with solvency 
constraints is considered. 

II.  FORMULATION OF THE CONTROL PROBLEMS 

To  the 
op

 give a rigorous mathematical formulation of
timization problem, we start with a filtered probability 

space 0{ , ,{ } , P}t t≥Ω F F . We assume that in the 
absenc ompound Poisson risk model 

0
t

e of dividends, the  c
X  is given by  

( )

1

N t
a
t i

i
X x ct Y

=

= + −∑ ,                    

and the compound Poisson risk model perturbed by a 
               

t

diffusion is given by                                                        
( )N t

b

        

1
t i

i
X x ct Y Wε

=

= + − +∑ ,                 

 where is the initial reserve, s the premium 0x ≥  
( )}t  

0c > i
ith inrate, {N is a Poisson process w tensity 0λ >  

and { n i.i.d. sequence of strictly positive ra  

varia with distribution function ( )F y and probability 

density function ( )

}i  is a

les 

Y
b

ndom

f y . The claim s { }iY and the 

claim arrival process ( )N t   are assu  to be 

independent. We assu hat E[ ]iY

 size

med

me t μ= < ∞ . 

{ ; 0}tW t ≥  is a standard Wien s 
( )N t

er pr

s proce

o

ss 

cess 

=

that i

1
t k

k
S Y

=

independent of th aime aggregate cl ∑  

and ε  is the dispersion parameter. t
aX  ( )t

bX   is 
iltraadap  to the smallest right-contin s tion 

0{ }t t≥F . If we want to indicate that the initial capital is 
ted uou  f

x ,  we   write Px  and Ex  for the probability measure 
d the expectation, resp vely. Otherwise, we dismiss 

the  letter 
an ecti

x  and write P  and E . 
We now enrich the c mpou d P

co
o n oison risk model (the 

mpound Poisson risk model perturbed by diffusion). 
We denote by 1{ }tD the aggregate dividends paid 

between time zero ime t . 1{ }tD 2({ })tD  is càglàd, 

increasing and adapted process with 2
0 )D

 and t
1
0 0=D ( 0= . 

The dynamics of the controlled co sk mpound Poisson ri
m

1
t

odel is given by 
( )N t

1

1
t i

i
X x ct Y D

=

= + − −∑

 The policy 1π  is said to be admissible if the 

process is -adapted, increasing and adapted 

process with 

1{ }tD 0t t≥

0
{ }F

1
0D = . The class of all admissible 

controls is denoted by 1Π . 
 The time of ruin is defined by 

1 1: inf{ 0 : 0}.tT t Xπ = ≥ <                      

With each admissible control 1 1π ∈Π

)x
π

 , we associate a 

performance functional V  defined by 1 (π

1
1 1

0
( ) E d ,

T t
x tV x e Dπ δ−

−

⎛ ⎞= ⎜ ⎟
⎝ ⎠∫                 

whereδ is the discount rate. The objective is to find the 
control that maximizes the performance index. We define 
the value function   by 1V

     11
1 1( ) : sup{ ( ); }V x V xπ π= ∈Π

*

.                  

The optimal policy 1π  is a policy for which the 
following equality is true: 

 .                             
*
11( ) ( )V x V xπ=

If the company is not be allowed to pay dividends 
unless the surplus is more than 1 .  Mathematically such   
restriction can be written as 

1

cb

11

1
{ }0

d
t c

T t
tX b

e I D
π

π
δ

−

− −
<−

=∫ 0.                   

If we impose restrictions of the form that no dividends 
are allowed to be paid out unless surplus is at least , 
and the surplus immediately after payment can not be 
below  1 . In this case, we denote admissible strategy by 

1
cb

cb

1
cΠ .  We define the performance index by 

1
1 1,

0
( ) E d

c
c T t c

xV x e D
π

π δ−

−

⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
∫ t .                  

The value function is defined by 
c
11 1

1( ) : sup{ ( ); }c
c cV x V xπ π= ∈Π .               

The optimal policy 1*
cπ  is a policy for which the 

following equality is true: 
1*1( ) ( )c

cV x V xπ= .                               
We now enrich the compound Poisson risk model 

perturbed by diffusion. We denote by 2{  the 
aggregate dividends paid between time zero and 
time . 2{  is càglàd, increasing and adapted process 

with 

}tD

t
D

}tD
2
0 0= . 

The dynamics of the controlled compound Poisson risk 
model perturbed by diffusion  is given by 

( )N t

.                   

2 2

1
t i

i
t tX x ct Y W Dε

=

= + − + −∑  .            
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2( ) : sup{ ( ); }.

c c
c cV x V xπ π= ∈

2*
cπ  is a policy for which the 

following equality is true: 

.                              

III.  SOME PROPERTIES OF THE VALUE FUNCTION 

We start with two lemmas.  
Lemma 3.1. The function and  are 

bounded. Moreover,  

2*2 ( ) ( )c
cV x V xπ=

1( )V x 1( )cV x

1 1( ) ( )cV x V x x c
δ

≤ ≤ + . 

Rroof.  To get the upper bound of the value function 
, we consider a strategy1( )V x 1π d

 
0

E [ d ]t
x

cx e c t xδ

δ
∞ −+ = +∫ .                     

This is the upper bound of any admissible strategy, i.e.,  

   1( ) cV x x
δ

≤ + . 

