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Abstract

The theory of two-dimensional matrix has been popularized in multi-dimensional matrix. However applications
of multi-dimensional matrix also bring space redundancy and time redundancy, we put forward a multi-
dimensional vector matrix model. This is new series of study to define multidimensional vector matrix
mathematics, including four-dimensional vector matrix determinant, four-dimensional vector matrix inverse and
related properties. There is innovative concept of multi-dimensional vector matrix mathematics created by author
with numerous applications in engineering, math, video conferencing, 3D TV, and other fields.

Index Terms: Multidimensional vector matrix, four-dimensional vector matrix determinant, four-dimensional
vector matrix inverse
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1. Introduction

This paper brings a new branch of mathematics called multidimensional vector matrix mathematics and its
new subsets, four-dimensional vector matrix determinant and four-dimensional vector matrix inverse. The
traditional matrix mathematics [1] that engineering, science, and math students are usually introduced to in
college handles matrices of one or two dimensions. Ashu M. G. Solo [2] also defined some multidimensional
matrix algebra operations. Based on these theories and papers, multidimensional vector matrix extends
traditional matrix math to any figure of dimensions. Therefore, traditional matrix math is a subset of
multidimensional vector matrix mathematics.

This paper mainly brings forward the definition of four-dimensional vector matrix determinant and the four-
dimensional vector matrix inverse. We adopt the form that is different from the definition of two-dimensional
matrix. But the properties of two-dimensional matrix determinant and inverse can be extended to the four-
dimensional vector matrix. The extension of classical matrix mathematics to any figure of dimensions has
various applications in many branches of engineering, math, image compression, coding and other fields. We
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should promote the other applications of multidimensional vector matrix math that could not be done without
his multidimensional vector matrix math.

Our group has proposed the definition of multidimensional vector matrix, multiplication of multi-dimensional
vector matrices, multidimensional Walsh orthogonal transform and traditional discrete cosine transform [3].
Their application in color image compression and coding is more and more common and widespread. For one
thing, it conquers the restriction of traditional two-dimensional matrix multiplication. For another thing, it
carries on high efficiency of traditional matrix transform in the aspect of removing redundancy of color space.
By means of multi-dimensional vector matrix model, color image data can be expressed and processed in a
unified mathematical model, and better compression results are received.

In Section 2, a multi-dimensional vector matrix model will be introduced, and the related properties will be
discussed. In Section 3, we will propose the definitions of four-dimensional vector matrix determinant and
inverse. Verification the truth of formula with regard to the four-dimensional vector matrix determinant and
inverse will be also given in the same Section. Section 4 concludes this paper.

2. Proposed Theory

Based on the multidimensional vector matrix definition proposed by our group, we will further study four-
dimensional vector matrix adjoin matrix, determinant, inverse matrix and related properties.
A. The definition of multi-dimensional vector matrix:

An array of numbers (ailiz ) in two directions (one direction has M entries and the other direction has N entries)
is called two-dimensional matrix, and the set of all such matrices is represented as MMxN An array of numbers
(ailiz"'i”) in n directions (each direction has ! i entries, 1<1<n_1'i can be called the order in this direction) is

called multi-dimensional matrix, and the set of all such matrices is denoted as " '*'2In [4].

If the dimensions of multi-dimensional matrix = <*K2x*Kr are separated into two sets and the matrix is
- -

- -
denoted as ' Imxane->dn , Wherem+n=r Mipxtmxapexdn can be denoted as MM , where | and J are for
_ _ M d bd
the vectors, ' =(111201m) J = (91, 920, J”). - Im>J->Jn can be called multi-dimensional vector matrix
separated according to the vector |, and J, multidimensional vector matrix in short[4].
A multi-dimensional matrix has various relevant multi-dimensional vector matrices, whereas a multi-
dimensional vector matrix has unique relevant multi-dimensional matrix.

B. Multi-dimensional vector identity matrix:

. ) . =119 (31, I _
Let A1 be a multidimensional vector matrix, where (1212 'm), I=(31 92:03n) ¢ yector 1=3 ,

A, - . .
then " M is called multidimensional vector square matrix [5].

1 i=j
ij :{ i i = = e
Let GRS , where ' =J represents vector 1=(121201m) . =32, 92+ 3n) , if it has the same

dimension, the meanings of =] jsthat M=" cand Tl = o
Sii) A,;. . - . . . . .
iF Al :( 'J), 13 is said to be multi-dimensional vector identity matrix , denoted as B , or Esimply.

C. Multiplication of multi-dimensional vector matrices:
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Let A1 and BUV pe two multi-dimensional vector matrices, in which ' =(12121m) , 331, 320 3n) ,
U=(Uru2.-U 5), V=(V1,V2,--.,Vt), If 3=U  then A1 and BUV are multiplicative.
Let AIL bel X L matrix and BLJ be L X J matrix. The result of multiplication of 1L and BLY is defined

C=lc. *> . *).
asal X Jmatrix [4] ('1""““ '1"'J“j

=2 b, Z Za

'1 ' b Jn i Iy Ik |1 Ik he Jn
1)
Which is denoted as © 19 = AL BLJ
Lok
N 2 e
For simplicity, the signal + % is rewritten as - and the signal """'m™ s rewritten as & If no

specified, this kind of form is default.

D. Multi-dimensional vector matrix transpose
The definition of multi-dimensional vector matrix transpose

T
AU =AJl

3. Four-dimensional Vector Matrix Determinant And Inverse

The multidimensional vector matrix determinant for a one-dimensional matrix is undefined. The
multidimensional vector matrix determinant for a two-dimensional square matrix is calculated using the
traditional methods. The multidimensional vector matrix determinant of a two-dimensional non-square matrix is
undefined.

Hence, at first, a four-dimensional vector matrix which can be calculated determinant should be a four-

dimensional vector square matrix. Secondly, commutative matrices must be square matrices with the same orders.
9

9
Amxnxmxn= (alllzjljz) -

. . . . <
For instants, a four-dimensional vector square matrix mxnxmxn mcludmg i=m
io<n 1<j;<m 1<jo<n
1s|2_n, 1 and Jo=n
A - -
For a four-dimensional square vector matrix “m>n>mxn "3J| the elements of four vector directions where the

> -
element ~'1211)2 i the matrix “mxnxmxn js |ocated can be cancelled. The other elements are regularly

collected in a matrix with the orders of (mxn-1) and then its determinant can be calculated. The matrix
determinant can be called the cofactor of the element 121112 denoted as " 921112  then
Aigip 1132=('1)[(i1_1)n+i2]+[(jl_l)mjZJMisz P
Aigiz jqj, CaN be said the vector cofactor of the element a;yj’ j j., -

A. The definition of four-dimensional vector square matrix determinant

For a four-dimensional vector square matrix, each element of any vector direction is multiplied by its vector
cofactor and then all the products are added. The product can be called the four-dimensional vector square
matrix determinant.
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g]: g: - - - - j1:112,...,m
= Qo i in i i o
lin=1 112 1112121112 jp=12,.,n

‘ - -
i1=1i

Amxnxmxn

- | m n e i1=12,..,m
Amxnxmxn|= Z X @i jpipAitizily =12,
11:1]2:1

or

If n=m,

— - menoL LS 1=12,.,m
Amxmxmxm:izlizz 1ai1i2]1J2Ai1i211J2 ip=12,..
1=1lip=
- - momoo, L, L 50 i1=l2..m
Amxmxmxm = X X 8ijig j1isAii2 Jqio ip=12,..
i1=1jp=1 o

or

Similarly, all elements of any vector direction in the four-dimensional vector square matrix are multiplied by
the vector cofactor of corresponding elements in another vector direction and then all the products are added.
The result is zero.