Since 1
cΠ is a subset of  1Π , obviously,  

                            
This completes the proof. 
 
Lemma 3.2. The function is increasing with 

  1 1( ) ( )cV x V x≤ . 

2 ( )V x  
2 2( ) ( )V x V y x y− ≥ −  for .For any  0 ≤ ≤y x 0x ≥ , 

2 ( ) .cV x x μ
δ

≤ + +             

 is differentiable with

Rroof. For any

2 ( )V x  2 ( ) 1V x′ ≥ . 

, define a strategy 2π0ε > satisfing 
2 2( ) ( )V y Vπ y ε≥ − . 2π ′  is a new strategy for x y≥ . 

While 2π ′  is defined as: x y−  

gy 

is paid im  mediately as

dividend and then the strate 2π  with initial capital y  
is followed. Therefore,  

22 2( ) ( ) ( )V x x y V y x y V yπ ε≥ − + ≥ − + − . 
From the arbitrary property of ε , we have 
2 2( ) ( )V x V y x y− ≥ −
2 ( )V x  is increasing. 

 for . In particular, 

It is easy to

Now we prove that 

 0 y x≤ ≤

 see that 2 ( ) 1V x′ ≥ . 

2 ( ) .cV x x μ
δ

≤ + +  

The proof follows the same line as Proposition 3.1 in 
[4]. Define a stochastic process tZ  by 

,t tZ x ct Wε= + +                     
and 

: inf{ 0 : 0}tT t Z= ≥ ≤ .    
We  obtain                               

d
0 0

E d E
T Ts s
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⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣∫ ∫ ⎦

     

0
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δ
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From Itô formula, 
2s
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X π ≤ , it follows that 
2

2

0
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δ δδ − −⎡ ⎤ ⎡ ⎤= − −⎢ ⎥ ⎣ ⎦⎣ ⎦∫  efined as follows: the 

italinitial cap  x  is paid immediately and then the 
s are p  at rate .Thedividend aid  c n, .x μ≤ +                                                                 (2) 
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Clearly, combining (1) and (2), we obtain 
2
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This completes the proof. 

I THE CO L PROBLEM WITHOUT 
RESTRICTION 

The dynamic programming principle helps  
th a

art with the HJB equation 

This is the upper bound. 
Since 2

cΠ is a subset of ously,  2Π

  2 2( ) ( )cV x V x≤ . 

V. THE SOLUTION OF NTRO
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e Hamilton-Jacobi-Bellm n (HJB) equation. 
To obtain the solution, we st
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complete account of the 
derivation, we readers should consult with [1]

In this section, we assume that the individual claim 
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For more detailed and 
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. 

ounts are exponentially distributed,  
        ( ) ,yf y e ββ −=  0.y >                        

Fro  some simple calculation, as in [1], the solution to 
the ordinary diffe ential equation 
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3
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Denote the left hand side of t quathe e ion (11) by ( )h z , 
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In view of the calculation 
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z
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= +∞ , 
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we can see that there exists a unique   s.t. b ( ) 0h b = . 
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ed by 

are determined by (8), (9) 

and  (11). 
The above model makes stylized assumption that there 

are no transaction costs. Strictly speaking, the assumption 
is not satisfied in real applications. Now, we study the 
model where the transaction costs are proportional. If the 
company pays as dividends, then the shareholders can 
get , . In the meanwhile, is the 
prop saction costs. In this case, ote the 
valu . Repeat the proce ove, we 
obtain  
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Note that the dividend barrier in the solution of this 

problem is the same as the barrier of  the problem without 
proportional costs. In other words, proportional costs 
factor  has no effects on the dividend barrier. 

V. THE SOLUTION OF THE CONTROL PROBLEM FOR THE 
CLASSICAL RISK MODEL WITH SOLVENCY 

CONSTRAINTS 

An interesting discovery in [5] is the expression of the 
value function. That is, 

k
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h xV x b
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=
′

, 0 x b≤ ≤ . 

In what follows, we use this factorization formula that 
facilitates solving the optimal dividend problem with 
solvency constraints. The idea is inspired by [6]. 
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In fact,  is convex on , therefore, ( )h x 1[ , )cb ∞

1
1 1 ( )( ) ( ) 1 0

( )xb
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′
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′
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1
1 1

1

( ) ( )( ) ( ) 0
( ) ( )xb

h y h yV V y
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′ ′
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Letting on both sides of   (13 ), we obtain 

0
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1 1
1 1( ) ( ) ( )
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cV x V xλ δ′ − +  

1
1

0
( )d ( )

x

b
V x y F yλ+ − ≤∫ . 
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Theorem 5.2 Assume the dividend policy 1{ }tD   
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1
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1
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≥
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x
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0
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From Theorem 5.1, 
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                 1( )d ( )
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Furthermore, applying the barrier strategy , 
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The proof is completed.  

THE SOLUTI
C ION 

WITH SOLVENCY CONSTRAINTS 

In this section, we can use the similar argument as 
section V. 

Theorem 6.1. If is convex fo

∧

Now let ∞ , it follows from bounded t →
nverge  that 
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0
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VI. ON OF THE CONTROL PROBLEM FOR THE 
LASSICAL RISK MODEL PERTURBED BY DIFFUS
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Therefore, taking expectation in (14), we have 
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