Aigip11Aj L1+ -+ igipInAjy joln T+ ajgipmnAjy jomn =0

If n=m,
i1ip11A g 1%+ FajgipImA jp jolm* -+ djgigmmAjy j,mm =0
AjgipAlL jg jo + -+ almigipAlm jy jo + -+ ammigipAmm jy j, =0
In conclusion,
> o > o > o o o ‘ |1=le|2=J2
ai1i211A111211+-"+ailizmnAJljzmn—{ 0 i1 ipin# iy 2
Aligip AL g Jp ™ 8MNiIAMN 1127 0 jx o= iy

B. The definition of four-dimensional vector square matrix inverse

The multidimensional vector matrix inverse for a one-dimensional matrix is undefined. The multidimensional
vector matrix inverse of a two-dimensional matrix exists if it is a square matrix and has a nonzero determinant,
and is calculated using the standard means in traditional matrix math. For the four-dimensional vector matrix,
each four-dimensional vector square matrix with a nonzero determinant is necessary. Firstly, we define the four-
dimensional vector adjoin matrix.

The definition of four-dimensional vector adjoin matrix,

* - - T
- = (A
Amxnxmxn _(A'1'21112)mjnxmjn
- - - -
. - . AanXan .. - Amxnxmxn|
If a four-dimensional vector square matrix is invertible, and , then
- 1_ 1 — - (4)
Amxnxmxn

i =
Amxnxmxn > S
Amxnxmxn

If n=m, - - 1_ 1 - - "
Amxmxmxm N = [Amxmxmxm
Amxmxmxm

C. The properties of four-dimensional vector square matrix determinant and inverse
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In traditional matrix mathematics, if a matrix possesses an inverse and that matrix is multiplied by its inverse,
the product is an identity matrix with the same dimensions.

Because multidimensional vector matrices are a concatenation of two-dimensional matrices, if a four-
dimensional vector matrix has an inverse and that four-dimensional vector matrix is multiplied by its inverse,
then the product will be a four-dimensional vector identity matrix with the same dimensions.

Due to the definition of four-dimensional vector matrix inverse (4 ) and ‘Amxm‘;to, if this

*

- -
matrix Amxnxmxn s the four-dimensional vector adjoin matrix, we can conclude

N > A — - 1 N N A —
Amxnxmxn mxnxmxn— ‘ N s [Amxnxmxn mxnxmxn

Amxnxmxn

Aln1l Alnin
{Aﬂﬁ Aﬂ]}}' p s
o inml ** Alnmn

1 Allml ~ Allmn
N N 5o S5
‘Amanmxn | Amntd - Amnin
Ami1l ** Amiin - .
: : Amnmi  Amnmn]
L An;l rHl An;l rrTn _m;n ><m;n
allin - alnin
agill oamii| | o .
: : amlln "° amnin
. |lamil - amnil
alimn - alnmn
alimi coammi| | . . L .
: : amlmn *° amnmn
| amimi - amnmi Inencmen
[ 0 -> > 1
= |Amxnxmxn
N N 0.' : ‘. H
Amxnxmxn| 0 - 0
0 0
1
- - =UNIT
> o
‘Amanmxn 0 .- 0
0 e 0 - -
: R ‘Amanmxn
- - 0
Amxnxmxn > -
Smxnxmxn

Due to the multiplication of multi-dimensional vector matrices (1) and the formula of four-dimensional vector

TN
oxman | Amxnxmxn=UNIT
matrix determinant (2) and (3), that is [AW” ] e

> o
For example, the four-dimensional vector matrix “2x2<2x2with two orders is given. By means of the
program’s operation, we can calculate the four-dimensional vector inverse matrix.



Four-dimensional Vector Matrix Determinant and Inverse

35
[ 1 1
40 40
29 1lu 9
2 3 40 40|20 a0
[1 2}4 1 1 11
-1 ||3 4 40 40
A2n2x2x2Ax2x 222 2 3 19
{1 2}[4 J 40 40
3 4 - R
2x2%2x%2| 20 40|20 0
.9 1
40 40 ,2j2x2?2
0O 1
1 Ojllo o
0O O
= =UNIT
0O 0
0O Ojlo 1
1 0 —> —>

2x2x2x2
In traditional matrix mathematics, if a matrix is an identity matrix, the determinant of two-dimensional matrix
is 1.

Similarly, multidimensional vector matrices are a concatenation of two-dimensional matrices, if a four-
dimensional vector matrix is a four-dimensional vector identity matrix, the result of four-dimensional vector

- -

A XNXMmx
identity matrix determinant is 1. That is‘ e

1
. For example,

——> —>—>
allin -°° alnin
——> ——> ; :
aliili -+ ainil - —> - —>
: : amlin o amnin
- — - —
— | _|lamlll - amnill
Amxnxmxn| = s N,
allmn °°° alnmn
- —> — > : ;
allmi - ailnml - —> - —
: : amlmn °°° amnmn]|
— > — —
amiml “°° amnml m:)nxmjn
o --- 1
1 ol |
K o --- O
o o 1
o --- O N
o ol |+
. o --- 1
1 o =

- -
For a four-dimensional vector square matrix Amxnxmxn :

m
=X
i1=

- n S o N
‘Amanmxn ) X ai]_izjljzAilizjljz
lip=1

- 5 o o - > o o - - - - m n - - - -
=a1111A1111+ - +ain11AIn11+ - +amn1lAmnll = X ) _Zlailiz i1z jrio
Ih=i1=

NN R s T T
=a1111A1 111+ T LNALLIn -+ aL1mnALLMN | A < moen

m n - - — -
= X X ajjoitipAjqigiti
j1=1j=1 1121271121112
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m n - - - -
=a1111A1111+-+ain11AIn11+ - +amn1lAmnll = Zl_ z 1ajlj2i1i2Aj1j2i1i2
i1=lip=

= aﬁﬂAﬁﬁ+ a1 1InALLIN + -+ a1 mnALLmN

- - | =
So | Amxn><m><n | - |Am_x)n><m_><)n

N
There are still many properties of two-dimensional matrix that can be extend to the four-dimensional vector
matrix.
A - -
If all the elements of any vector direction are zero in a four-dimensional vector square matrix ~mxnxmxn
- -
then | Amxnxmxn | = o,
If one vector direction is proportional to another vector direction of a four-dimensional vector square
- - - -
matrix Amxnxmxn then | Amxnxmxn |=0.
If one vector direction is a linear combination of one or more other vector directions of a four-dimensional
A - - A - -
vector square matrix “MxNXmMxn then | “Mxnxmxn | = Q,

- -
If two vector directions of a four-dimensional vector square matrix Amxnxmxn gre interchanged, the sign of
- -
the determinant of the matrix “mxnxmxn jg changed.

- -
A four-dimensional vector square matrix Amxnxmxn jnverse which it is an invertible matrix can be unique.

-1
-1
-> - [A—’ - ] = Arro s
. . . - . mxnxmxn mxn*mxn
If four-dimensional vector square matrix Amxnxmxn jg invertible, S .
A - - A
If four-dimensional vector square matrix ~Mxnxmxn js invertible, %0, and *Amxnxmxn is also invertible,
then
—1 1 1
( - 4>) NN

AAmxnxmxn ] =7 Amxnxmxn

T

mxn - are both invertible, then

- -
If four-dimensional vector square matrix Amxnxmxn gng

-1 T
- T _ - -1
Amxnxmxn Amxnxmxn

N
Aman

- - - -

If four-dimensional wvector square matrix Amxnxmxn and Bmxnxmxn are both invertible and four-
A - - 5 - -

dimensional vector square matrix ~Mxn*mxn=mxnxmxnjg glso invertible, then

- - L > ) - >1 - 1
[Amanmanmanmxnj “Bmxnxmxn Amxnxmxn
There are various properties of four-dimensional vector matrix determinant and inverse to prove the
correctness of four-dimensional vector matrix determinant and inverse definition in this paper. Meanwhile, we
run successfully the corresponding program to verify the definition of the four-dimensional vector matrix
determinant and inverse.
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4, Conclusion

On the basis of newly operation laws of multidimensional vector matrix, we define the four-dimensional
vector matrix determinant, inverse and related properties. We also prove the correctness of these formulas by
mathematics and program.

In this paper, we have introduced mainly the theory of multi-dimensional vector matrix, the four-dimensional
vector matrix determinant and inverse. The future work is to extend the four-dimensional vector matrix inverse
to multidimensional vector matrix inverse. We will apply these theories and definitions on multidimensional
vector matrix.
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